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Abstract

Fault tole rance in Hy,percube-bascd paral lel
computers is  d iscussed.  Methods for  est imat ing
and identif f  ing fault-tolerant part i t ions in
Hypcrcubes are also discusscd. These prob' lems
are converted into equivalcnt rcprcscntations in
cxt rcmal  scts  thcory and i t  is  i l lus t ratcd as to
i iorv  suei r  t i  co i lvcrs ion lends i tse l f  to  in tu i t ive
:o lut ions to  thc proble ms morc cas i ly .  Thc
ident i i ica i ion of  such fau l t - to lernnt  pr r t i t ions
] ras impi icat ions in  the implcmentat ion of
graccfui ly-degraclable paral lel architectures as
r,, 'e 1l i i t  t l ic implernentation of cube-

l lypercube I l ]  can bc cxplo i tcd for  prov id ing faul t -
tolerance. Hype rcube s also offer asyrnptotically maxirnal
probabi l i ty  for  rc l iab i l i ty  (  I  conncctcd component)
amongst all graphs u'ith the same nu;nber ot vertices and
edgcs  [4 j ( c . f . { 5 ] ) .
Thc rest of this paper is organizcd as follows: in Scction
I , wc Ciscuss basic aspects of tolerant partit ions in
Sect ion I I ,  r , "c  out l ine the prohr lcrns that  are st r rd icd by
us ,  i n  Scc t i on  l l l  wc  r cv i cw  cx i s l i ng  r csu l t s  and  p rcscn !

our nrcths!.s and results. Deteils anC proofs u'i l l  appcar
in [ l  ] .  Wc concludc thc papcr  wi th oui  obse rvat ions and
a list of uscful refcrcnccs

2 Sect ion I

2. I  m-Part i t ions of  an n-cube

A Hypcrcube Hn of  n d imcnsions hes 2n nodcs wi th

each node be ing associated wi th an n-d imensional  vector

v  €  {0 ,1  ; n  .  v ( i )  deno tes  t hc  i i h  co -o rd ina te  o f  v  .

0  S  i S  ( n - l ) .  l r r  I  =  { 0 , 1 ,  . . .  ,  n - l  }  . V i e  c a n  m a k e  a  o n e -

one correspondence betrveen n-vectors and subser B of I

us ing the mapping Y de f ine d as fo l lows:

F o r v  e  H u ,  Y 1 v ; =  { i e  I i  v ( i ) =  1 i

For  example:  the f in i rc 'scr  asscciated wi th thc

. 1_u . . , o r  
(1010)  i s  {1 ,3 } ^

Thus we can ident i fy  the n-cubc wi th P( l )  i .c  the pou'cr-

sel  of  L Any node of  thc n-cubc can t .hcn be a^ssociatcd
wi th a subsct  of  L

shar ing /a l loca t ion  a lgor i thms in
i-ry Dercubes.

faulty
t ,

i  I r ' r r oduc t i on

Civcn the modern-day over-depcndence on ,or i lpu, . r ,
srrC thc consequcnt dcmand for processing-spced and
fr i l -sa lc  opcrat ion,  para l lc l  archi tect .ures incorporate,
iaul t - to lcr lncc rnorc as a ru lc  than as an except ion
il l,pcrcubcs arc onc of the mosl popular structures
a.daptcd for  thc construct ion of  para l le l  archi tecturcs
bccause of  thei r  versat i i i ty .  Scveral  researchers have
studied the propcr t ics and faul t - to lcrant  bchaviour  of
h.vpercubc-based paral  le l  compu(crs i  n  t6 l , l7  I , i8 l ,  [9 ]  and

i l0 ]  
' lhc 

cxccl lcnt  topological  propcr t ies of  the
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l ,c t  N{g I  such that  lN, ! l  =  nr  and lcr  Ag I ,  MrrA = $ .  Wc
can casi ly  scc that  undcr  thc abovc idcnt i f icat ion,  an
m-sub,cubc of thc n-cutre Hn conesponds to the family
of  sets T(M,A) = {BuA I  Bg M}.  The m-parr i r ion of  an
n-cubc is  def incd as thc sct  of  a l l  m-subcubcs of  thc n-
cubc that  agree in cxact ly  (n-m) d imcnsions (or ,  co-
ordinltcs). Front abovc, ir clcarly corrcsponds [o
T(M) = {T(M,A) |  AE I ,  MnA = Q } .  Thus,  for  a grven
n\  l l rcrc  urc nC,n possib lc  nt - l ) t r t i t ions o l  thc n-cubc und
each of these u,i l l  conrain 2n-m rn-subcutrcs, u,ith every
m-subcutrc having 2m nodcs.  Also,  in  every m_panrrron,
thcrc wi l l  bc exact ly  onc nr-subcubc that  inc ludcs the
node u'ith the label concsponding to the all,z_erocs n-
vcctor  0 = O ;  we shai l  c l l l  th is  m-subcubc Mg.  Nore
that l',16 = lvI.

2 2 Sinplicial Comple-t

In the conrcxt  of  f in i rc-scts,  a s impl ic ia l  complex S on I
is  a fami ly  of  subscrs o i  I  thar  sar is f ics rhc fo l lorv ing
property:

Propcr ty2, l ;  l t  K is  arr  c lcrncnt  of  S,  thcn cvcry subsct
of  K is  a lso arr  c lcrncnt  of  S.
Clcar ly ,  n-cubc l ln  corrcsporrds to thc t r iv ia l  s impl ic ia l
cornl,lex P(l). Sirnilarly thc subcube N{0 conesponds ro

n s inrp l ic ia l  cornplcx [ ' ( lv1) .

2.3 Other notations and Iernts

we dcn nc noor(a) 
= ;r,' lii :J:,lil'fi,l;J,x1

. .  \ - rDar l (n ' r )  = 
Ln "c i  i .e .  the number of  a l l  n-vectors of

I {arnming *" ;gf ' r  S r ,
na l l ( n , r )  =  {A l  Aq  I ,  lA t  S  r }  i " e .  r he  co l l ec r i on  o f  a l i
scts of cardinalit l , S r.
t n r l { n , l )  c  n r r x l r  I  h n l l ( n , r )  (  t  } .
r c n t ( t r , 1 )  =  t -  [ a l l ( n , r ) .

2.4 Conditions for rolerant partit ions

Let F denotc a finitc sct whosc clements are subsets of I
corrcsponding ro faulty nodcs of thc n_cube_bascd
paral lc l  archi tcct t r rc  .  Wc R.ssumc thr t  faul ry  not jcs can
ncither pcrfon.:r caiculations nor can they roure

inforrnar ion ,  that  a l l  fau l ls  arc knorvn bcforchand arrd
that  thcsc faul ts  rcnra in s tat ic  dur ing rhc coursc of  thc i r
anal  ys i  s .

An m-part i t ion is  sa id to to lcratc thc faul t_sct  F (or  is  [ : -
gorx l )  i f  the d isr r ibur ion o l  thc faul rs  in  F is  such rhar  thc
induccd suh-graph on hcal thy nrxJcs i r r  cvcry nr-subcutrc
of  thc m-panrt ion has a connecrcd_cclmponcnt  wi th
lut lcas l  2 l l l -  I  +  I  hcal t l r ; ,  r rotJcs.  Sucl t  c( , r t l )o l tcnts wi l l  l lc
cal led Large Heal thy Componcnts o l  thc cubc Hn.  I t  can
be easi l -v  seen that  under such concl l t ions thc largc
hcal th l '  connccted,cornponents o l '  thc rn,subcubcs in  th; r r
par t i t ion col lect ivc ly  form a s inglc  largc connccrcd-
comp()ncnt  of  at lcast  2n-  I  + |  nodcs (scc l ic tnurk 2.1
below).  An m-part i r ion of  thc n-cubc is  sa id ro be F-bad
i f  thc d is t r ibut ion of  faul ts  in  F is  such thar  rhcrc cxrsts  in
thc m-part i t ion at lcast  onc rn,sul rcubc that  has n<r
connectcd-component  of  s izc rnorc t i lan 2nt- I  heal thv
nodes.
Thc following re mark has also bcen obscrvcd in [2].

Remark 2.1: Let T(lr ' l) be an F-goo<J m-partir ion and ler
t v 1 q | . 4 , l M ' l  =  l M l + 1 ,  t h c n  r h c  ( m + l ) - p a r r i t i o n  M , i s  a l s i r
I:-good.
Proof: Considcr any two m-suhcuhcs <t[ thc ir-goo<t m_
paf l i t ion which arc nc ighbours.  Cicar l i , ,  u ,c  can f ind a
pair of nodes one from a large hcalthy compcnent in
cach of thcsc In-sutlcutlcs which hlvc an cdtc
connccting them. From this the remark follows.

One of  the basic  tools  in  [ l ]  and [2]  is  a wel l -known
rcsul t  o f  Kle i tman [3] :
Kleilnwn's Condition: If the numbcr ol '[aulrs in an m_
subcube is atmost mcfloor(rrl2.1, thcn rhe subcube has a
large hcal thy connected-coinponcnr.

3  Sec t i on  I I

3. I Prol,lcnts urtdpr cottsirleruttiort

Considcr  an n-d i rncnsionai  Hypcrcubc-basciJ  para l lc l
computer  wi th a knou,n faul r -scr  F consisr ing of  f
arbitrari ly placcd faulry nodes (i.c. l lr l  = l_-) F r:;rn bc
dctcrmined by us ing mclh<_rr j :  : ;L iggested in  t l0 ] .
Fol lorv i r :g  the merhod our l jned in [2] ,  wc wish ro
par t i t ion the faul ty  hypercube into smal l  sub_cubcs such
th l t  cach of  thcsc subcubcs inc lut lc  a s lnal l  numbcr o l
tolerable faults frorn the original sci of faults, F. Then,
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thc rnajor i ty  oI  t l rc  [aulpf rcc no<Jcs in  such subcubcs' [o l ln  
a conncctcd-con

and can b. u,.J ;;'riilll::irff_1,: i;;::::falgr l r i l l r rns wi th a cunst ln(  l -actor  s lowcJown (scc [2]  ) .

T)rc  lnain problcms u,c consider  are:

L Fi r rd rn such t l ra t  t l rc  m_part i t i<- rn of  thc n-cubc wi l llo lcratc the g ivcn sct  of  F f . r t ty  nJ. r .  Bccause ofRennrk 2. r  we shourd r ry  and f ind thc smatest  such m.Sr r r l l l c r  r n ,pa r t i t i ons  a l so  i r t r p l y  n lo rc  c f l - i c i cn f

l l]] l l l:, l l. i":,"()nri {)l re AUtir, ,,,,,t l; i,,gri-1,,u,'rr!,,,i,r,,,,rr ,,ut l u l l y  r r - cu { r cs  f 2 l

I  i ' r ' r  t l r c  l r r r r r t l l c r t  r r r  dcsc r i bcd  i n
gu:- rJ  t t  r -pt r r t i t  i  on.

] .  l : o f  i r  ! i v C n  n r ,
s i z c  s u u h  t l r a t  c v c r y

I t  is  cxpcctcr !  that  for
s, . iu . turc oI  F, r . ,1n wi l l
i r : . : r t i i ion.  problcrn j
I i l c i rman ' s  conc l i r i on
c=niCnoor( id2)  o l
p ioD tcm:

l a t r o v c ,  f i n d  a r r  F -

I r r r d  r r  i ; r r r i t - s c l  l , r r r i l r  o l  l l r c  : " r r r ; r i l c s l
r r r - p a r t r t i o n  i s  I L b r d .

0 ( q n r )  =  b n l ( q r ) +
nCr.,..,. 

ren{ n,x)

n- t- Ic.rr-r-1

whcrc,

x =mcf loor( rn/2)  at td r  = rad(rn,x) .

4 .2  T ra r r s l o r rna t i on  o f  p rob l c l n  l o  cx t r c rna l  sc t s  < joma in

l r r  l ? 1 ,  a  r r r c t l r o t l  i s  g i v c r r
sc t  l j  i r r t o  a r r  cqu i va l cn i
propcrti cs.

We note  tha t : lT( i ){Fl t  = tFt = tT1pj1,

{o  l r a t ) c f r r r r r r  t l r c  o r i g i na l  l au l t -
sc l  lhat  ha.s cer la in c lcs i rablc

- i - nc  
p ro l r l cn t s  I  and  Z ,  i n  r t r i s  gcnc ra l i t y  a rc  qu i r c  ha rdA  s rn rp l c r .  r c l a t cd  p rob le r t r  i s  r hc  f o l l o * i ng :  

t r '
T ra nsfo r t t;at io n T( i ) ;
Lcr  FEp( l )  anr t  i  e  L
l ) c f i r r c  T I i )  { r : J  ro  t r c  r r r c  f a r r : i l y  I ; i  cp ( r )  w l r c r c  F i  i sdc l - i r rcd i rs  I i r l lows:

' i  =  {  A I A - { i l  e  I ; , A  e  t ;  }  r . _ . ,
{  A - { i }  t A e  F .  A _ { i f  e  t :  ILct  T l  F l  dcnorc rhe fanr i ly  obtarr rc t l  by apply ingl ransforr r rat ion T( i )  lo  F in  a .sc<. ;ucnt ia l  , , . , r1 . r , ,a l .  f rorn 0through (n- l )  lor  tJre n,d, i rncnsional  case.

any fa i r l t -sct  I : ,  l i ; l  <  l l . , r ,1n l ,  thc

.hc ip  
i n  i dcn t i i y i ng  un  F ,g i r . , , j , , , -

has nta in ly  bccn stuc l icc l  us ing
g i r i ng  r i se  t o  t hc  . * .

the fo l lo . . , r ing c loscry,_rc lared

. '1 . .  
. l :or  

g ivcrr  r r r  an<J c,  f in tJ  a s i rnpl ic ia l  complcx S on I*  j . t h  t hc  s r r ra l l cs l  p r t ss ib l c  s j zc  l .S l  such  tha t  t J r . u . r y  m-subsct  i \ .4 ,  lsnp( lv l )  I  )  c

4  S c c l i o : r  l ! i

1. I  l icv i t . t t '  t t f  t .c t  i i r  r  * .ot  t

i n  [ 2 j ,  s c v c r a l  r n t e r c s t
wc re d c v e i opc cj \1, c'..lJ,:, I"j 1".': r':n J i:11, ,:,:ll : ;:. :i n  [2 . ]  and usc  {hc  samc as  rc fc rs r :cc  1 . . , ,  U"J r r i , . ,g  a rx l  lo rcornpar i  n  g  o , r r  rcsu l  t s .

T h t c r : n : 4 . l .  ( c . t  T l t c r . t r c r n  J . 9  i n  [ 2 ] )
I ;o r -  a l l  n  )  m )  0 ,  g ivcn  any  sc t  F  o I  fc rvc r
t l r a n  0 i n , r ; r )  l a u l t y  n o c l c . s  i n  a n  n , c u b c ,  t h c r e  c x i s t s  u n
n i - p a ! - i l { i o i t  r ) f  t l r c  n  c u l ) c  w . h i c h  t c l c r a l c s  F .

l lcntark 4. !  l :or  cvcry F,  T lF l  is  a s inrp l ic ia l  complex
and  i f  F  i s  a  s imp l i c i a l  co rnp l cx ,  T [F ]  =  p -
As  an  cxa rnp l c ,  cons ide r  t t r "  f au t r_ i c iF  ro  bc :
{ (o00l0 l  ) , (  |  r  I  l0  l ) , (  l00 l  I  I  ) , (  l00 l0 t  ) , (0  r0 i0  r  )  }wir ich corrcsponcJs to rhc l -ami !y
F =  { { 0 , 2 1 ,  { 0 , 2 , 3 , 4 , s l ,  { 0 , t , 2 J ) ,  ( 0 , 2 , 5  l , 1 0 , 2 , 4 \ .

i t  can bc chcckcd rhar :

r [F ]  =  (Q ,  ( 4 , s ) , { l  } ,  { 5 } ,  { 4 } }

11 tus  l t t t t t . t f o t . t t t t t l i t t t t  7 '  l t n r r s l i r t  t r r s  l i  i r r l n :
T[FJ = {(0i}oG10), (I I0000), (0000I0), (I00oo0),
(0t0000) )

Thc fol lowing is csscnt ial t , i ,  Lett tnta J.7 of l2J (scc alsol t  t )  ;

Tl teoretn 4.2;  Lct  F bc a faul t_sc i  of  I ln  and. lcr  t {qJ such
that  IMI=m. Then,  a subcube T( lv I ,A)  has ar lcast
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mCnoor(ml2) nodcs frorn F i f i 's inrpl ie ial  complcx
T[Fl is such rhar lTi l . ' l  ̂ l , (M)l  > InC1,u,r1,,r . /2;  .

Using l(/citnrun's Corultri<Lrr and appll, irrg Tltc<trcttt 4.2
to cvcry ln-subsct ,  onc c i l l t  scc a c losc rc lat ionsl r ip
bctwccn problcms 3 and 4 statcd in  Scct ion l I  abovc.

4.2 Er lu ivu lcnt  tu td Strot tgcr  I icsr t l ls

Wr r rorv. \ t : l tc  rcsul ts  pfOvcd iu I l  I  Dcr l i ls  wi l t  a1rycar  i r r
t t j .

Lct  S l rc  : r  l i r r r r i ly  of  sutrscts u l ' l .  Wc wi l l  sav t l r r t  S
sat is l lcs l ) ro l )cr ty  p(c,k ,nr)  i l :
lS n l '(M)l ) c for all rrr-subscts 14 ol I rrrd for cvcry l]
e  S ,  l B l 2  k
Note : p(c,0,m) is thc propcrry consiclcrcd i.n problcrn 4.

l -c t  t (c ,k ,m) bc lhc rn in i rnum s iz-c o{ 'S sucl r  t l ra t  S E P( l ) ,
and  S  sa t i s l l c s  p (c , k , rn ) .
Norv,  us ing Theoreu 4.2,  snc carr  c iu i ly  scc t l ra l
Theorun 4.  /  csscnt ia l ly  g ivcs t l rc  lu l lo* , i r rg i t rcqual i ry ;

t { x ,0 ,m)  )  S ( r f  n r )  2  b (p , r )
rv l icrc '  r  = l l rCnoor(rn/2;  a l rd r= r l rd(ru,x) .

Using the samc artuutcnt as irr [2] to provc Tlrcorenr 4.1,
onc can scc nlorc gcncrull-v:

\ ' l t r o t r t t t 4 . J ;  t ( c , ( ) , n r )  )  ( r ( r r , c , l t r )  )  l { n , r J  w i t l r
r=rirtJ( rrr,c), rvlrcrc

$(rr, c, rtr) = bnl( r\ r') +

l lCr , , .  
r 'c r r { , , ,c)

"-t-1cur-r-1

Howcvcr, wc havc a n.)uch strongcr rcsull (.scc ill for
dctai ls),  which givcs a strue turc orr t l rc srnul lcst laul t-sct
F such that evcry ln-partition is F-bad:

' f l ieorettt 
4.4: Thcrc c,r, ists Sgl,(l) suclr t ltat S salistlcs

p(c,0,m) , lS l  = t (c .0, rn)  ant l  SJDal l (n, r ) ,  r  = rad(qu,c) .
Co ro l l a r y  4 . / ;  t ( c ,0 , ru )  =  b (n , r )  +  r ( c -1 r ( y ' r ) ,  r+1 ,  n r )

Renisrk: T'hc abovc corollary ,ugg.r,r?u, F-good ur-

Fl > n-  r -  1c
m - r - l

Furr l icr ,  cqual i ty  hol tJs i f is  sar is l ics thc propcrry:

Prolttrt.y 4"2: BeS =+ lBl = r+1, antl
lsn l ' (M) l  = c-  bd, i  for  a l l  rn-subscts lv j  o f  I

4.2 't '1rc 
usr r{ !-dcsil i tts

Pr  r t1ter t .1 '  4 .2 is  c losc ly  rc latc t .J  to a r r r : r t l rcr r rat ica l
s{ructurc cal lcd t -dcs igrrs ,  s turJ icd cxtcrrs ivc ly  and usctJ
i t r  Coding Thcory,  in lcrcurrncct iurr  r rc tworks ctc_.  ( [or
dctails scc I l]). Morc precisely,

l i ttuta {./. '  S sntisfics P:-cpcrty 4.2 i l ' f  r l icrc cxists an
(n-rn)- (n,  r r - r -1,  c ,b( I { , r ) )  dcs ign D antJ S is  g ivcn as:

S = { l -B I  lJ  is  a b lock of  D}

' l l rus 
wc l ravc pruvcd,

' i ' lrcorcttt 
4.5: lt S S P(l) salisl-ics p(c-b!{r), r+!, m) ,

r=rad(rn,c) , lhcn | '1

p iu ' l l { to l l s  n r ly  bc  found i t c r i r t i vc ly .

t/4
Norv ,  l c t  Sq l t ( l )  l r c  rue l r  r l r i r t  i (  s r t i s l i c s  p (c - t r ( y ' . r ) .  r+1 ,
r r r ) .  w l r c r c  r  =  rad ( l n , c )  . l t  ca r r  bc  cus i l y  ubsc r r cd  ( scc  I l ]
for  dcta i ls)  t l ra t  :

n- ' - t cn , - , - r . l s l  
)  |  1sn l ,1 , r t ) l  ) ^c - . ( c -  a t r i r l l

/ - - 1 '
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Using Corollary 4.1 , we get thc following;
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