
Fluid Mechanics - Spring 2018

Assignment 2

1. An inviscid incompressible liquid with density ρ flows in a wide conduit of height H and width B into
the page. The inlet stream travels at a uniform speed U and fills the conduit. The depth of the outlet
stream is less than H. Air with negligible density fills the gap above the outlet stream. Gravity acts
downward with acceleration g. Assume the flow is steady for the following items.

(a) Find a dimensionless scaling law for U in terms of ρ, H, and g.

(b) Denote the outlet stream depth and speed by h and u, respectively, and write down a set of
equations that will allow U , u, and h to be determined in terms of ρ, H, and g.

(c) Solve for U , u, and h in terms of ρ, H, and g. [Hint: solve for h first.]

2. A fine uniform mist of an inviscid incompressible fluid with density ρ settles steadily at a total volume
flow rate (per unit depth into the page) of 2q onto a flat horizontal surface of width 2s to form a liquid
layer of thickness h(x) as shown. The geometry is two dimensional.

(a) Formulate a dimensionless scaling law for h in terms of x, s, q, ρ, and g.

(b) Use a suitable control volume analysis, assuming u(x) does not depend on y, to find a single
cubic equation for h(x) in terms of h(0), s, q, x, and g.

(c) Determine h(0).

3. Starting from continuity equation (4.7) and Navier-Stokes momentum equation (4.39b), derive a Pois-
son equation for the pressure, p, by taking the divergence of the constant-density momentum equation.
What role does the viscosity µ play in determining the pressure in constant density flow?

4. For steady constant-density inviscid flow with body force per unit mass g = −∇φ, it is possible to
derive the following Bernoulli equation: p+ 1

2ρ|u|
2 + ρφ = constant along a streamline.

(a) What is the equivalent form of the Bernoulli equation for constant-density inviscid flow that
appears steady when viewed in a frame of reference that rotates at a constant rate about the
z-axis, i.e., when Ω = (0, 0,Ωz), with Ωz constant?

(b) If the extra term found in the Bernoulli equation is considered a pressure correction: Where on
the surface of the earth (i.e., at what latitude) will this pressure correction be the largest? What
is the absolute size of the maximum pressure correction when changes in R on a streamline are
1 m, 1 km, and 103 km?

5. For many atmospheric flows, rotation of the earth is important. The momentum equation for inviscid
flow in a frame of reference rotating at a constant rate Ω is:

∂u

∂t
+ (u · ∇) u = −∇Φ− (1/ρ)∇p− 2Ω× u−Ω× (Ω× x)
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For steady two-dimensional horizontal flow, u = (u, v, 0) with Φ = gz and ρ = ρ(z), show that the
streamlines are parallel to constant pressure lines when the fluid particle acceleration is dominated by
the Coriolis acceleration |(u · ∇) u| � |2Ω × u|, and when the local pressure gradient dominates the
centripetal acceleration |Ω× (Ω× x)| � (1/ρ)∇p. [This seemingly strange result governs just about
all large-scale weather phenomena like hurricanes and other storms, and it allows weather forecasts to
be made based on surface pressure measurements alone.]

6. Consider an incompressible planar Couette flow, which is the flow between two parallel plates separated
by a distance b. The upper plate is moving parallel to itself at speed U , and the lower plate is stationary.
Let the x-axis lie on the lower plate. The pressure and velocity fields are independent of x, and the
fluid is uniform with constant viscosity.

(a) Show that the pressure distribution is hydrostatic and that the solution of the Navier-Stokes
equation is u(y) = Uy/b.

(b) Write the expressions for the stress and strain rate tensors, and show that the viscous kinetic-
energy dissipation per unit volume is µU2/b2.

(c) Using a rectangular control volume for which the two horizontal surfaces coincide with the walls
and the two vertical surfaces are perpendicular to the flow: evaluate the kinetic energy equation
(4.56) within this control volume, and show that the balance is between the viscous dissipation
and the work done in moving the upper surface.

7. Determine the outlet speed, U2, of a chimney in terms of ρ0, ρ2, g, H, A1, and A2. For simplicity,
assume the fire merely decreases the density of the air from ρ0 to ρ2 (ρ0 > ρ2) and does not add
any mass to the airflow. (This mass flow assumption isn’t true, but it serves to keep the algebra
under control in this problem.) The relevant parameters are shown in the figure. Use the steady
Bernoulli equation into the inlet and from the outlet of the fire, but perform a control volume anal-
ysis across the fire. Ignore the vertical extent of A1 compared to H and the effects of viscosity.

8. A hemispherical vessel of radius R containing an inviscid constant-density liquid has a small rounded
orifice of area A at the bottom. Show that the time required to lower the level from h1 to h2 is given
by

t =
2π

A
√

2g
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9. A circular plate is forced down at a steady velocity U0 against a flat surface. Frictionless incompressible

fluid of density ρ fills the gap h(t). Assume that h� r0, the plate radius, and that the radial velocity
ur(r, t) is constant across the gap.

(a) Obtain a formula for ur(r, t) in terms of r, U0, and h.

(b) Determine ∂ur(r, t)/∂t.

(c) Calculate the pressure distribution under the plate assuming that p(r = r0) = 0.
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10. A 1/25 scale model of a submarine is being tested in a wind tunnel in which p = 200 kPa and T = 300
K. If the prototype speed is 30 km/hr, what should be the free-stream velocity in the wind tunnel?
What is the drag ratio? Assume that the submarine would not operate near the free surface of the
ocean.
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