
Fluid Mechanics - Spring 2018

Assignment 5

1. A simple realization of a temporal boundary layer involves the spinning fluid in a cylindrical container.
Consider a viscous incompressible fluid ( density = ρ, viscosity = µ) in solid body rotation (rotational
speed = Ω) in a cylindrical container of diameter d. The mean depth of the fluid is h. An external
stirring mechanism forces the fluid to maintain solid body rotation. At t = 0, the external stirring
ceases. Denote the time for the fluid to spin-down (i.e., to stop rotating) by τ .

(a) For h� d, write a simple laminar-flow scaling law for τ assuming that the velocity perturbation
produced by the no-slip condition on the container’s sidewall must travel inward a distance d/2
via diffusion.

(b) For h� d, write a simple laminar-flow scaling law for τ assuming that the velocity perturbation
produced by the no-slip condition on the container’s bottom must travel upward a distance h via
diffusion.

(c) Using partially filled cylindrical containers of several different sizes (drinking glasses and pots
and pans are suggested) with different amounts of water, test the validity of the above diffusion
estimates. Use a spoon or a whirling motion of the container to bring the water into something
approaching solid body rotation. You’ll know when the fluid motion is close to solid body
rotation because the fluid surface will be a paraboloid of revolution. Once you have this initial
flow condition set up, cease the stirring or whirling and note how long it takes for the fluid to
stop moving. Perform at least one test when d and h are several inches or more. Cookie or bread
crumbs sprinkled on the water surface will help visualize surface motion. The judicious addition
of a few drops of milk after the fluid starts slowing down may prove interesting.

(d) Compute numbers from your scaling laws for parts a) and b) using the viscosity of water, the
dimensions of the containers, and the experimental water depths. Are the scaling laws from parts
a) and b) useful for predicting the experimental results? If not, explain why. (The phenomena
investigated here have some important practical consequences in atmospheric and oceanic flows
and in IC engines where swirl and tumble are exploited to mix the fuel charge and increase
combustion speeds.)

2. Estimate the 99% boundary-layer thickness on:

(a) A paper airplane wing (length = 0.25 m, U = 1 m/sec)

(b) The underside of a super tanker (length = 300 m, U = 5 m/sec)

(c) An airport runway on a blustery day (length = 5 km, U = 10 m/sec)

(d) Will these estimates be accurate in each case? Explain.

3. Consider the boundary layer that develops as a constant density viscous fluid is drawn to a point sink at
x = 0 on an infinite flat plate in two dimensions (x, y). Here Ue(x) = −U0L0/x, so set η = y/

√
νx/|Ue|

and ψ = −
√
νx|Ue|f(η) and redo the steps leading to (Kundu 9.36) to find f

′′′−f ′2+1 = 0. Solve this

equation and utilize appropriate boundary conditions to find f
′

= 3
[
1−αe−

√
2η

1+αe−
√
2η

]2
−2 where α =

√
3−
√
2√

3+
√
2
.
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4. Derive the von Karman boundary layer integral equation by conserving mass and momentum in a
control volume (C.V.) of width dx and height h that moves at the exterior flow speed Ue(x) as shown.
Here h is a constant distance that is comfortably greater than the overall boundary layer thickness δ.

5. The steady two-dimensional velocity potential for a source of strength m located a distance b above a
large flat surface located at y = 0 is:

φ(x, y) =
m

2π

(
ln
√
x2 + (y − b)2 + ln

√
x2 + (y + b)2

)
(a) Determine U(x), the horizontal fluid velocity on y = 0.

(b) Use this U(x) and Thwaites’ method to estimate the momentum thickness, θ(x), of the laminar
boundary layer that develops on the flat surface when the initial momentum thickness θ0 is zero.
[Potentially useful information: ∫ x

0

ξ5dξ

(ξ2 + b2)5
=

x6(x2 + 4b2)

24b4(x2 + b2)4

]

(c) Will boundary-layer separation occur in this flow? If so, at what value of x/b does Thwaites’
method predict zero wall shear stress?

(d) Using solid lines, sketch the streamlines for the ideal flow specified by the velocity potential given
above. For comparison, on the same sketch, indicate with dashed lines the streamlines you expect
for the flow of a real fluid in the same geometry at the same flow rate.

6. Consider incompressible, slightly viscous flow over a semi-infinite flat plate with constant suction. The
suction velocity v(x, y = 0) = v0 < 0 is ordered byO(Re−1/2) < v0/U < O(1) where Re = Ux/ν →∞.
The flow upstream is parallel to the plate with speed U . Solve for u, v in the boundary layer.

7. The boundary-layer approximation is sometimes applied to flows that do not have a bounding surface.
Here the approximation is based on two conditions: downstream fluid motion dominates over the
cross-stream flow, and any moving layer thickness defined in the transverse direction evolves slowly in
the downstream direction.

Consider a laminar jet of momentum flux J that emerges from a small orifice into a large pool of
stationary viscous fluid at z = 0. Assume the jet is directed along the positive z-axis in a cylindrical
coordinate system. In this case, the steady, incompressible, axisymmetric boundary-layer equations
are:

1

R

∂(RuR)

∂R
+
∂w

∂z
= 0, and w

∂w

∂z
+ uR

∂w

∂R
= −1

ρ

∂p

∂z
+
ν

R

∂

∂R

(
R
∂w

∂R

)
,

where w is the (axial) z-direction velocity component, and R is the radial coordinate. Let r(z) denote
the generic radius of the cone of jet flow.

(a) Let w(R, z) = (ν/z)f(η) where η = R/z, and derive the following equation for f : ηf ′ +
f
∫ η
ηfdη = 0.
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(b) Solve this equation by defining a new function F =
∫ η
ηfdη. Determine constants from the

boundary condition: w → 0 as η →∞, and the requirement:

J = 2πρ

∫ R=r(z)

R=0
w2(R, z)RdR = const.

(c) At fixed z, does r(z) increase or decrease with increasing J? [Hints: 1) The fact that the jet
emerges into a pool of quiescent fluid should provide information about ∂p/∂z, and 2) f(η) ∝
(1 + const · η2)−2, but try to obtain this result without using it.]
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