
Fluid Mechanics - Spring 2018

Assignment 1

1. Determine the equivalent of the streamline condition dx/u = dy/v for two-dimensional (r, θ)-polar
coordinates, and then find the equation for the streamline that passes through (r0, θ0) when u =
(ur, uθ) = (A/r,B/r) where A and B are constants.

2. The velocity components in an unsteady plane flow are given by u = x/(1 + t) and v = 2y/(2 + t).
Determine equations for the streamlines and path lines subject to x = x0 at t = 0.

3. For the flow field u = U + Ω × x, where U and Ω are constant linear- and angular-velocity vectors,
use Cartesian coordinates to a) show that Sij is zero, and b) determine Rij .

4. Starting with a small rectangular volume element δV = δx1δx2δx3, prove
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5. Let Oxyz be a stationary frame of reference, and let the z-axis be parallel with fluid vorticity vector
in the vicinity of O so that ω = ∇ × u = ωzez, in this frame of reference. Now consider a second
rotating frame of reference Ox′y′z′ having the same origin that rotates about the z-axis at angular rate
Ωez. Starting from the kinematic relationship, u = (Ωez)× x + u′, show that in the vicinity of O the
vorticity ω′ = ∇′ × u′ in the rotating frame of reference can only be zero when 2Ω = ωz, where ∇′ is
the gradient operator in the primed coordinates. The following unit vector transformation rules may
be of use: e

′
x = ex cos (Ωt) + ey sin (Ωt), e

′
y = −ex sin (Ωt) + ey cos (Ωt), and e

′
z = ez.

6. For a smooth, single-valued function F (x) that only depends on space and an arbitrarily shaped control
volume that moves with velocity b(t) that only depends on time, show that d/dt

∫
V ∗(t) F (x)dV =

b ·
(∫

V ∗(t)∇F (x)dV
)

.

7. A curve of ψ(x, y) = C1 (= a constant) specifies a streamline in steady two-dimensional, constant-
density flow. If a neighboring streamline is specified by ψ(x, y) = C2, show that the volume flux per
unit depth into the page between the streamlines equals C2 − C1 when C2 > C1.

8. A jet of water with a diameter of 8 cm and a speed of 25 m/s impinges normally on a large stationary
flat plate. Find the force required to hold the plate stationary. Compare the average pressure on the
plate with the stagnation pressure if the plate is 20 times the area of the jet.

9. Consider the propeller of an airplane moving with a velocity U1. Take a reference frame in which the
air is moving and the propeller [disk] is stationary. Then the effect of the propeller is to accelerate the
fluid from the upstream value U1 to the downstream value U2 > U1. Assuming incompressibility, show
that the thrust developed by the propeller is given by F = ρA(U2

2 − U2
1 )/2; where A is the projected

area of the propeller and ρ is the density (assumed constant). Show also that the velocity of the fluid
at the plane of the propeller is the average value U = (U1 + U2)/2.

10. Consider how pressure gradients and skin friction develop in an empty wind tunnel or water tunnel
test section when the flow is incompressible. Here the fluid has viscosity µ and density ρ, and flows
into a horizontal cylindrical pipe of length L with radius R at a uniform horizontal velocity Uo. The
inlet of the pipe lies at x = 0. Boundary layer growth on the pipes walls induces the horizontal velocity
on the pipes centerline to be UL at x = L; however, the pipe-wall boundary layer thickness remains
much smaller than R. Here, L/R is of order 10, and ρUoR/µ � 1. The radial coordinate from the
pipe centerline is r.

(a) Determine the displacement thickness, δ∗L , of the boundary layer at x = L in terms of Uo, UL
and R. Assume that the boundary layer displacement thickness is zero at x = 0. [The boundary
layer displacement thickness, δ∗, is the thickness of the zero-flow-speed layer that displaces the
outer flow by the same amount as the actual boundary layer. For a boundary layer velocity
profile u(y) with y = wall − normal coordinate and U = outer flow velocity, δ∗ is defined by:
δ∗ =

∫∞
0 (1− (u/U)) dy.]
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(b) Determine the pressure difference, ∆P = PL − Po, between the ends of the pipe in terms of ρ,
Uo, and UL.

(c) Assume the horizontal velocity profile at the outlet of the pipe can be approximated by: u(r, x =
L) = UL(1 − (r/R)n) and estimate average skin friction, τw, on the inside of the pipe between
x = 0 and x = L in terms of ρ, Uo, UL, R, L, and n.

(d) Calculate the skin friction coefficient, cf = τw/(1/2)ρU2
o , when U0 = 20.0m/s, UL = 20.5 m/s,

R = 1.5 m, L = 12 m, n = 80, and the fluid is water, i.e., r = 103kg/mˆ3.

11. Consider the situation depicted below. Wind strikes the side of a simple residential structure and
is deflected up over the top of the structure. Assume the following: two-dimensional steady inviscid
constant-density flow, uniform upstream velocity profile, linear gradient in the downstream velocity
profile (velocity U at the upper boundary and zero velocity at the lower boundary as shown), no flow
through the upper boundary of the control volume, and constant pressure on the upper boundary of
the control volume. Using the control volume shown:

(a) Determine h2 in terms of U and h1 .

(b) Determine the direction and magnitude of the horizontal force on the house per unit depth into
the page in terms of the fluid density ρ, the upstream velocity U , and the height of the house h1.

(c) Evaluate the magnitude of the force for a house that is 10 m tall and 20 m long in wind of 22
m/sec.

12. The take-off mass of a Boeing 747-400 may be as high as 400,000 kg. An Airbus A380 may be even
heavier. Using a control volume (CV) that comfortably encloses the aircraft, explain why such large
aircraft do not crush houses or people when they fly low overhead. Of course, the aircraft’s wings
generate lift but they are entirely contained within the CV and do not coincide with any of the CV’s
surfaces; thus merely stating the lift balances weight is not a satisfactory explanation. Given that
the CV’s vertical body-force term, −g

∫
CV ρdV , will exceed 4 × 106 N when the airplane and air in

the CV’s interior are included, your answer should instead specify which of the CV’s surface forces or
surface fluxes carries the signature of a large aircraft’s impressive weight.
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