
Fluid Mechanics - Spring 2018

Assignment 4

1. Consider the two-dimensional steady flow formed by combining a uniform stream of speed U in the
positive x direction, a source of strength m > 0 at (x, y) = (−a, 0), and a sink of strength m at
(x, y) = (+a, 0) where a > 0. The pressure far upstream of the origin is p∞.

(a) Write down the velocity potential and the stream function for this flow field.

(b) What are the coordinates of the stagnation points?

(c) Determine the pressure in this flow field along the y-axis.

(d) There is a closed streamline in this flow that defines a Rankine body. Obtain a transcendental
algebraic equation for this streamline, and show that the half-width, h, of the body in the y
direction is given by: h

a = cot
(
πUh
m

)
. (The introduction of angles may be useful here.)

2. A stationary ideal two-dimensional vortex with clockwise circulation Γ is located at point (0, a), above
a flat plate. The plate coincides with the x-axis. A uniform stream U directed along the x-axis flows
over the vortex. Sketch the flow pattern and show that it represents the flow over an oval-shaped
body when Γ/πa > U .

If the pressure at x = ±∞ is p∞, and that below the plate is also p∞, then show that the pressure at

any point on the plate is given by: p∞− p = ρΓ2a2

2π2(x2+a2)2
− ρUΓa

π(x2+a2)
. Show that the total upward force

per unit depth on the plate is:F = ρΓ2

4πa − ρUΓ.

3. Consider a two-dimensional ideal flow over a circular cylinder of radius r = a with axis coincident
with a right-angle corner, as shown in the figure below. Assuming that ψ = Axy (with A = constant)
when the cylinder is absent, solve for the stream function and velocity components.
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4. Without using complex variables, derive the results of the Kutta-Zhukhovsky lift theorem (Kundu
6.62) for steady two-dimensional irrotational constant-density flow past an arbitrary-cross-section
object by considering the clam-shell control volume (shown as a dashed line) in the limit as r → ∞.
Here A1 is a large circular contour, A2 follows the object’s cross-section contour, and A3 connects A1

and A2. Let p∞ and Uex be the pressure and flow velocity far from the origin of coordinates, and
denote the flow extent perpendicular to the x− y plane by B.

5. Pressure fluctuations in wall-bounded turbulent flows are a common source of flow noise. Such fluc-
tuations are caused by turbulent eddies as they move over the bounding surface. A simple ideal-flow
model that captures some of the important phenomena involves a two-dimensional vortex that moves
above a flat surface in a fluid of density ρ. Thus, for the following items, use the potential:

φ(x, y, t) = − Γ

2π
tan−1

(
y − h
x− Ut

)
+

Γ

2π
tan−1

(
y + h

x− Ut

)
,

where h is the distance of the vortex above the flat surface, Γ is the vortex strength, and U is the
convection speed of the vortex.

(a) Compute the horizontal u and vertical v velocity components and verify that v = 0 on y = 0.

(b) Determine the pressure at x = y = 0 in terms of ρ, t, Γ, h, and U .

(c) Based on your results from part b), is it possible for a fast-moving, high-strength vortex far from
the surface to have the same pressure signature as a slow-moving, low-strength vortex closer to
the surface?

6. Consider the unsteady potential flow of two ideal sinks located at xa(t) = (xa(t), 0) and xb(t) =
(xb(t), 0) that are free to move along the x-axis in an ideal fluid that is stationary far from the origin.
Assume that each sink will move in the velocity field induced by the other.

φ(x, y, t) = − Q
2π

[
ln
√

(x− xa(t))2 + y2 + ln
√

(x− xb(t))2 + y2
]
, with Q > 0

(a) Determine xa(t) and xb(t) when xa(0) = (−L, 0) and xb(0) = (+L, 0).

(b) If the pressure far from the origin is p∞ and the fluid density is ρ, determine the pressure p at
x = y = 0 as a function of p∞, ρ, Q, and xa(t).

7. In ideal flow, streamlines are defined by dψ = 0, and potential lines are defined by dφ = 0. Starting
from these relationships, show that streamlines and potential lines are perpendicular:

(a) in plane flow where x and y are the independent spatial coordinates, and

(b) in axisymmetric flow where R and z are the independent spatial coordinates.

8. Consider steady ideal flow over a hemisphere of constant radius a lying on the y − z plane. For the
spherical coordinate system shown, the potential for this flow is:

φ(r, θ, φ) = Ur(1 + a3/2r3) cos θ

where U is the flow velocity far from the hemisphere. Assume gravity acts downward along the
x− axis. Ignore fluid viscosity in this problem.
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(a) Determine all three components of the fluid velocity on the surface of the hemisphere, r = a, in

spherical polar coordinates: (ur, uθ, uϕ) = ∇φ =
(
∂φ
∂r ,

1
r
∂φ
∂θ ,

1
r sin θ

∂φ
∂ϕ

)
.

(b) Determine the pressure, p, on r = a.

(c) Determine the hydrodynamic force, Rx, on the hemisphere assuming stagnation pressure is felt
everywhere underneath the hemisphere. [Hints: er · ex = sin θ cosϕ,

∫ π
0 sin2 θdθ = π/2, and∫ π

0 sin4 θdθ = 3π/8]

(d) For the conditions of part c) what density ρh must the hemisphere have to remain on the surface.

9. Consider the radial flow induced by the collapse of a spherical cavitation bubble of radius R(t) in a
large quiescent bath of incompressible inviscid fluid of density ρ. The pressure far from the bubble is
p∞. Ignore gravity.

(a) Determine the velocity potential φ(r, t) for the radial flow outside the bubble.

(b) Determine the pressure p(R(t), t) on the surface of the bubble.

(c) Suppose that at t = 0 the pressure on the surface of the bubble is p∞, the bubble radius is R0,
and its initial velocity is −Ṙ0 (i.e., the bubble is shrinking); how long will it take for the bubble
to completely collapse if its surface pressure remains constant?

10. In three dimensions, consider a solid object moving with velocity U near the origin of coordinates in
an unbounded quiescent bath of inviscid incompressible fluid with density ρ. The kinetic energy of
the moving fluid in this situation is:

KE =
1

2
ρ

∫
V
|∇φ|2dV, (1)

where φ is the velocity potential and V is a control volume that contains all of the moving fluid but
excludes the object (similar to problem 4 when A3 → 0 and U = 0).

(a) Show that KE = −1
2ρ
∫
A φ (∇φ · n) dA where A encloses the body and is coincident with its

surface, and n is the outward normal on A.

(b) The apparent mass, M , of the moving body may be defined by KE = 1
2M |U|

2. Using this
definition, the result of part a), and (Kundu 6.97) with xa = 0, show that M = 2πa3ρ/3 for a
sphere.
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