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Abstract

In this article, we discuss a scheme of embedding matrix multiplication into a group algebra
based on the concept of degeneration, and present conjectures which if true would lead to non-
trivial estimates of the exponent of matrix multiplication using these schemes.

1 Introduction

The matrix multiplication problem is a problem of fundamental nature in Algebraic Complexity
Theory. In addition, the complexity of algorithms used for several important problems, like ma-
trix inversion, Gaussian elimination, LUP decomposition, all-pair shortest paths, transitive closure,
and checking membership in a context-free language, depend critically on the complexity of ma-
trix multiplication[2]. In fact, the complexity of all the standard linear algebra problems (matrix
inversion, Gaussian elimination and LUP decomposition) can be shown to be the same as that of
matrix multiplication.

A natural way to measure the complexity of the matrix multiplication problem is to measure
the number of algebraic gates required in a circuit which takes the elements of the input matrices
as inputs(see section 3). However, such models of computation are not amenable to an accurate
description of the complexity of the problem. Therefore, it is more convenient to express the
asymptotic complexity of matrix multiplication in terms of the exponent of matrix multiplication,
which is, roughly speaking, defined as the smallest number ω for which two n× n matrices can be
multiplied in O (nω+ε) time, for every ε > 0. In the terminology of algebraic circuits used above,
this would mean that the size of the circuit multiplying two n×n matrices is O (nω+ε). This model
of computation and the definition of ω are described in detail in section 3.

As it is a measure of complexity for several important problems, there have been several efforts
in the direction of lowering the known upper bounds for ω, starting with Strassen’s result which
showed that ω < 2.81[7]. Using concepts related to approximative algorithms described later, the
bound were improved by Bini et al.[1] to ω < 2.78, and then by Schönhage to ω < 2.55[6]. These
methods, which were based on the properties of the ranks or border ranks of specific tensor maps
were then also used to reduce the bounds to ω < 2.48[8], and finally to ω < 2.38 by Coppersmith
and Winograd[5]. The underlying methods in these results often used the properties of specially
constructed bilinear maps.

Recently, Cohn and Umans presented a group-theoretic perspective on the problem[4]. The
underlying idea was to embed the matrix multiplication in a suitable group, and then use group
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theoretic methods to bound the rank of the underlying multiplication map. This method was quite
successful, and based on the answer to a question in representation theory they posed in [4], they
constructed a group through which they obtained ω < 2.41[3].

In this work, we look at a different method of embedding matrix multiplication in a group
algebra C [G], based on the concept of border rank[2]. The appeal of these new embeddings lies
in that fact that they so far appear to require strictly weaker conditions than the triple product
condition in [4], and may work for Abelian groups as well. We also present conjectures, which if
true, would allow non-trivial bounds of ω using these embeddings.

2 Organisation

We present the description of the model of computation and the definition of the exponent in
section 3. We then give some basic definitions and theorems relevant to this article in section 4.
In sections 5 and 6, we present our embeddings based on the double product condition. We then
present a piece of negative evidence: a simple disproof of a weakened version of the aforementioned
condition, in section 7. Finally, in section 8, we present our main conjectures, in the form of groups
for which satisfying the conditions of section 6 would lead to non-trivial bounds for the exponent.

3 Measures of complexity for the Matrix multiplication problem

The matrix multiplication problem can be viewed as the problem of computing an appropriate set
of quadratic forms over a ring. Specifically, if we look the multiplication of a general n×m matrix
A with a general m× p matrix B, both over the field F, we can view the elements Aij and Bst as
indeterminates, and the problem as that of computing the following set of quadratic forms:

Cij ({Ast} , {Bst}) =
m∑
k=1

AikBkj,

for 1 ≤ i ≤ n and 1 ≤  ≤ p.
In general, an algebraic computation in an algebra A over a field F involves the computation

of the elements of a subset O ⊂ A from an input subset I of A. Various equivalent models can be
used to describe such a computation. We use a simplified circuit model here.

The circuit may be described by a directed acyclic graph, where the nodes with no incoming
edges denote the input nodes, and the number of such nodes is equal to the number of inputs
required by the circuit. Each node (apart from the input nodes) is of in-degree 2, and also has a label
which corresponds to one of the permissible arithmetic operations: addition(+), multiplication(×)
and subtraction(−). Each node v also has an associated value , which is recursively defined as
follows:

• The value associated with an input node is the value of the input corresponding to that node.

• The value corresponding to a internal node v, which has the label o and the edges (u1, v) and
(u2, v) incident on it, is defined as val (v) = val (u1) o val (u2).

The set computed by this circuit on an input I is the set of values at all the internal nodes.
The natural notion of the cost of such a computation scheme is the size of the circuit, and indeed,
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the cost of such a circuit is defined to be the number of internal nodes, which is also a measure
of the number of arithmetic operations required for the computation of the set F . We note that
scalar multiplications are also attributed an unit cost in this model. We now have the following
formalisation of the complexity of a problem[2].

Definition 3.1. (Total Complexity). The total complexity of a subset F of the algebra A, with
respect to the input subset I of A, denoted LA (F |I), is defined as the smallest possible cost of a
circuit as described above.

The complexity of multiplying two n× n matrices, {Aij}1≤i,j≤n and {Bij}1≤i,j≤n over the field
F, denoted MF (n), can now be described as follows:

MF (n) = LF[{Aij},{Bij}]

 ∑
1≤l≤n

AilBlj |1 ≤ i, j ≤ n

 | {Aij}1≤i,j≤n ∪ {Bij}1≤i,j≤n


It is not clear how one can accurately find out MF (n) for each n. Hence, as a measure of the
asymptotic complexity of the matrix multiplication problem, the exponent ω is defined as follows.

Definition 3.2. (Exponent of matrix multiplication). The exponent ωF of matrix multipli-
cation over a field F is defined as[2]:

ωF = inf
{
θ|MF (n) ∈ O

(
nθ
)}

.

Matrix multiplication can also be viewed as a bilinear map, and hence the notion of the structural
tensor and its associated rank arise naturally. Thus the structural tensor for the multiplication of
an n×m matrix with an m× p matrix is denoted as 〈n,m, p〉, and is the tensor corresponding to
the bilinear map of matrix multiplication. The rank of the operation is then defined as the rank
R (〈n,m, p〉) of the structural tensor. The exponent ωF can also be defined in terms of the rank of
the structural tensor, as follows[2]:

ωF = inf
{
θ|R (〈n, n, n〉) ∈ O

(
nθ
)}

.

4 Definitions and preliminaries

Having defined the exponent, we now proceed to present some basic definitions and facts, some of
them based on [4]. In what follows, G is a group, and S1, S2, S3 ⊆ G. Also, for S ⊆ G, we define
the set of quotients of S as Q (S) =

{
s−1
1 s2|s1, s2 ∈ S

}
.

Definition 4.1. Let |Si| = ni. If for all qi ∈ Q (Si), we have

q1q2q3 = 1 =⇒ q1 = q2 = q3 = 1,

then G is said to realise 〈n1, n2, n3〉 via S1, S2, S3.

The above definition is motivated by the fact that if G realises 〈n1, n2, n3〉, then the multiplica-
tion of n1×n2 and n2×n3 matrices can be embedded naturally in the group algebra C [G]. Under
this embedding, the matrix An1×n2 is denoted by the algebra element

F (A) =
∑

s1∈S1s2∈S2

As1,s2s
−1
1 s2.
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In the above representation, without loss of generality, we index the elements of the matrix by the
elements of the sets S × T , T × U and S × U .

It can easily be shown then that

F (AB) = F (A)F (B) .

Also, it is easy to see that the result of the matrix-multiplication can be “read off” from F (AB).
That is, the Cs′1,s′2 is simply the coefficient of the element s′−1

1 s′2, and thus is easily obtained. This
follows from the definition of realisation as given above.

We represent by 〈n,m, p〉 the structural tensor of matrix multiplication and by R the rank
function[2]. In addition, we would be using the notion of border rank [2].

Definition 4.2. A tensor t ∈ Fm×n×p is called a degeneration of order q of the tensor 〈r〉, denoted
as t �q 〈r〉, if there exist vectors us (ε) ∈ F [ε]m , vs (ε) ∈ F [ε]n , wp (ε) ∈ F [ε]p, for 1 ≤ s ≤ r, such
that

εq−1t+ εqt′ (ε) =
r∑
s=1

us (ε)⊗ vs (ε)⊗ ws (ε) ,

for some t′ (ε) ∈ F [ε]m×n×p.

The border rank of the tensor t is then defined as the smallest r ∈ N for which there exists a
q ∈ N ∪ {0}, for which t�q 〈r〉. This is denoted as R (t) = r.

The advantage of using the border rank is that most of the properties of the rank operator
carry over, in spite of the fact that this is a relaxation of the rank operator. Formally, both the
restriction and the degeneration operators are partial orders on the semi-ring T of tensor classes,
but degeneration (�) is finer than restriction (≤).

Some important properties of the border rank are the following:

Theorem 4.1. (Bini). If R (〈e, h, l〉) ≤ r, for e, h, l, r ∈ N then (ehl)ω/3 ≤ r.

This shows that the border rank of bilinear maps can be used in a manner similar to the rank
to obtain bounds for ω. The above property was generalised by Schönage[6] to the following:

Theorem 4.2. (Schönage’s Asymptotic Sum Inequality). If p, r, e1, h1, l1, . . . , ep, hp, lp ∈ N,
then

R

(
p⊕
i=1

〈ei, hi, li〉

)
≤ r =⇒

s∑
i=1

(eihili)
ω/3 ≤ r.

5 Using the border rank

In this section we consider a weakened version of the notion of realization discussed above. This
is motivated by the same considerations as the above: that the border rank offers almost all of
the relevant properties of the rank operator. From now onwards, we denote an algebra and the
multiplication map on the algebra by identical symbols, as the meaning is clear from the context.
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Definition 5.1. The group G weakly realizes 〈m,n, p〉 if

〈m,n, p〉�q C [G] ,

for some q ∈ N.

It is clear that if G realizes 〈m,n, p〉, then G also weakly realizes 〈m,n, p〉. Also, if G weakly
realises 〈m,n, p〉, then R (〈m,n, p〉) ≤ R (C [G]). We now prove the following theorem, which is a
generalization of Theorem 4.1 in [4], which related the problem of estimating ω to a problem of
finding groups with a “nice” set of character degrees.

Theorem 5.1. If a group G weakly realises 〈m,n, p〉, and t = mnp, then

tω/3 ≤
l∑

i=1

dωi

where {di}li=1 are the character degrees of G. In particular, if G is Abelian, then

tω/3 ≤ |G|

In the proof, we would use the following property of the � operator.

Lemma 5.1. If
ti �qi 〈ri〉 ,

for i = 1, 2, then
t1 ⊗ t2 �q1+q2−1 〈r1r2〉

.

We now give the proof of theorem 5.1.

Proof. From the hypotheses, we have, for q ∈ N,

〈m,n, p〉�q C [G] .

Also, by definition,

C [G] '
l⊕

i=1

〈di, di, di〉 .

So we get

〈m,n, p〉�q

l⊕
i=1

〈di, di, di〉 . (1)

Now, taking the sth tensor power of (1), and using lemma 5.1, we get

〈ms, ns, ps〉�s(q−1)+1

(l,...,l)⊕
(i1,...,is)=(1,...,1)

〈di1di2 . . . dis , di1di2 . . . dis , di1di2 . . . dis〉 .
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Now, by the definition of ω, for each ε > 0, there exists C such that for alls sk, we have R (〈k, k, k〉) ≤
Ckω+ε. Using this fact and the sub-additivity of the border rank, we now have

R (〈ms, ns, ps〉) ≤ C

 l∑
i=q

dω+ε
i

s

Now we use Theorem 4.1, and after taking sth roots, we get,

tω/3 ≤ C1/s
l∑

i=1

dω+ε
i .

As this holds for all s and ε, we can use the continuity of the expressions involved as s→∞, and
ε→ 0 to get the desired result.

The theorem can be used to obtain a non-trivial estimate of ω in the following way: if for m,n, p
as described above, we get mnp >

∑
d3
i , then we must necessarily have ω < 3. Also, if the group

G is Abelian, then it is a well known result from representation theory that di = 1 and thus using
the representation-theoretic fact |G| =

∑
d2
i , we simply obtain the estimate

ω ≤ 3 log |G|
logmnp

.

6 The Double product conditions

We now describe our attempts to relax the triple product condition as described in [4], by using
Theorem 5.1. We note that the triple product condition was required because we wanted to ac-
curately embed matrix multiplication in the group algebra C [G]. The approximative embedding,
in the sense of the degeneration operator described above, may require less stringent conditions.
We first define the double-product condition which appears to be a necessary condition for such an
embedding to be useful.

Definition 6.1. (Double product condition).Given a group G, subsets S, T of G satisfy the
double product condition if for all q1 ∈ Q (S) , q2 ∈ Q (T ),

q1q2 = 1 =⇒ q1 = q2 = 1.

An obvious candidate for a relaxation of the triple product condition based on the above defi-
nition is the condition described below, whose appeal lies in the fact that it may work for Abelian
groups as well. However, as we show later, groups satisfying a weaker version of this condition
cannot exist.

Lemma 6.1. If there exists a group G, such that for a collection of three subsets S, T, U of G, not
satisfying the triple-product property, the following conditions are satisfied:

1. S, T, U satisfy the double product condition in pairs.
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2. There exist

a : S × T 7→ Z (2)
b : T × U 7→ Z (3)
c : U × S 7→ Z (4)

such that for s1, s2 ∈ S, t1, t2 ∈ T, and l1, l2 ∈ U, where s1s
−1
2 t1t

−1
2 l1l

−1
2 = 1, a(s1, t1) +

b (t2, l1) + c (l2, s2) is positive if (s1, t1, l1) 6= (s2, t2, l2), and 0 if (s1, t1, l1) = (s2, t2, l2).

then, |G| weakly realises 〈|S|, |T |, |U |〉.

Proof. The structural tensor M = 〈|S|, |T |, |U |〉 can be written as

M =
∑

s∈S,t∈T,l∈U

∣∣s−1l
〉 〈
s−1t

∣∣ 〈t−1l
∣∣ .

Also, we consider the following restriction of the multiplication tensor M (C [G]), where s1, s2 ∈
S, t1, t2 ∈ T, and l1, l2 ∈ U :

T =
∑

s1s
−1
2 t1t

−1
2 l1l

−1
2 =1

∣∣s−1
1 l2

〉 〈
s−1
2 t1

∣∣ 〈t−1
2 l1

∣∣ .
Let q be the smallest non-negative integer such that a(s1, t1) + b (t2, l1) + c (l2, s2) + 3q ≥ 0 for all
s1, s2 ∈ S, t1, t2 ∈ T, and l1, l2 ∈ U . We then claim the following:

ε3qM+ ε3q+1M′ ≤ T , (5)

for an appropriate tensor M′. (5) would therefore imply that M �3q+1 T . As degeneration is a
partial order, we have,

M�3q+1 T �1 C [G] ,

and so G weakly realises 〈|S|, |T |, |U |〉 by definition. It only remains to show how the restriction in
5 is achieved. The following linear maps clearly achieve the required restriction:∣∣s−1l

〉
7→ εq+c(s,l)

∣∣s−1l
〉〈

s−1t
∣∣ 7→ εq+a(s,t)

〈
s−1t

∣∣〈
t−1l

∣∣ 7→ εq+b(t,l)
〈
t−1l

∣∣ .
where for all s ∈ S, t ∈ T, l ∈ U .

7 A Combinatorial Question

We now present a proof that groups satisfying a stronger version of the condition in Lemma 6.1
cannot exist. Instead of requiring the sum a(s1, t1) + b (t2, l1) + c (l2, s2) to be non-negative only for
the smaller set of triples described in the lemma, we require it to be non-negative on all triples, and
as before, 0 only on the triples which satisfy s1 = s2, t1 = t2, l1 = l2. This leads to the following
combinatorial question:
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Question 7.1. For what i, j, k ∈ N, do there exist functions

a : [i]× [j] 7→ Z (6)
b : [j]× [k] 7→ Z (7)
c : [k]× [i] 7→ Z (8)

such that for s1, s2 ∈ [i] , t1, t2 ∈ [j] , and l1, l2 ∈ [k] , the sum a(s1, t1)+b (t2, l1)+c (l2, s2) is always
non-negative, and is 0 iff s1 = s2, t1 = t2, l1 = l2?
Let us call a triple (i, j, k) for which such a, b, c exist a good triple.

The answer to this question is negative: non-trivial good triples do not exist, and the proof
which follows is quite simple.

Proof. For a non-trivial triple, at least one of i, j, k must be greater than 1. Without loss of
generality we assume i > 1. Now we have the following:

a(1, 1) + b(1, 1) + c(1, 1) = 0 (9)
a(2, 1) + b(1, 1) + c(1, 2) = 0 (10)
a(1, 1) + b(1, 1) + c(1, 2) > 0 (11)
a(2, 1) + b(1, 1) + c(1, 1) > 0 (12)

Summing equations 9 and 10, and inequalities 11 and 12 leads to a contradiction.

The importance of the above proof, if any, may lie in its possible generalisation to a disproof of
the condition in Lemma 6.1. A possible approach could be based on the following observation:

Observation 7.1. Given the group G and the subsets S, T, U as described above, we consider the
graph H whose vertex set is V = S ∪ T ∪ U . We now describe the edge set. Let A be the set

A =
{
{(s1, t1) , (t2, l1) , (l2, s2)} |s2s−1

1 t1t
−1
2 l1l

−1
2 = 1

}
,

where s1, s2 ∈ S, t1, t2 ∈ T, l1, l2 ∈ U . The edge set is then given by

E =
⋃
A∈A

A.

A necessary and sufficient condition for the non-existence of a, b, c as described above is then then
the existence of a subset of A of disjoint sets, whose union forms a set of cycles.

A proof based on the lines of the observation above would imply that that the conjectures
regarding non-trivial bounds for ω that we present in section 8 are false.

8 Conjectures

In this section we give two conjectures, each comprising an Abelian group G, and subsets S, T, U
satisfying the double product property. Finding a, b and c satisfying the condition of lemma 6.1 for
these subsets would lead to non-trivial bounds of ω.
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Conjecture 8.1. Consider the group G = (Z/nZ)6 under addition, along with the subsets:

S = {(0, x1, x2, x1, x2, 0) |x1, x2 ∈ Zn} (13)
T = {(0, x1, x2, x3, x2, x1) |x1, x2, x3 ∈ Zn} (14)
U = {(x1, x1, x2, x2, x1, x1) |x1, x2 ∈ Zn} (15)

If a, b and c satisfying the conditions of lemma 6.1 exist for these,then ω ≤ 18/7.

The next conjecture is based on different subsets of the same group:

Conjecture 8.2. We now consider the subsets:

S = {(0, x1, x2, x1, x2, 0) |x1, x2 ∈ Zn} (16)
T = {(x4, x1, x2, x3, x2, x1) |x1, x2, x3, x4 ∈ Zn} (17)
U = {(x1, x1, 0, x2, x2, x2) |x1, x2 ∈ Zn} (18)

If a, b and c satisfying the conditions of lemma 6.1 exist for these,then ω ≤ 2.25.

While the first of these conjectures achieves a bound implied by the already known bounds, the
second is more ambitious in that it promises a new better bound.

9 Conclusion and Future Work

Conjectures 8.1 and 8.2 suggest that it might be possible to embed matrix multiplication in the
group algebra of an Abelian group in order to obtain non-trivial estimates of the exponent of matrix
multiplication. However, as observation 7.1 suggests, another direction for future work could be
to show that such embeddings cannot work, which would imply that approximative embeddings of
the kind suggested here offer no advantage over embeddings based on the triple-product condition.
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