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Abstract

Fault-tolerance in  Hypercube-based parallel
computers 1s discussed. Methods for estimating
and identifying fault-tolerant partitions in
Hypercubes are also discussed. These problems
are converted into equivalent representations in
extremal scts theory and it is illustrated as to
iow such & conversion lends itself to intuitive
solutions to the problems more casily. The
identification of such fault-tolerant partitions
nas implications in the implementation  of
gracefully-degradable parallel architectures as

well in the  implementation  of  cube-
sharing/allocation  algorithms  in  faulty
hypercubes.

Intreduction

7
Civen the modern-day over-dependence on compulers
and the consequent demand for processing-spced and

fail-sale operation, parallel architectures incorporate

faull-tolerance more as a rule than as an exception.

Hypercubes arc onc of the most popular structures
adapted for the construction of paraliel architectures
because of their versatility. Several researchers have
studied the propertics and fault-tolerant behaviour of
hypercubc-based parallel computers in [6},(7},(8).{9] and
(10]. The cxeellent topological properties of the
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}‘Iypcrcubc {11] can be exploited for providing fatlt-
tolerance. Hypercubes also offer asymptotically maximal
probability for rcliability (1 connected component)
amongst all graphs with the same number of vertices and
edges [4] (c.£.I5]).

The rest of this paper is organized as follows: in Section
1 , we discuss basic aspects of tolerant partitions , in
Section 11, we outline the problems that are studicd by
us, in Section HI we review cxisting results and present
our methods and results. Details and proofs will appear

in [1]. Wc conclude the paper with our observations and
a list of uscful references

2 Sectionl
2.1 m-Partitions of an n-cube

A Hypercube H™ of n dimensions has 2" nodes with
cach node being associated with an n-dimensional vector
v e {0,1;" . v(i) denotes the ith co-ordinate of v |,
0<i<(n-1).Let1=s{0,1, .., n-1}) We can make a one-
one comrespondence between n-vectors and subsets B of 1
using the mapping ¥ defined as follows:

Forve H', YW =lielivid=1}

For example: the finite-set associated with the

" 4-vector (1010)is {1,3}.

Thus we can identify the n-cube with P(1) i.e the power-

set of 1. Any node of the n-cube can then be associated
with asubsectof I




Let M I such that IMi = m and let AcLMnA=¢. We
can casily sce that under the above identification, an
m-subcube of the n-cube H" corresponds to the family
of sets T(M,A) = {BUA | B¢ M}. The m-partition of an
n-cube is defined as the sct of all m-subcubes of the n-
cube that agree in cxactly (n-m) dimensions (or, co-
ordinates).  From above, it clearly corresponds 1o
TM) = [TIMA) AC 1, MAA = ¢ }. Thus, for a given
m, there are "C,, possible m-partitions of the n-cube and
each of these will contain 20-M m-subcubes, with every
m-subcube having 2™ nodes. Also, in every m-partition,
there will be exactly one m-subcube that includes the
node with the label corresponding 1o the all-zeroes n-
vector 0 = @ ; we shall call this m-subcube Mg. Note

that Mg = M.
2.2 Simplicial Complex

In the context of finite-sets, a simplicial complex S on ]
is a family of subscts of 1 that satisfies the following
property:

Property 2.1: If Kis anclement of S, then cvery subsct
of K is also an clement of S.

Clearly, n-cube H™ corresponds 1o the trivial simplicial
complex P(1). Similarly the subcube Mg corresponds 1o

a simplicial complex P(M).
2.3 Other notations and terms

We define floor(a) = a, if ais an intcger, and

=a-] tf ais not an integer.
,
balktnr) =

Hamming weight 5,

Ball{nr) = (Al Ac L IAI < 1) e the collection of all
scts of cardinality <'r,

1ad(n) = max {r I hall(ng) g 1.

rem(n,) =1 - batl{nr) .

UC; i.c. the number of all n-vectors of

2.4 Conditions for tolerant partitions

Let F denote a finite sct whose clements are subsets of |
corresponding to faulty nodes of the n-cube-based
parallel architecture . We assume that faulty nodes can
ncither perform  caiculations nor can they route

information , that all faults are known beforchand and

that these faults remain static during the course of their
analysis.

An m-partition is said to tolerate the fault-set F (or is F-
good) if the distribution of the faults in F is such that the
induced sub-graph on healthy nodes in cvery m-subcube
of the m-partition has a connected-component  with
atleast 2™ 41 healthy nodes. Such components will be
called Large Healthy Components of the cube HY. It can
be easily seen that under such conditions the large
healthy connected-components of the m-subcubes in that
partition collectively form a single large connccled-
component of atleast 271 41 nodes (sce Remark 2.}
below). An m-partition of the n-cube is said 1o be F-bad
if the distribution of faults in F is such that there exists in
the m-partition atleast onc m-subcube that has no
connected-component of size more than 2™ healihy
nodes.

The following remark has also been observed in 2.

Remark 2.1: Let T(M) be an F-good m-partition and let
MCM', IMT = IMi+1, then the (m+1)-partition M' s also
F-good.

Proaf: Consider any two m-subcubes of the F'-good m-

partition which arc ncighbours. Clcarly, we can find a

pair of nodes one from a large healthy component in
cach of these m-subcubes  which have an cdge
connecting them. From this the remark follows.

One of the basic tools in {1} and [2] is a well-known
result of Kleitman {3}
Kleitman's Condition: 1f the number of faults in an m-

subcube is atmost mCﬂoor(m/Z)v then the subcube has a
large hcalthy connected-component.

3 Section I1
3.1 Problems under consideration

Consider an n-dimensional  Hypereube-based  paralle]
computer with a known fault-sct F consisting of f
arbitrarily placed faulty nodes (i.c. IFt = ). F can be
determined by using method:  suggested in [10).
Followirg the method outlined in {2], we wish to
partition the faulty hypercube into small sub-cubes such
that cach of these subcubes include a small number ol
tolerable faults from the original set of faults, F. Then,
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the majorily of the faul-free nodes in such subcubes
Torin a connected-component that spans the hypercube
and can be used 1o implement various hypercube
algorithms with a constant factor slowdown (scc [2]).

The main problems we consider are;

L. Find m such that (he m-partition of the n-cube  wil]
tolerate the given  set of F faulty nodes. Because of
Remark 2.1 we should try and find the smallest such m.
Smaller  m-partitions also imply  more clficicnt
iuplementations of regular and single-port algorithimy on
faulty n-cubes [2).

2 1o the smallest m deseribed in | above, find an F-

Evod m-partition.

The problems 1 and 2. in this gencralily arc quite hard.
Acsimpler, related problem is the following:

3 Tora piven m, hind o fauli-sey Fonin o the smatiest
size such that Cevery m-pariition is I*-bad.

Itis expected that for any fault-set F, 117 < Finin 1 the
swuutture of s will help in identifying an F-good m-
partition. Problem 3 has mainly been studied using

Kleitman's  condition BIVINg  rise (0 the case
~_m : ,

c= Cﬂoor(m’Z) of the following closely-rciated
problem:

A

*. For given mand ¢, find a simplicial complex S on |
with the smallest possible size IS such that for cvery m-
subset M, 1 SAPM) [ > ¢

§ Section I
A1 Beview of carlier work

in [2], scveral interesting methods 1o study problem 3
were developed. We re-state some of the results obtained
1n {2} and usc the same gs reference for deducing and for
comparing our resulls,

Theorens 4.1 (c.f. Theorem 3.9in 2]

For  all n2mzq, given any sct F of fower
than oin,m) faulty nodes in an n-cube, there exists an
mi-partition of the n-cube which tolerates F.

Here,

nCm. reni{n,x)

¢(n,m) = balkn,r) + —
n-r-1

m-r-1

where,
X = meloor(m/Z) and r = rad(m,x).
4.2 Transformation of problem to cxtremal scis domain

In 2], a method s given Lo transform the otiginal fault-

set Finto an equivalent set (hat has certain desirable
propertics.

Transformation T(i):
Let FgP(l)andi el

Define T(i) {FF] to be the fausily Fi Py where F, is
delined as follows:
Fi = { Aifv{i} el AeF ) ()
[ A-{i} ] Ae F A-li} e 17}
Let TIF] denote the family obtained by applying
transformation T() to Fin a scquential manner from 0
through (n-1) for the n-dimensional case.

We note that: ITG)F) = 1F = IT(F)I,

Remark 4.4 .For cvery F, T{F] is a simplicial complex
and il Fis a simplicial complex, T[F} = F,

As an cxample, consider the fault-sct F 1o be:
{(GD010D),(111101),(10011 1),(100101),(010101)

wiich corresponds 10 the family
F=1{072), {0,23,4,5}, (0,1,2,5), {0,2,5), {0,2,4}1.

It can be checked that:

TIF) = (6. (451,11}, (5}, (4})

Thus transformation T trnnslors 17 intoe

T(F] = {(000020), (1 10000), (000010), (100000),
(016000) }

The followinyg is essenbially Lemma 3.7 of {2] (sce also

[i]):

Theorem 4.2: Lel F be a fault-set of H" and Jet McI such
that IMl=m. Then, a subcube T(M,A) has atlcast




mcﬂoor(mlz) noades {rom Fill simplicial complex
T} s such that ITIFL A POM) 2 19C 00005 -

Using Klecitman's Condition and applying  Theorem 4.2
o cvery m-subscl, onc can scc a close rclationship
between problems 3 and 4 stated in Section 1] above.

4.2 Equivalent and Stronger Results

We now state results proved in [1]. Details will appear in

).

Let S be a lamily of subsets of 1. We will say that §
satisfics property plc.k,m)il:

IS A PM)L 2 ¢ for all m-subscts M of | and for cvery B
€ S, IBi2k

Note : p(c,0,m) is the property considered in problem 4.

Let t{c,k,m) be the minimum size of § such that S ¢ (1),
and S salisfics p(c.k,m).

Now, using Theorem 4.2, onc can casily scc that
Theorem 4.1 cssentially gives the following tnequality:

Ux,0,m) 2 ¢(nm) 2 bin,r)
where, x = mCﬂoor(m/Z) and r = rad{m,x).

Using the same argument as in 2] to prove Theorem 4.1,
onc can sec more generally:

Theoremd.3: We,0,m) 2 $(n,e,m) 2 W, 1) with

r=rad{m,¢), where

n
Cm‘ resn,c)

¢m,c,m) = balkn, ) +
n-r-lc

m-r-1

However, we have a much stronger result (sce 1] for
details), which gives a structure on the simallest fauli-set
F such that every m-partition is F-bad:

Theorem 4.4: There cxists SCP() such l!ml' S salislics
p(c,0,m) IS = t(c,0,1n) and SoBall(n,g), r= rad{m,c).
Corollary 4.1: 1{¢,0,m) = b(n,) + {(c-h(:/,r), r+1, m)

b2

Remark: The above corollary suggests that F-good m-

© partitions may be found iteratively.

m
Now, let ScP(l) be such that i satistics p(c-l»(/,r). r+1,
m), where 1 = rad(in,¢) .1t can be cusily ubserved (see [1]
for details) that ;

m
" Coreet 5] > a [SAP(M)} > " Con (c=b{p.r))
MGl

jam

Thus,

n

C . (c-bln
m

>
Bl n-r~lc

m-r-1

Furiher, cqualil.y holds iff S satisfics the property:

Property 4.2:  BeS = Bl =r+!, and
ISAP(M)! = - b(r) for all in-subsets M of |
”
4.2 The use of t-desipns
Property 4.2 is closcly relaled to a nathematical

“structure called t-designs, studied cxiensively and used

in Coding Theory, interconnection nciworks cle.. (for
details sce [11]). More precisely,

Lemma 4.1: S satisfics Properiy 4.2 40 there exists an
(n-m)-(n, n-r-1, c»b(ﬂ,r)) design D and S is given as:

les]
S={I-B1Bisablock of D}

‘Thus we have proved,

Theorem 4.5: 11 S ¢ P(l) satisfics p(c-b(/(,‘r), +1, m),

r=rad(m,c), then "
”
n
C_. (c-b{yfr)
Bl2 —F—
n-r-1
c
m-r-1

and equality holds §[T there exists an

(n-m)-(n, n-r-1, C-b(}(,l% design D and S is given bs;
S={I-BIBisablock of D}

Using Corollary 4.1, we get the following:




