
Fluid Mechanics - Spring 2018

Assignment 3

1. Consider the situation depicted in the following figure. Use a Cartesian coordinate system with a
horizontal x-axis that puts the barrier at x = 0, a vertical y-axis that puts the bottom of the container
at y = 0 and the top of the container at y = H, and a z-axis that points out of the page. Show that, at
the instant the barrier is removed, the rate of baroclinic vorticity production at the interface between
the two fluids is:

Dωz
Dt

=
2 (ρ2 − ρ1) g
(ρ2 + ρ1) δ

,

where the thickness of the density transition layer just after barrier removal is δ << H, and the
density in this thin interface layer is assumed to be (ρ1 + ρ2)/2. If necessary, also assume that fluid
pressures match at y = H/2 just after barrier removal, and that the width of the container into the
page is b. State any additional assumptions that you make.

2. At t = 0 a constant-strength z-directed vortex sheet is created in an x-z plane (y = 0) in an infinite
pool of a fluid with kinematic viscosity ν, that is, ω(y, 0) = ezγδ(y). The symmetry of the initial
condition suggests that ω = ωzez and that ωz will only depend on y and t. Determine ω(y, t) for
t > 0 via the following steps.

(a) Determine a dimensionless scaling law for ωz in terms of γ, ν, y, and t.

(b) Simplify the general vorticity equation (5.13) to a linear field equation for ωz for this situation.

(c) Based on the fact that the field equation is linear, simplify the result of part a) by requiring ωz to
be proportional to γ, plug the simplified dimensionless scaling law into the equation determined
for part b), and solve this equation to find the undetermined function to reach:

ωz(y, t) =
γ

2
√
πνt

exp

{
− y2

4νt

}
3. (a) Starting from the continuity and Euler equations for an inviscid compressible fluid, ∂ρ/∂t+∇ ·

(ρu) = 0 and ρ (Du/Dt) = −∇p+ ρg, derive the Vazsonyi equation:

D

Dt

ω

ρ
=

ω

ρ
· ∇u +

1

ρ3
∇ρ×∇p,

when the body force is conservative: g = −∇Φ. This equation shows that ω/ρ in a compressible
flow plays nearly the same dynamic role as ω in an incompressible flow [see (5.30) with Ω = 0
and ν = 0].

(b) Show that the final term in the Vazsonyi equation may also be written: (1/ρ)∇T ×∇s.
(c) Simplify the Vazsonyi equation for barotropic flow.

4. Start with the equations of motion in the rotating steadily coordinates, and prove Kelvin’s circulation
theorem D

Dt(Γa) = 0 where Γa =
∫

(ω + 2Ω) · dA. Assume that Ω is constant, the flow is inviscid and
barotropic and that the body forces are conservative. Explain the result physically.

5. In (R,φ, z) cylindrical coordinates, consider the flow field uR = −αR/2, uφ = 0, and uz = αz.
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(a) Compute the strain rate components SRR, Szz, and SRz. What sign of α causes fluid elements
to elongate in the z direction? Is this flow incompressible?

(b) Show that it is possible for a steady vortex (a Burgers’ vortex) to exist in this flow field by adding
uφ = (Γ/2πR) [1− exp

(
−αR2/4ν

)
] to uR and uz from part a) and then determining a pressure

field p(R, z) that together with u = (uR, uφ, uz) solves the Navier-Stokes momentum equation
for a fluid with constant density ρ and kinematic viscosity ν.

(c) Determine the vorticity in the Burgers’ vortex flow of part b).

(d) Explain how the vorticity distribution can be steady when α 6= 0 and fluid elements are stretched
or compressed.

(e) Interpret what is happening in this flow when α > 0 and when α < 0.

6. An ideal line vortex parallel to the z-axis of strength Γ intersects the x-y plane at x = 0 and y = h.
Two solid walls are located at y = 0 and y = H > 0. Use the method of images for the following.

(a) Based on symmetry arguments, determine the horizontal velocity u of the vortex when h = H/2.

(b) Show that for 0 < h < H the horizontal velocity of the vortex is:

u(0, h) =
Γ

4πh

(
1− 2

∞∑
n=1

1

(nH/h)2 − 1

)
, (1)

and evaluate the sum when h = H/2 to verify your answer to part a).

7. The axis of an infinite solid circular cylinder with radius a coincides with the z-axis. The cylinder
is stationary and immersed in an incompressible inviscid fluid, and the net circulation around it is
zero. An ideal line vortex parallel to the cylinder with circulation Γ passes through the x-y plane at
x = L > a and y = 0. Here two image vortices are needed to satisfy the boundary condition on the
cylinder’s surface. If one of these is located at x = y = 0 and has strength Γ, determine the strength
and location of the second image vortex.

8. A constant-density irrotational flow in a rectangular torus has a circulation Γ and volumetric flow
rate Q. The inner radius is r1, the outer radius is r2, and the height is h. Compute the total kinetic
energy of this flow in terms of only ρ, Γ, and Q.

9. Consider a cylindrical tank of radius R filled with a viscous fluid spinning steadily about its axis with
constant angular velocity Ω. Assume that the flow is in a steady state.

(a) Find
∫
Aω · dA where A is a horizontal plane surface through the fluid normal to the axis of

rotation and bounded by the wall of the tank.

(b) The tank then stops spinning. Find again the value of
∫
Aω · dA.

10. An ideal line vortex in a half space filled with an inviscid constant-density fluid has circulation Γ, lies
parallel to the z-axis, and passes through the x-y plane at x = 0 and y = h. The plane defined by
y = 0 is a solid surface.

(a) Use the method of images to find u(x, y) for y > 0 and show that the fluid velocity on y = 0 is
u(x, 0) = Γhex/[π(x2 + h2)].

(b) Show that u(0, y) is unchanged for y > 0 if the image vortex is replaced by a vortex sheet of
strength γ(x) = −u(x, 0)ez on y = 0.
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