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Aim: The aim of the course is to provide a fundamental 
background in MHD to understand various processes that occur in 
the solar atmosphere. 
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SOLAR MHD  
Lecture 1 

Plan 
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•  Maxwell’s equations & MHD approximation 
•  Induction Equation  
•  Ideal MHD equations 
•  Magnetic stresses: Pressure & Tension 
•  Theorems 

-  Alfvén’s Frozen Flux Theorem 
-  Cowling’s Anti-dynamo Theorem 
-  Proudman-Taylor Theorem  
-  Ferraro’s law of isorotation 

•  Dimensionless Numbers 



Historical Perspective 
The field of MHD possibly traces its origins to the conjectures 
concerning the magnetism of astrophysical objects, especially the 
Sun. Some important landmarks: 
•  Hale discovery in 1908 of kilogauss magnetic fields in sunspots – led to 

serious work on study of MHD phenomena (difficult to reproduce in the 
laboratory); 

•  Evershed effect (1909): Discovery of outward radial motion in the 
penumbra of sunspots; 

•  Theory of sunspots magnetic fields by Larmor (1919) (broadly along the 
principles of a dynamo) – criticized by Cowling (1934) – axially 
symmetric steady field cannot be maintained by axially symmetric 
motions; 

•  Cowling proposes an alternative hypothesis: sunspot field due to 
convection of a deeper field; 

•  Kiepenheuer (1935) proposed a theory of the solar corona, in which he 
suggested that masses of gas ejected into the corona carried with them 
surface magnetic fields;  



•  Ferraro’s law of isorotation: Ferraro (1937) showed that in a steady non-
uniformly rotating star, the angular velocity must be constant over the 
surface traced out by the rotation of the magnetic lines of force about the 
magnetic field axis; 

•  Biermann (1941) proposes that sunspots are cool owing to inhibition of 
convection; 

•  Alfvén’s Frozen Flux Theorem (1942): In a highly conducting medium the 
magnetic lines of force are frozen into the liquid – it is a consequence of 
Faraday’s law applied to an infinitely conducting medium; 

•  Alfvén also proposed that the coupling between mechanical and magnetic 
forces in a conducting medium, would produce a new kind of wave (later 
named Alfvén wave): magnetic field lines are in tension and behave as a 
stretched string. The field lines will vibrate transversely similar to a string 
when plucked. Alfvén (1947) suggests that such MHD waves are 
generated by convection and can heat the solar corona; 

•  Giovanelli (1947-49) proposes a theory of solar flares involving the 
magnetic fields above sunspots, including electric currents at magnetic 
neutral points – also describes coronal heating by Alfvén waves;  



•  In the 1950s, considerable work was carried out on the equilibrium of 
conducting fluids under the influence of a magnetic field, and applied to 
quiescent prominences by Dungey, Menzel, Kippenhahn & Schlüter 
amongst others; 

•  Force-free fields: Equilibrium configurations in the solar atmosphere 
were constructed, where magnetic forces dominate all others (Schlüter 
and Lüst 1952). Theoretical formalism for force-free fields established in 
1958 independently by Chandrasekhar and Kendall; 

•  Dynamo mechanism pioneered by Parker (1955) in which the crucial 
generation of the poloidal field through the so-called α-effect (stretching 
of the toroidal field by turbulent convective motions - Babcock (1961) 
proposes a phenomenological  model of the Sun’s magnetic field and the 
22- year magnetic cycle involving shallow, submerged magnetic fields of 
an initial dipolar field drawn out in solar longitude by differential rotation;  

•  Mid 1950s Parker develops a theory on the supersonic solar wind and 
predicts the spiral shape of the solar magnetic field in the outer solar 
system; 

•  Magnetic reconnection: Basic ideas developed by Sweet (1958), Parker 
(1963), Petschek (1964) and others – applied to solar flares; 

 

 



•  Coronal heating: Gold (1964) suggests that the corona is heated by the 
relaxation of twisted or stressed coronal magnetic fields -- Parker (1983) 
argues that the main source of coronal heating is the dynamical 
dissipation of energy from coronal magnetic fields that have been twisted 
by sub-photosphere convection into neutral point reconnection; 

•  Nanoflares: Parker (1988) interprets the solar X-ray corona in terms of 
undetected nanoflares, occurring frequently and with less intensity than 
observed solar flares; 

•  Magnetic carpet: Magnetogram observations from SOHO in the 1990s and 
early 2000 years indicate the presence of a “magnetic carpet” of tens of 
thousands of small, low-lying loops continuously emerges from seemingly 
random locations in the photosphere, and that the entire magnetic flux in 
the quiet solar photosphere disappears and is replenished every 15–40 h; 

•  Space missions such as TRACE, RHESSI, Hinode, STEREO, SDO and 
IRIS have considerably enhanced our knowledge of solar phenomena 
which will further improve when Solar Orbiter flies in a few years; 

•  Numerical simulations are now routinely used to model complex MHD 
phenomena in the solar interior and atmosphere; 

•  New large ground-base telescopes (e.g. GREGOR & NST) and 
forthcoming ones such as NLST and ATST will further revolutionize our 
understanding. 

 



Fundamentals of MHD 
•  MHD deals with the dynamics of a highly conducting fluid in the presence of a 

magnetic field. The motion of the conducting fluid across the magnetic field, 
generates a current which in turn alters the magnetic field – the combined effect 
of the magnetic field and current is to produce a mechanical force (Lorentz 
force) which affects the motion of the fluid.  

•  The coupling between the electromagnetic and mechanical forces is the 
essence of MHD. 

Maxwell’s Equations  
Let us begin with Maxwell’s equations  (in cgs units) assuming that for the solar 
plasma, the magnetic permeability and electric permittivity can be approximated by 
their vacuum values:  

∇ . E = 4πρc,                                   (1.1a)
∇ . B = 0,                                            (1.1b)

∇×E =  - 1
c

 ∂B / ∂t,                   (1.1c)

∇×B =  4π
c
j + 1

c
∂E / ∂t,   (1.1d)

where ρc and j denote the charge and current density respectively.   



Ideal MHD Approximation 
Consider a perfectly conducting fluid i.e. with zero electrical resistance. This is the ideal MHD limit. In 
such a fluid (when it is at rest), the electrical field vanishes. 
Now consider a frame in which the fluid is moving with a velocity v(r) relative to the observer. Let E'  

and B'  be the electric and magnetic field strengths measured in an instantaneous inertial frame where 
the fluid is at rest (co-moving or fluid frame). They are related to the the fields E and B measured in 
the observer’s frame by a Lorentz transformation (see Jackson, Chapter 11).  

Let E|| = v·E/v, be the component of E parallel to the flow, E⊥ = E – v(v·E)/v2 the perpendicular 
component of E, and similar for B. The transformation is then: 

E||′  = E||, 
E⊥′ = γ (E⊥+ v × B/c),  

B||′ = B||, 
B⊥′ =  γ (B⊥ − v × E/c),       (1.2)  

where γ is the Lorentz factor γ = (1 − v2/c2)−1/2, and c is the speed of light. The charge density 
and current density j transform according to: 

      ρc′ = γ (ρc – v.j /c2),  j′  = γ (j - ρc v). 

In a fluid with infinite conductivity, E′ = 0. Consequently, the electric field measured by the 
observer then follows from (1.2) as:  

  E = −v × B/c.         (1.3) 



Let L denote a characteristic scale of variation of the field quantities. From Eqs. 
(1.1a)  and (1.3), we have: 
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The convection of this charge density by the fluid yields a contribution to the 
total current density j (using Eq. 1.4): 
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if |curl B| is of order B/L. Assuming that the displacement current can also be dropped 
from Eq. (1.1d), then the total current j is given by (c/4π) curl B and has the magnitude 
cB/(4πL).  
Thus, Eq. (1.6) implies that |ρc v|  ≈ (v/c)2 j, and hence the convection of the net charge 
density makes a negligible contribution to the total current, which will be mainly due to a 
“conduction current” i.e. the net drift of electrons with respect to ions with velocity V, so 
that |j| ≈ neeV . Further from Eq. (1.4) and using , j ≈ cB/(4πL), we have 
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Typically, V << v, so that in the non-relativistic case, charge separation is very small. 



Neglecting the displacement current 
 If τ is a typical time of variation of the field quantities, this requires (using the 

Maxwell relation given by Eq. 1.1d), 
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,           (1.8)

Using Eq. (1.3) i.e. E = −v × B/c, we have: 

	
 	
 	
 	
τ	  >>	  (v/c)(L/c). 	   	   	   	   	  (1.9) 
Let τ	  >> (L/c) – i.e. the time scale for variation of the field quantities is greater 
than the time for electromagnetic waves to cross a region of scale L. Thus, Eq. 
(1.9) justifies neglect of the displacement current ---- this is also called the 
“quasi-static” approximation. 
From Eq. (1.1d), neglect of the displacement current yields 

j = c
4π

∇×B.                                  (1.10)

Taking the divergence of Eq. (1.10), we have 

∇• j = 0.                                      (1.11)
Eq. (1.11) implies that in the non-relativistic limit MHD currents have no sources or sinks. 
Using Eqs. (1.1a), (1.1d) along with (1.11), gives ∂ρc/∂t = 0. Thus, if initially ρc=0 (assuming 
a charge neutral plasma), then the medium will remain charge free subsequently. 



Induction Equation   
Substituting Eq. (1.3) (i.e. E = −v × B/c) in Maxwell’s  Eq. (1.1c), we find (when the 
conductivity is infinite): 
 
 

This is known as the induction equation of ideal MHD and is the basis for theories 
relating to the amplification of the magnetic field in kinematic dynamo models. 
Ohm’s Law 
In a homogeneous electrically conductor at rest, the conduction current j' is proportional 
to the electric field E' as follows: 

      j' = σ E'        (1.13) 
where σ is the electric conductivity. In the non-relativistic limit, (when j' = j), Ohm’s law 
becomes (using the relation E′ = E+ v × B/c in the limit when v << c): 

      j = σ (E + v × B/c)      (1.14) 

Consequently, substituting  Eq. (1.14)  in Eq. (1.1c) and using Eq. (1.10) i.e. (j = c curl B /4π) 
 

∂B
∂t

= ∇× (v×B).                           (1.12)

∂B
∂t

= ∇× (v×B)+η∇2B,                       (1.15)

where η=c2/4πσ (assuming constant σ)  is known as the magnetic diffusivity or 
resistivity.  



∂B
∂t

=η∇2B.                       (1.16)

For a material at rest, Eq. (1.15) reduces to a diffusion equation,  
 

Eq. (1.16) indicates that in a fluid at rest, the magnetic field leaks out of 
the medium. For a fully ionized plasma, the magnetic diffusivity is 

  σ = 1.4 × 108 T3/2/ ln Λ  (unit is s-1),  (1.17)                                  
where ln Λ is a slowly varying function of the mass density ρ and 
temperature T, with typical values between 10 and 20.  
From dimensional arguments, the diffusion time can be estimated as 
follows: If L be a typical length comparable with the dimensions of the 
region of interest, then the diffusion time scale is: 

      τd = L2/ η.                      (1.18) 
In typical astrophysical situations, the diffusion time-scale is very large. 
For instance the diffusion time for the photospheric sunspot field is around 
1011 s or 3000 yr.  



Forces  
With relation (1.13) between field strength and current density, valid in the non-
relativistic limit, the Lorentz force acting per unit volume on the fluid carrying the current 
is  

     FL = j × B/c=  (∇×B)×B/4π          (1.19)  
We restrict attention here to inviscid (no viscosity) flows. 
The gravitational  force per unit volume is, 

           Fg = ρg = −ρ∇φ,       (1.20)  
where g is the acceleration of gravity, φ its potential and ρ the mass per unit volume.  
If p is the gas pressure, the equation of motion thus becomes 

     ρdv/dt =−∇p+ (∇×B)×B/4π +ρg,   (1.21)  
where d/dt is the total or Lagrangian time-derivative,  

     d/dt = ∂/∂t + v·∇.       (1.22). 
The Lorentz force in MHD is quadratic in B and does not depend on its sign. The  
induction equation (1.12) for an infinitely conducting fluid:  

     ∂B/∂t  =∇×(v×B)        
is also invariant under a change of sign of B. The ideal MHD equations are therefore 
invariant under a change of sign of B: the fluid ‘does not sense the sign of the magnetic 
field’. Electrical forces do not appear in the equation of motion since charge densities 
are negligible in the non-relativistic limit.  
 



Mass conservation and Energy equations 
The remaining equations of fluid mechanics are as usual. In particular the 
continuity equation, expressing the conservation of mass:  
 

∂ρ
∂t

+ ρ∇•v = 0,                               (1.24)
or 

∂ρ
∂t

+∇•(ρv) = 0,                       (1.23)

The equations of motion and continuity need to be supplemented by an energy 
equation and an equation of state. For an adiabatic plasma (i.e. when there are 
no heat source or sinks), it is sufficient to use: 
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where γ is the ratio of specific heats. In addition to this an equation of state is 
needed: a relation p(ρ,T) between pressure, density, and temperature T. Let us 
consider the perfect gas equation, 

 p = ρ R T/µ,     (1.26) 
where R is the gas constant and µ is the mean molecular weight.  



Magnetic Force and Magnetic Stress  
To get a better feel for magnetic forces, one can write the Lorentz force 
(1.16) in alternative forms. Using the vector identities, 

  FL = (∇×B)×B/4π= −∇(B2/8π)+ (B·∇)B/4π  (1.27) 
The first term on the RHS is the gradient of the magnetic pressure B2/8π. 
The second term describes a force due to the variation of magnetic field 
strength in the direction of the field. It is often called the magnetic curvature 
force. 
To show the role of curvature of the field lines more explicitly, write the 
magnetic field as 

      B = B s,         (1.28)  
where s is the unit vector in the direction of B. The Lorentz force then 
becomes 

 FL=−∇B2/8π + s(s·∇B2)/8π +(B2/4π) (s·∇)s.   (1.29) 
Combining the first two terms formally, we can write this as  

    FL=−∇⊥B2/8π +(B2/4π)(s·∇)s,    (1.30) 



where ∇⊥ is the projection of the gradient operator on a plane 
perpendicular to B. The first term, perpendicular to the field lines, now 
describes the action of magnetic pressure more accurately. The second 
term, also perpendicular to B contains the effects of field line curvature. Its 
magnitude is 
 

     |B2 s·∇s|/4π = B2/(4πRc) , (1.31) 
where 

       Rc = 1/|s ·∇s|   (1.32) 
is the radius of curvature of the field line. 
As an example of magnetic curvature forces, consider an axisymmetric 
azimuthally directed field, B = B eφ , in cylindrical coordinates (r, φ, z). The 
strength B is then a function of r and z only. The unit vector in the azimuthal 
direction eφ has the property  eφ· ∇eφ = −er /r (where er is a  unit vector in 
the outward radial direction) , so that  

     (B·∇)B/4π= −B2/(4πr) er .  (1.33) 
The radius of curvature of the field line is thus the cylindrical radius r. The 
curvature force is directed inward, toward the center of curvature.  



Magnetic stress tensor 
A useful alternative form of the Lorentz force is in terms of the magnetic 
stress tensor. Writing the vector operators in the Lorentz force in tensor 
notation, we have 
 [(∇×B)×B]i = ε ijkε jlm ∂Bm

∂xl
Bk

                     = (δklδ im −δkmδ il )
∂Bm
∂xl

Bk

                                      = ∂
∂xk

(BiBk − 1
2
B2δ ik)         (1.34)

where a summation of repeated indices is implied and in the last line we have 
used ∇· B = 0.  Define the magnetic stress tensor M by its components: 

Mij =
1

8π
B2δ ij −

1
4π
BiBj.                (1.35)

Thus, the Lorentz force can be written in terms of the stress tensor M, as: 

      (∇× B)×B = −∇ · M.    (1.36) 



If V is a volume bounded by a closed surface S, (1.36) yields by the 
divergence theorem 
 

1
4π

(∇×B)
V∫ ×B dV = −n•M∫  dS,               (1.37)

where n is the outward normal to the surface S. This shows how the net 
Lorentz force acting on a volume V of fluid can be written as an integral of a 
magnetic stress vector, the integrand of the right hand side in Eq. (1.36), 
acting on its surface.  

If, instead, we are interested in the forces FS exerted by the volume on its 
surroundings, a minus sign is to be added, 

     FS =n·M= B2/8π n − B Bn/4π,    (1.38) 

where Bn = B · n is the component of B along the outward normal n to the 
surface of the volume. 
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Figure 1.6.: Magnetic force vectors exerted by a uniform magnetic field

the stress tensor in the theory of elasticity. If V is a volume bounded by a closed surface
S, (1.46) yields by the divergence theorem

⇥

V

1

4�
(r⇤B)⇤B dV =

�

S
�n ·M dS, (1.47)

where n is the outward normal to the surface S. This shows how the net Lorentz force
acting on a volume V of fluid can be written as an integral of a magnetic stress vector,
the integrand of the right hand side in (1.46), acting on its surface. If, instead, we are
interested in the forces FS exerted by the volume on its surroundings, a minus sign is to
be added,

FS = n ·M =
1

8�
B2n� 1

4�
BBn, (1.48)

where Bn = B · n is the component of B along the outward normal n to the surface of
the volume.

The stress in a magnetic field di�ers strongly from that in a fluid under pressure.
Unlike normal fluid pressure, magnetic stress does not act perpendicular to a surface
but is a vector at some angle to the normal of the surface, as in a sheared elastic
medium or viscous fluid (problem 3.10).

It is often useful to visualize magnetic forces in terms of the surface stress vector (1.48),
evaluated on surfaces of suitable orientation. The sign of this surface force depends on
the direction of the normal taken on the surface. The ambiguity caused by this is removed
by deciding on the physically relevant volume to which the surface element would belong
(for an example see 2.11).

1.3.3. Properties of the magnetic stress. Pressure and tension

To get some idea of the behavior of magnetic stresses, take the simple case of a uniform
magnetic field, in the z-direction say, and evaluate the forces exerted by a volume of this

15

Magnetic Pressure and Tension 
Consider a uniform field with magnitude B in the z direction. 
The force FS which the box exerts on a surface parallel to B, 
for example the surface perpendicular to the x-axis on the right 
side of the box (Eq. 1.38 with n = ex), is Fright =ex · M. The 
components are: 
 Fright,x = B2/8π ,   
Fright,z = Fright,y  = 0.            (1.39) 
Only the magnetic pressure term contributes on this surface. 
The magnetic field exerts a force in the positive x-direction, 
away from the volume. "
The stress exerted by the magnetic field at the top surface of 
the box has the components 

Ftop,z =B2/8π − BzBz /4π = - B2/8π ,  Ftop,x = Ftop,y= 0,  (1.40) 
i.e. the stress vector is also perpendicular to the top surface. It is of equal magnitude to 
that of the magnetic pressure exerted at the vertical surfaces, but of opposite sign. On its 
own, the magnetic pressure would make the volume of magnetic field expand in the 
perpendicular directions x and y. But in the direction along a magnetic field line the volume 
would contract. Along the field lines the magnetic stress thus acts like a negative pressure, 
as in a stretched elastic wire. As in the theory of elasticity, this negative stress is referred 
to as the tension along the magnetic field lines. 



MHD Equations 
 
 

∂ρ
∂t

+∇•(ρv) = 0 or dρ
dt

+ ρ∇•v = 0   (Continuity Equation)

ρ
dv
dt

= −∇p + 1
4π

 (∇×B)×B+ ρg+ ρν∇2v (Momentum equation)

d
d
p
ργ
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&
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(

)
* = 0 (Energy equation for an adiabatic fluid),

In the limit of infinite conductivity (η=0), 
∂B/∂t  =∇×(v×B) (induction equation)   

(where d/dt = ∂/∂t + v·∇). 

∂B
∂t

= ∇× (v×B)+η∇2B,                       

  =−B∇·v − (v·∇)B + (B·∇)v (since ∇·B = 0)  



Alfvén’s Frozen Flux Theorem 
 In a perfectly conducting fluid moving in a 
magnetic field, the magnetic flux through a close 
circuit moving with the fluid is constant. 

Consider a closed curve Γ in space moving with 
the velocity v(r,t) of each fluid element associated 
with Γ. Let S denote a smooth surface spanning Γ 
and let each point of S also move with the fluid 
elements associated with S.  During the time 
increment δt the curve Γ1 and the surface S1 at 
time t move to become Γ2 and S2 respectively at 
time t + δt.  
The magnetic flux ϕ through the surface S1 is 
 
 φ = B•dS1

S1

∫ ,                          (2.1)

where dS1 is an element of the area S1 and dS1=ndS1 with n, the normal 
to dS1.  



Change in flux δϕ in the flux ϕ when the surface S1 
moves to S2 in time  δt , is  

 
δφ = B(t +δt)•dS2

S 2

∫  - B•dS1

S1

∫ ,               (2.2)

B(t +δt) =B(t)+ ∂B
∂t
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δφ = B(t)
S 2

∫ •dS2 − B(t)
S1

∫ •dS1+δt ∂B
∂t

"
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S 2

∫ •dS2,          (2.3)

To first order, 

The displacement of a fluid element at P of  Γ1 to become P'  of Γ2 is clearly vδt 
and let S3 be the surface corresponding to all such vector PP'. Adding and 
subtracting from the RHS of Eq. (2.3) the flux through S3, and reversing the sense 
of dS1 so that it points outwards from the volume V enclosed by S1+S2+S3, we find: 

δφ = B(t)
    S1+S 2+S3

∫ •dS− B(t)
S3

∫ •dS3 +δt ∂B
∂t

$

%
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(
)

S 2

∫ •dS2,  (2.4)

Using Gauss’ theorem, the first term vanishes (since div B=0). Writing dS3= (v × dr)δt 
we find that the second term on the RHS of Eq. (2.4) becomes,  

− B(t)
S3
∫ •dS3 = −δt B•(v×dr).

Γ1
∫



Since B.(v × dr)=dr.(B × v), and applying Stoke’s theorem, we find 

− B(t)
S3
∫ •dS3 = −δt ∇× (B× v)•dS1

'∫
where dS1

' = -dS1. Thus Eq. (2.4) becomes to first order in δt,  

δφ = δt ∂B
∂t

+∇× (B× v)
$
%
&

'
(
)
•dS1

S1
∫ ,

Dividing by δt and taking the limit δt -> 0, we find that  

d
dt

B•dS1=
∂B
∂t

+∇× (B× v)
$
%
&

'
(
)
•dS1

S1

∫
S1

∫ ,         (2.5)

Using the induction equation ∂B/∂t  =∇×(v×B) in the inifinite conductivity limit, 
the RHS of Eq. (2.5) vanishes, and consequently  

d
dt

B•dS1

S1

∫ = 0.                                    (2.6)

Eq. (2.6), shows that the magnetic flux ϕ through a surface is conserved or 
frozen in the fluid. 



Motion of field lines 
The induction equation can be rewritten as [by expanding ∇× (v × B)]: 

  ∂B/∂t =−B∇·v − (v·∇)B + (B·∇)v,    (2.7) 

where we have used ∇·B = 0. This leads to: 

  dB/dt = (B·∇)v − B∇·v,     (2.8)                 

(where d/dt = ∂/∂t + v·∇). From the continuity equation, 
  dρ/dt = −ρ∇·v.        (2.9) 

Substituting ∇·v  from Eq, (2.9) in Eq. (2.8), we find: 

  dB/dt = (B·∇)v + B/ρ dρ/dt.    (2.10) 
Or 
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If dl is the cross-section of a tube of magnetic flux, then by (Alfvén’s theorem) the flux 
B dS is constant during the motion. If l is the distance along the tube between two 
neighbouring cross-sections, ρl dS is constant by mass conservation. Dividing the two 
conserved quantities, we therefore find: 

B
ρl
=  constant                      (2.12)

If ρ is constant, then,  B∝ l. 



Cowling’s “Anti-Dynamo” Theorem 
A steady axisymmetric magnetic field cannot be 
maintained by steady  axisymmetric motions. 

We us use spherical co-ordinates – by assumption ∂/∂φ and ∂/∂t of alll 
quantities vanish. Axisymmetry implies that the magnetic configuration 
in all meridional planes (passing through the axis of symmetry) is the 
same and consists of closed field lines. Each meridional plane has two 
neutral points on either side of the axis where Bp=0. 

jφdl =σ E•dl+ 1
c

v×B•dl∫∫
#

$
%

&

'
(∫ ,               (2.13)

Second term on RHS of Eq. (2.13) vanishes (since at N, B = Bφ is parallel to dl). Using 
Stokes’ theorem and one of Maxwell’s equations,  

E•dl = (∇×E)•dS = −1
c

∂B
∂t
•dS = 0 (for stea dy fields).∫∫!∫

However, the LHS of Eq. (2.13) is non-zero (since jφ does not vanish at N). Thus, 
such a configuration is impossible.  

Let  us write the magnetic field B as: B = Bφ+Bp (where 
Bφ and Bp are orthogonal vectors and denote the 
azimuthal and poloidal components).  

Let us start with Ohm’s law:  
     j = σ(E + v × B/c) 

Taking its line integral along a closed circle through the neutral points, yields:  

Field lines of an axisymmetric 
magnetic configuration projected 
on a meridional plane. The 
dashed curve denotes the path 
of integration through the neutral 
points.  



 
 
 
 

Taylor-Proudman Theorem (generalized for a mag field) 
Steady, slow motions of a perfectly conducting plasma permeated by a 
uniform magnetic field must be two-dimensional, with no variation along 
the field direction. 
From the induction equation, for steady flow we have: 

    ∇× (v × B) = 0.       (2.14) 
From the equation of continuity, in the steady case we have: 

     ∇.(ρv) = 0.       (2.15) 
Consider small departures from a uniform plasma of density ρ0 at rest in a 
uniform field B0. Let us write: 

ρ = ρ0 + ρ' , v = v',  B = B0 + B', 
and linearising (i.e. retain only terms first order in the perturbed quantities), Eq. 
(2.15) becomes:  

     ∇.(ρ0v') = 0.       (2.16) 
Eq. (2.14) yields: 

    ∇× (v' × B0) = 0. 
Using Eq. (2.16) and the fact that B0 is uniform, we have (see RHS of 2.7): 

     (B0.∇)v' = 0.       (2.17) 
Thus we see from Eq. (2.17) that v' has no variation in the direction of B0.  



Ferraro’s law of Isorotation 
For a steady, axisymmetric flow and magnetic field, the angular speed (vφ /R in 
cylindrical co-ordinates) is a constant along the field.  
Consider an ideal fluid (with η=0) moving with a velocity v = vφ(R,z). Let us write the 
axisymmetric magnetic field as: 

     B = BR(R,z) +  Bz(R,z).                       
Substituting the above in the steady induction Eq. (2.14) and using div B =0, yields 

     (B.∇)(vφ /R) = 0.      (2.18) 
Eq. (2.18) implies that vφ /R remains constant along magnetic field lines. 

As an illustration consider the solar interior. Let us consider a poloidal magnetic field 
Bp(r,θ) [equal to (Br, Bθ) in spherical polar coordinates] whose axis coincides with the 
solar rotation axis and Ω is the local angular velocity. Then from Eq. (2.18),  

     (B.∇)Ω = 0.     (2.19) 
Eq. (2.18) indicates that under equilibrium conditions, spatially distinct fluid parcels 

threaded by the same poloidal field line rotate at the same rate. Hence it might be 

conjectured that magnetically linked fluid elements in the Sun's convection zone and 

radiative core should share the same value of Ω. This has interesting implications 
and has been the subject of much discussion. 



Dimensionless Numbers 
Magnetic Reynold’s number 

Let us start with the induction equation 
∂B
∂t

= ∇× (v×B)+η∇2B,          (2.20)                      
VB/L ηB/L2 

The ratio of the first to second terms in Eq. (2.19), is a dimensionless quantity 

Rm =
VB / L
ηB / L2

=
LV
η

,                      (2.21)

called the magnetic Reynold’s number (where V and L are typical velocity and 
length scales). If η is sufficiently small, then Rm >> 1, and magnetic flux is 
essentially frozen into the plasma (typically true in the astrophysical context). 
This is analogous to the hydrodynamic Reynold’s number defined as: 

Re = LV
ν
,

where ν denotes the kinematic viscosity of the fluid. The ratio of Rm and Re 
defines the magnetic Prandtl number as: 

Pm = Rm
Re

=
ν
η

that characterizes the importance of viscous to magnetic diffusion. 



 
 
 
 

Plasma beta (β) 
In the equation of motion 

which is a ratio of the gas pressure to magnetic pressure. When β<<1 (typically 
true in astrophysical situations), then the pressure force can be neglected 
compared to the magnetic force.  

ρ
dv
dt

= −∇p + 1
4π

 (∇×B)×B+ ρg+ ρν∇2v,
the ratio of the first term to the second, defines a dimensionless parameter  

β =
8πp
B2

,                    (2.23)

Mach Number (M) 

M =
V 0

cS

,                     (2.24)

which measures the ratio of the flow speed V0 to the sound speed cS=(γp0/ρ0)½ . 

Mach Number (M) 

MA =
V 0

vA

,                     (2.25)

which is the ratio of the flow speed to the Alfvén speed vA=B0/(4πρ0)½. 



 
 
 
 

Magnetostatic Equilibrium 
Compare the magnitudes of the different terms in the eqn of motion (for ν=0):  

dv
dt

= −
∇p
ρ

 + 1
4πρ

 (∇×B)×B+g.       

V0
2/L0  cS

2/L0  vA
2/L0  

The LHS terms can be neglected when the flow speed is much smaller than the sound speed 
√γp0/ρ0, the Alfvén speed B0/√4πρ0 and the gravitational free fall speed √2gL0. We then have 
the magnetohydrostatic equation: 

−∇p + 1
4π

 (∇×B)×B+ ρg = 0.                       (2.26)
Simple examples 
Let gravity be in the negative z direction, s denote a distance along a magnetic field line 
and θ denote the angle between the field line and the z-axis. The component of Eq. (2.26) 
along the field direction becomes: 
                                               − dp

ds
− ρgcosθ = 0,                       

Since δscosθ = δz, the above equation becomes

                                                        − dp
dz

− ρg = 0,                 (2.27)

where p and ρ are functions of z along a particular field line.  



 
 
 
 

Using the perfect gas law, p= ρRT/µ, (R is the gas constant and µ is the mean 
molecular weight),  Eq. (2.27) can be integrated to yield:  

is the pressure scale height (function only of T). For an isothermal plasma, H is 
constant and Eq. (2.29) yields: 

     p = p0 exp (-z/H).     (2.30) 
In the solar photosphere, assuming T=6000 K, μ=1.3, g = 2.74×104 cm2 s-1, yields 
H ≈ 140 km . The sound speed cS = √γp/ρ = √γHg ≈ 10 km s-1. 

Gravity can be neglected compared to the pressure gradient, when the typical 
length scales are much less than the scale height H. Further when β=8πp/B2<<1, 
the magnetic force dominates in Eq. (2.26), which yields: 

      j × B = 0,      (2.31) 
where we have used the Maxwell’s relation j=4π/c curl B. Magnetic fields satisfying 
the above condition are called force-free (for j=0, we have a potential field). 

p = p0 exp −
1
H(z)

dz
0

z
∫

#

$
%

&

'
(,                           (2.28)

where p0 is the pressure at z = 0, and   

H(z) =RT
µg

=
p
ρg

,                              (2.29)



 
 
 
 

Finite β 
Vertical field 
Consider a plasma with a purely vertical field of the 
form B = B(x) êz. For the z component, the relevant 
equation is (2.26) with the solution given by Eq. 
(2.28). The x-component of Eq. (2.26), yields: 

∂
∂x

p + B
2

8π

"

#
$

%

&
' = 0, 

p + B
2

8π
= f (z),              (2.32)

where f(z) gives the total pressure at some value 
of x. Differentiating Eq. (2.32) w.r.t. z, yields: 

   ∂p/∂z = df /dz, 

which is independent of x. Therefore, from Eq. 
(2.27), the density ρ is also independent of x. 
Further, Eq. (2.32) implies that the pressure (at a 
given z), is largest when the magnetic field is 
weakest. 

Purely vertical field varying only 
in the x-direction. The isodensity 
contours are horizontal, while the 
constant p contours (dashed) are 
inclined, with the labels 1,2,3 
indicating successively lower 
pressure values. 

or 



 
 
 
 

Finite β 
Horizontal field 
For a purely horizontal field of the form B = B(z) êx. the x component of Eq. (2.26) implies 
that p=p(z), i.e. the pressure is solely a function of z. The z-component of Eq. (2.26), 
yields: 

d
dz

p + B
2

8π

!

"
#

$

%
&− ρg = 0.                (2.33)

The only contribution in Eq. (2.26) from the magnetic force is the magnetic pressure. If B(z) 
and T are prescribed, Eq. (2.33) can be integrated to yield p. For an isothermal medium 
(constant T ),we find     

p = p0 − ez/H
0

z
∫ d

dz
B2

8π

#

$
%

&

'
(  dz

)

*
+
+

,

-
.
.
e−z/H ,

which shows that a decrease(increase) of B  with z, raises (lowers) the pressure 
over its hydrostatic value. When both the sound speed and Alfvén speed are 
constant, the equilibrium solution is: 

p = p0e−z/HB, ρ = ρ0e−z/HB, B = B0e−z/2HB

where HB denotes a modified scale height: 

HB =
p0 +B0

2 / 8π
ρ0g

.



 
 
 
 

Two-dimensional of a prominence 
PQ) supported by the magnetic field 
against gravity shown in the x-z  
plane (extending infinitely in the y- 
direction). The field lines connect 
regions A,B of opposite polarity on 
the solar surface (after (after 
Kippenhahn-Schlüter 1957). 

Magnetohydrostatic Equilibrium of a Prominence  
Consider an idealized model of a prominence as a thin (in 
the x-direction) sheet PQ extending infinitely in the y-
direction (normal to the plane of the figure) The magnetic 
field is potential everywhere except in the prominence PQ. 
The pressure, density and vertical field are assumed to be 
function only of x. The magnetic field has components Bx, Bz 
only and the field lines are assumed symmetric about  
x = 0.  
The mass of the prominence is supported by the tension 
along the field. As a consequence of this tension, the field 
exerts on the prominence a force per unit area in the vertical 
direction on either side of the plane x=0, Fz= êx .M. êz, where: 

x 

z 

Mij =
1
8π
B2δ ij − 1

4π
BiBj .

Hence, Fz= |BxBz|/4π. If Σ is the mass per unit area of the 
prominence sheet, the total force on either side of the x=0 
plane is 2Fz. Thus, for magnetostatic equilibrium, we have: 

2|BxBz|
4π

= Σg,              (2.34)

Taking Σg=2.5 dyn cm-2, corresponding to ρg=5.10-9 dyn cm-3 and a sheet of thickness 
5000 km, we find that Eq. (2.34) is satisfied if |Bx| and |Bz| are each of about 4 G. 
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