
Fluid Mechanics - Spring 2018

Assignment 6

1. Determine general relationships for the second, third, and fourth central moments (variance = σ2,
skewness = S, and kurtosis = K) of the random variable u in terms of its first four ordinary moments:
u, u2 , u3 , and u4.

2. If u(t) is a stationary random signal, show that u(t) and du(t)/dt are uncorrelated.

3. Derive the formula for the temporal Taylor microscale λt by expanding the definition of the temporal
correlation function (Kundu 12.17) into a two-term Taylor series and determining the time shift,
τ = λt, where this two-term expansion equals zero.

4. When x, r, and k1 all lie in the stream-wise direction, the wave number spectrum S11(k1) of the
stream-wise velocity fluctuation u1(x) defined by (Kundu 12.45) can be interpreted as a distribution
function for energy across stream-wise wave number k1.

Show that the energy-weighted mean-square value of the stream-wise wave number is:
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5. Starting from (Kundu 12.38) and (Kundu 12.40), set r = re1 and use R11 = u2f(r), and R22 = u2g(r),
to show that F (r) = u2(f(r)− g(r))r−2 and G(r) = u2g(r).

6. (a) Starting from Rij from (Kundu 12.39), compute ∂Rij/∂rj for incompressible flow.

(b) For homogeneous-isotropic turbulence use the result of part a) to show that the longitudinal,
f(r), and transverse, g(r), correlation functions are related by g(r) = f(r) + (r/2)(df(r)/dr).

(c) Use part b) and the integral length scale and Taylor microscale definitions to find 2Λg = Λf and√
2λg = λf .

7. In homogeneous turbulence: Rij(rb − ra) = ui(x + ra)uj(x + rb) = Rij(r), where r = rb − ra.

(a) Show that (∂ui(x)/∂xk)(∂uj(x)/∂xl) = −
(
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.

(b) If the flow is incompressible and isotropic, show that
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.

[Hint: Expand f(r) about r = 0 before taking any derivatives.]

8. The turbulent kinetic energy equation contains a pressure-velocity correlation, Kj = p(x)uj(x + r).
In homogeneous isotropic turbulent flow, the most general form of this correlation is: Kj = K(r)rj .
If the flow is also incompressible, show that K(r) must be zero.

9. In locally isotropic turbulence, Kolmogorov determined that the wave number spectrum can be repre-
sented by S11(k)/(ν5ε)1/4 = Φ(kν3/4/ε1/4) in the inertial subrange and dissipation range of turbulent
scales, where Φ is an undetermined function.

(a) Determine the equivalent form for the temporal spectrum Se(ω) in terms of the average kinetic
energy dissipation rate ε, the fluids kinematic viscosity ν, and the temporal frequency ω.

(b) Simplify the results of part a) for the inertial range of scales where ν is dropped from the
dimensional analysis.

(c) To obtain the results for parts a) and b), an implicit assumption has been made that leads to
the neglect of an important parameter. Add the missing parameter and redo the dimensional
analysis of part a).

(d) Use the missing parameter and ω to develop an equivalent wave number. Insist that your result
for Se only depend on this equivalent wave number and ε to recover the minus-five-thirds law.
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