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Synopsis

Introduction

Amorphous materials are abundant in nature. The examples of such ma-
terials include glasses, granular materials, bulk metallic glasses, foams, gels
and many more. The spatial arrangement of constituents atoms or molecules
in these materials is random and possesses no long-range order on contrary
to crystalline materials [1, 2]. The origin of rigidity, i.e., a property which
opposes structural deformation in response to imposed stress, in amorphous
materials is not well understood and is a central problem in condensed mat-
ter physics [1, 3, 4, 5, 6]. Further, the formation of out of equilibrium struc-
turally stable amorphous materials is a subject of active research [7, 8, 9].
The amorphous systems in laboratory are usually prepared by making use of
the polydispersity in the constituents size [10, 11, 12], controlling the interac-
tions between the constituents [13] and with the medium [14], rapid quench-
ing of the system, e.g., sudden cooling to obtain metallic glasses [15, 16], or
densification in colloidal systems [17]. This thesis particularly concentrates
on three model amorphous systems, namely “particle-rafts”, colloidal thin
films and oil-in-oil emulsion. The size of constituents (or particles) in the
model systems is in the range of a few microns to a mm scale, much larger
than the atomic scale, therefore, the energy scale is much smaller than the
atomic system. In this thesis, I have investigated the mechanical response of
model amorphous systems, particle rafts and colloidal thin films, and struc-
tures formed out of oil-in-oil emulsion, in the presence of external stress. In
the system of colloidal thin films, I studied the dynamics of detachment of
films of varying rigidity under a tunable d.c. electric stress. The particles-
rafts, athermal hydrophobic particles confined at an air-water interface, is
shown to undergo an unusual phase transition between two amorphous rigid
states under compressive stress. In the emulsion system, I have explored the
tunability of the system from a disordered dynamic state (fluid like) to a
crystalline static (solid like) structures by controlling the relative strength of
hydrodynamic and dipolar interactions. The synopsis is organized in a way
that it first describes the system, technique developed and then the findings
for each model system.
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Evolution of structure and mechanical response

of an amorphous athermal solid with compres-

sive stresses

Particle-rafts: Athermal hydrophobic particles floating at an air-water in-
terface form space-filling assemblies called particle rafts. I have used sil-
ica particles (diameter= 0.5 mm) whose surface is treated with hydropho-
bic coating. These particles deform the otherwise flat water surface under
gravity [18, 19], and generate capillary force mediated long-range attraction
between the particles which aid the formation of sparsely distributed dis-
joint particulate-clusters [20]. These clusters display solid-like properties,
i.e., they retain their shape and the mechanical property of these floating
clusters is governed by the surface tension of the intervening liquid. When
such clusters are brought within the interaction distance given by the cap-
illary length† (Lc) [20], they coalesce to form a system-spanning quasi-two
dimensional rafts. The short-range inter-particle interactions are governed
by the surface roughness and wettability of the particles and can be either
attractive or repulsive [21, 22]. The polydispersity in the particle size and
athermal nature of the particles make the raft amorphous.

Interfacial rheometer with in-situ imaging: An interfacial rheome-
ter was designed and developed to measure the elastic moduli of particle rafts.
The schematic of the experimental set-up is shown in Fig. 1. Hydropho-
bic silica particles (diameter 2a = 0.5 ± 0.08 mm, density= 2500 Kg/m3)
are sprinkled on the air-water interface in a Langmuir trough (300 mm
× 145 mm × 25 mm) made of Teflon. These particles coalesce and form
disjoint (patchy) clusters. The two motorized Teflon barriers of the trough
are used to fuse these clusters into a homogeneous ‘compressed’ or ‘relaxed’
state by moving the barriers inward or outward in the x direction, respec-
tively. The system is illuminated uniformly from the bottom using an LCD
monitor through a glass window sealed in the trough and a camera above
records the image in the (x − y) plane at each barrier step (= 0.05 mm).
The system is sheared in the x direction by moving a hydrophobic cover-
slip (60 mm × 24 mm × 0.15 mm) sinusoidally ux = u0

xcos(2πνt), where
u0
x = 0.05 mm and frequency ν = 20 Hz, connected to a three-axis piezo-

stage (PI-517.3CL). A stainless steel cantilever is kept at D = 60 mm in
the y direction from the shear launching cover-slip as marked by (A) and

†The capillary length is defined as Lc =
√
γ/ρg ∼ 2mm for water, where γ = 70mN/m

is the surface tension of water, ρ = 1000 Kg/m3 is the density of water, and g = 9.8 m/s2

is the acceleration due to gravity.
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Figure 1: Experimental setup: hydrophobized microscope cover-slip attached to a
piezo-stage oscillates along x producing a sinusoidal shear deformation. (A) The
cantilever with an attached microscope cover-slip, placed along y at a distance
(D = 60 mm away from the piezo-stage measures the shear stress (σxy). (B)
A parallel-plate capacitor, marked as the force-sensor, is used to measure the
longitudinal stress (σxx).

shown at the bottom-left part of Fig. 1 with the dimensions mentioned. The
hydrophobic cover-slips attached to the piezo stage and the cantilever make
contact with the particles at the air-water interface. The shear stress (σxy) is
measured from the lateral displacement of the cantilever. The displacement
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length
(l0)
(mm)

width
(b)
(mm)

thickness
(h)
(mm)

Young’s
modu-
lus (E)
(GPa)

point
of de-
tection
(x0)
(mm)

effective
area (α)
(mm2)

Cantilever 90 13 0.13 200 25 30
Parallel
plate
force-
sensor

60 25.4 0.2 2 60 12.7

Table 1: Parameters used in the calculation of σxx and σxy for the cantilever and
the parallel plate force sensor

is sensed by a fiber optic-based displacement sensor (MTI-2000 FOTONIC)
from the interference of light that is reflected from a mirror glued on the
cantilever at a distance of 25 mm from the fixed support. The output of the
displacement sensor is fed to a lock-in amplifier (SR830). A parallel plate
capacitor, used as a force-sensor, is marked by (B) and also shown with di-
mensions in the bottom-right part of Fig. 1. It is made of a 0.2 mm thick
flexible polymeric sheet and kept at a distance of 30 mm from the cantilever
in the y direction. The metal electrodes are glued at the bottom of the two
plates of the force-sensor with a separation of 3 mm and are immersed in
water. A capacitance bridge (1615-A General Radio) is used to detect the
change in the plate separation during compression (or expansion) from the
lateral deflection of the individual capacitor plates. The output of the ca-
pacitance bridge is fed to another lock-in amplifier (SR830) which drives the
bridge at 100 kHz. The stresses, shear (σxy) and longitudinal (σxx), are
calculated using the “bending-of-a-beam” formula using lateral displacement
of the cantilever in the former case and the plate deflection in the latter.
The formula used in general is given by: the stress σ = 6REI/x20(3l0 − x0)α,
[23] where R is the lateral displacement, E is Young’s modulus, I = bh3/12
is the second moment of the area (b and h are the width and thickness of
the detecting object, respectively), l0 is the length of the object, x0 is the
point of detection from the fixed end, and α is an effective area of contact
with the particles. All these parameters used in the calculation of stress’
are tabulated in table 1 for the cantilever and the parallel plate force sensor.
Both σxx and σxy are measured with an instrumental resolution of 1 mPa.

Additionally, the system is imaged under shear and no shear conditions
for each position of the barriers. These images are then analyzed to obtain

xviii



Synopsis

the displacement fields, the mean coordination number (Z) and to generate
the Voronoi diagram from which the mean cell area (A) is calculated. I have
used high-speed imaging and particle image velocimetry (PIV) to study the
propagation of shear wave in this medium.

Findings: The system is first compressed to fuse the disjointed partic-
ulate clusters, defined as a “patchy” state, by moving the Teflon barriers of
the trough inwards to form the raft. This constitutes the first compression
cycle (c1) and it results in the homogeneous “compressed” state of the raft.
The barriers are then moved outwards in the first expansion cycle (e1) un-
til they detach from the raft that is now in the “relaxed”, yet rigid, state.
Repeated compression and expansion cycles transform the system between
the “compressed” and “relaxed” states of the raft. Both compressed and
relaxed states are amorphous in nature. The number density of the particles
(Φ) between the barriers is defined as Φ = Nπa2/(LxLy), where N is the
number of particles, Lx and Ly (= 140 mm) are length and width of the raft,
respectively.

The spatially averaged longitudinal (KA) and shear (G) moduli of the
system are computed from σxx and σxy respectively. The variation of KA
and G with the mean coordination number (Z) of the system is shown in the
Figs. 2(a) and 2(b), respectively, for e1 and c2. The system exhibits two
terminal states, (i) a less-rigid state (KA ∼ 20 Pa and G ∼ 10 Pa) and (ii)
a more-rigid state (KA ∼ 2000 Pa and G ∼ 200 Pa). The transition from
one state to the other is marked by a decrease in the shear modulus (G)
around Z ∼ 3.6 (see Fig. 2(b)). However, the longitudinal modulus varies
monotonically with increasing Z (see Fig. 2(a)). To understand the micro-
scopic mechanism associated with the transition, the dependency of G on the
particle size (a) has been investigated and is shown in the inset of Fig. 2(b).
For the less-rigid state, G ∝ a−1 which is consistent with a capillary bridging
mechanism (G ∼ γ/a, where γ is the surface tension of the liquid) through
the pinned contact lines of the liquid on the particles [24]. In the more-rigid
state, the contact friction dominates the inter-particle interaction. The mea-
sured shear modulus (G) scales with the number density of contacts, which is
proportional to the number density of particles, i.e., G ∝ N/(LxLy) ∼ Φ/a2.
Since this happens over a narrow range of Φ, one obtains G ∝ a−2 as in con-
ventional elasticity in a two-dimensional system. Therefore, the two states
of the system i.e., ‘less-rigid’ and ‘more-rigid’, represent a capillary bridged
solid and a frictional solid, respectively. The states are schematically shown
in the Fig. 2. The plastic events caused by the mechanical instabilities give
rise to the decrease in the shear modulus and these events were identified by
simultaneous imaging of the system.
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MORE-RIGID

LESS-RIGID

(a)

(b)

Figure 2: Variation of (a) longitudinal modulus (KA) and (b) shear modulus (G) as
a function of mean coordination number (Z). The filled symbols correspond to e1
while the open ones correspond to c2. The shaded regions indicate the spread in the
data. The ‘less-rigid’ (schematically shown as a capillary bridged interaction in (a))
and ‘more-rigid’ states (schematically shown as a friction dominated interaction
in (a)) are marked in the figure. The inverted cusp in G versus Z corresponds
to the slipping of the contact line (schematically shown in (b) with a greater
width of a sliding contact line). The inset of (b) shows the variation of G of the
‘less-rigid’ (triangles) and ‘more-rigid’ (square) states of the raft as a function of
particle diameter (2a). The solid lines passing through the data show a−1 and
a−2 variation of G for the ‘less-rigid’ and ‘more-rigid’ states, respectively.
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Figure 3: Schematic of the experimental set-up corresponding to colloidal thin
films system.

Tuning of length scale over which failure hap-

pens in an amorphous solid

Colloidal thin films: Colloidal thin films were prepared by drying a drop
of a suspension in ethanol containing a mixture of monodisperse polystyrene
and silica spheres of diameter (a0)= 4 µm in varying proportions on an
indium tin oxide (ITO)-coated glass slide. The fraction of silica particles in
the colloidal film is given by the parameter ΦS. A colloidal film composed
of only silica particles corresponds to ΦS = 1 and ΦS = 0 corresponds to
a film of only polystyrene particles. The surface inhomogeneities present
on the substrate provide many local minima where the particles get pinned
to the substrate [25]. This destroys its long range order and produces the
amorphous colloidal thin films. Silica particles interact through covalent-
type interaction [26] and make Si-O-Si bonds which are stronger than van
der Waals-type interaction between polystyrene particles [27]. Therefore,
the film becomes more rigid with increasing the silica fraction due to the
increased density and connectivity of the mechanically stronger silica clusters.
The rigidity of films made of only silica particles can be varied by changing
the pH of the solution during drying [28]. The increase in pH increases the
dissociation of the Si-OH bond on the silica surface and thus the number of
Si-O-Si bonds, making the films progressively more rigid.

Experiment: A tunable external stress to the films was applied in the
form of a dc electric field between two ITO electrodes separated by an oil-
filled insulating spacer of thickness 100 µm, as shown in Fig. 3. The system
is imaged at each field value. These images are then analysed to derive
relevant quantities such as pair-correlation functions, roughness exponent of
cracks, and delaminated area.

Findings: The experimental results, shown in Fig. 4, demonstrate three
different types of detachment, (i) a vapor-like desorption for soft films with
small silica fraction, ΦS < 0.3 in (a), (ii) a solid-like delamination for rigid
films with large silica fraction (0.8 < ΦS < 1) in (c) and (iii) a mixed type in
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Figure 4: Three rows, marked (a), (b) and (c) show the delamination dynamics for
three systems representing a soft (ΦS = 0), an intermediately rigid (ΦS = 0.5) and
the most rigid (ΦS = 1) films respectively. Each row shows three micrographs of
the films at various values of electric field (marked in units of V/µm). The white
regions in the central panel of (a) mark the locations of the evaporated particles
which are uncorrelated as in a vapor. For ΦS = 0.5 in (b) the delamination begins
through ‘blisters’ (shown in the central panel of (b)), a spatially contiguous region
with an irregular boundary of ridges. The right panel of (b) shows that these
blisters grow in a spatially correlated manner. For ΦS = 1 in (c), the onset of
delamination occurs through nucleating cracks spanning many particle diameters.
(d) The variation of the fraction of delaminated area (Ad) with E for values of ΦS
marked beside each curve. The jaggedness as seen in steep and flat regions in the
graph, for ΦS = 0.5 and 1, is marked by open and closed circles respectively.

the intermediate regime (0.3 < ΦS < 0.8) in (b). In the desorption-regime
in (a), the micrographs show that, with increasing applied electric field E,
spatially uncorrelated particles, marked by white spots in the middle panel
desorb individually, i.e., the length scale of detachment (ξ0) = a0, where a0
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is the particle size. In the mixed regime (b), detachment proceeds in the
form of larger spatially contiguous areas with irregular boundary, typical of
blisters, as shown in panel (b). Importantly, individual desorption events
coexist with this form of dynamics. In the solid-like regime shown in panel
(c), detachment proceeds by nucleating cracks which then propagate. The
delaminated pieces contain about 104 particles, i.e., ξ0 ∼ 100a0.

These observations are represented quantitatively in Fig. 4(d) where the
detached area fraction Ad is plotted against E for films of varying silica
fractions (ΦS). For the soft films, (ΦS = 0), detachment starts at low E; Ad
grows smoothly, representing sequential “desorption” of single particles. At
intermediate rigidity (ΦS = 0.5), the critical electric field (Ec) changes little
but the curve displays jaggedness, i.e., regions of large and small derivatives,
typical of inhomogeneous tearing in large and small pieces, respectively. The
images indeed confirm that large spatially correlated regions detach together
for ΦS = 0.5 while uncorrelated single-particle events occur for ΦS = 0. For
pure silica films (ΦS = 1) of larger rigidity, Ec is much larger and a sequential
detachment of large chunks seen in the video microscopy is represented by
sharp jumps in Ad, separated by large field intervals where no detachment
occurs.

Transition from disordered to ordered struc-

tures

Oil-in-oil emulsion: The system is a suspension of oil drops of one kind,
silicone oil, which is a good dielectric inside a surrounding medium of a second
kind, immersion oil, which is a “leaky dielectric” [29, 30]. The fundamental
phenomena observed in leaky dielectrics are related to the accumulation of
free charge at the oil-oil interface. The action of electric field on surface
charge provides a tangential component to electric stresses which sets up
circulatory flow fields inside and outside the drops and leads to hydrodynamic
flow fields. The tangential stresses compete with the normal component of
electric stresses that arise in any dielectric. Therefore, in the presence of an
electric field, the interaction between the oil droplets has two contributions,
one that arises due to the induced dipoles on each droplet and the other arises
due to the hydrodynamic flow fields. The strength of the latter decreases
with increasing frequency of the applied a.c. electric field [31]. At high
frequencies, the strength of the tangential stress goes to zero which results
in the reduction of the strength of the associated hydrodynamic flow fields
and hence the interaction becomes purely dipolar.
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Figure 5: Schematic of the experimental set-up corresponding to oil-in-oil system.

Experiment: A silicone oil (Dow Corning, dielectric constant εin =
2.75, conductivity σin = 3.6 × 10−10 S/m and viscosity ηin = 0.38 Pa.s)
droplet suspended in immersion oil (Immersol 518F, Zeiss, εex = 4.66, σex =
4.66 × 10−10 S/m and ηex = 0.36 Pa.s) is placed between two parallel ITO
coated glass slides (thickness = 1 mm) separated by two glass spacers of
thickness 100 µm. The schematic of the experimental set-up is shown in Fig.
5. The system is sealed with ultraviolet curing adhesive from all sides to
prevent any liquid leakage. A sinusoidal a.c. voltage (amplitude: 0 − 2 kV
and frequency: 1mHz−1 kHz) is applied between the electrodes. The system
is imaged directly via a bright field microscope (Nikon eclipse TE300) and
a high speed camera (PCO) with frame rates ranging from 100 to 1000 fps.
These images are then analysed to derive quantities such as pair-correlation
functions, droplet size distribution, and speed of droplets.

Findings: An overview of the self organized structures we observe as a
function of frequency is shown in Fig. 6. When subjected to either dc or low
frequency a.c. fields, a large static droplet at zero field (Fig. 6(a)) exhibits a
turbulent breakup into clouds of smaller droplets (Fig. 6(b, c)). This strongly
hydrodynamic regime is marked by highly inhomogeneous flow fields, which
results in vigorous chaotic motion of the droplets within each cloud, and their
repeated breakup and coalescence (Fig. 6(b, c)). The strength of the hydro-
dynamic interaction decreases with increasing frequency (f) of the imposed
electric field. At frequencies above 1 Hz, there is a transition to a weaker
hydrodynamic regime where drops undergo pulsating shape oscillations (Fig.
6(d−f)). At 2 Hz, there are elliptical in-plane deformations (Fig. 6(d)), with
occasional droplet breakup events being preceded by droplet coalescence. Be-
tween 5 and 10 Hz, the in-plane deformations take on well-defined polygonal
shapes (Fig. 6(e, f)) with the number of sides n taking on values from 3 to
12 in our experiments. At low packing density of droplets, deformations of
a droplet are uncorrelated to those of its neighbors (Fig. 6(f)). At higher
packings there are additional collective effects (Fig. 6(e)), deformations be-
come correlated to those of its neighbors. At frequencies between 25 and
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Figure 6: An overview of self organized structures observed as a function of fre-
quency; (a) Silicone oil drop in immersion oil in zero field. (b−h) Structures seen as
a function of frequency spanning hydrodynamic and dipolar regimes. The electric
field is perpendicular to the plane of the page.

50 Hz the pulsating droplets coalesce (Fig. 6(g)). Finally, at even higher
frequencies ∼ 1 kHz, the more familiar dipolar regime (Fig. 6(h)) is accessed
where an ordered array of droplets is obtained. Importantly, this frequency-
dependent phenomenon can also be utilized in making monodisperse drops
with controllable shape, and their ordered arrays.

Possible applications of the work presented in

the thesis

Mixing in low Reynolds number: We have achieved vigorous random
motion in highly viscous fluids in a confined environment (length scale ∼

100 µm) induced by the motion of suspended micron scale dielectric objects
in a poorly conducting medium in presence of electric field. The relevant
Reynolds number§ (Re) of these systems is of the order of 10−5. This phe-
nomenon can be used to achieve mixing in low Re systems, e.g. microfluidic
devices.

§The Reynolds no. is defined as Re = Lvρ/η, where L (∼ 100 µm) is the characteristic
dimension, v (∼ 300 µm/s) is the mean velocity of the object, ρ (= 1093 Kg/m3) is the
density of the medium and η (= 0.36 Pa.s) is the viscosity of the medium.
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Tunable liquid microlens array: We have used the phenomenon of frequency-
dependent self organization of liquid droplets (see Fig. 6) to generate an array
of microlenses. Additionally, the shape of the lensing element and thereby
its focussing property can be tuned by varying the imposed frequency from
being an oblate to a spherical to a prolate.

Conclusion

In summary, we have shown the mechanical response of model amorphous
systems, particle-rafts and colloidal thin films, confined at an interface and
the formation of dynamic amorphous structures, in the presence of an exter-
nal stress. The salient findings of the thesis are listed below:

• We have developed a novel interfacial rheometer to measure both longi-
tudinal and shear moduli with simultaneous video imaging of particle-
rafts. It is found that under compressive stress, the system under-
goes an unusual transition between two states identified as a capillary-
bridged soft solid and a frictionally-coupled rigid solid. The transi-
tion is marked by a softening in shear modulus and a subtle structural
anomaly reflected in the mean coordination number of the system. The
decrease in the shear modulus arises from plastic events caused by the
mechanical instabilities and the associated depinning of the contact
lines.

• Colloidal thin films are shown to be a minimal model system that cap-
tures the essential complexity of the various detachment processes seen
in nature ranging from single particle desorption to collective delami-
nation triggered by nucleation and propagation of cracks.

• The relative strength of hydrodynamic and dipolar interactions is con-
trolled in a two component oil-in-oil model system by simply tuning the
frequency of an imposed a.c. electric field. In the strong hydrodynamic
regime, i.e., at low frequencies, we observe dynamic amorphous struc-
tures at low Reynolds number. In the weak hydrodynamic regime, i.e.,
at intermediate frequencies, we see several exotic dynamical droplet
phases. In the dipolar regime where the hydrodynamic interactions are
negligible, i.e., at high frequencies, we obtain coherent crystalline struc-
tures. Such control over hydrodynamic interactions, unprecedented in a
single system, will enable us to address challenging problems in nature
ranging from crystal growth to cloud formation.
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ρ,γ Density and surface tension of fluid
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S = εex/εin (Taylor leaky dielectric model), εin/εex (Torza et al.)
M = ηin/ηex
Frf , Fθf Normal and transverse electric stresses at the two fluid interface
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1
Introduction

Materials that offer resistance to any shape deformation in presence of exter-
nal stress are known as solids. Solids that are commonly observed in nature
are amorphous. The examples of such solids include glasses, granular ma-
terials, bulk metallic glasses, foams, gels and many more. The amorphous
solids are structurally similar to a liquid and have no long-range order. These
materials have certain frozen degrees of freedom which produce a complex
energy landscape. The short time dynamics of these systems are explained in
terms of motion about a particular energy minima. However, the long time
response is determined by movement of the system from one configurational
minima to another. These systems are always exist in out-of-equilibrium
states. The origin of rigidity, i.e., a property which opposes structural de-
formation in response to imposed stress, in amorphous materials and the
formation of such out of equilibrium structures is a subject of active re-
search [1, 3, 4, 5, 6, 7, 8, 9]. The amorphous systems in laboratory are
usually prepared by making use of the polydispersity in the constituents size
[10, 11, 12, 32], controlling the interactions between the constituents [13] and
with the medium [14], rapid quenching of the system, e.g., sudden cooling to
obtain metallic glasses [15, 16], or densification in colloidal systems [17]. This
thesis particularly concentrates on three model amorphous systems, namely
“particle-rafts”, “colloidal thin films” and “oil-in-oil emulsion”. The size of
constituents (or particles) in the model systems is in the range of a few mi-
crons to a mm scale, much larger than the atomic scale, therefore, the energy
scale is much smaller than the atomic system.

1.1 Origin of rigidity in crystals

Rigidity of crystals is better understood than amorphous materials. In the
crystalline state, the constituents atoms or molecules are located on a set
of periodically points in space called lattice. Therefore, for a perfect crys-
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tal in absence of any disorder, the potential energy of the system has one
deep global minimum which forms a well defined and an unique reference
state. This is unlike the case for liquid in which constituents are on average
uniformly distributed in space. The probability of finding a constituent in
liquid is independent of the position in space, whereas in crystal this proba-
bility is higher at one point than at another. The structure of the liquid is
invariant under arbitrary rotations or translation operations. However, the
structure of a crystal is invariant only under a finite set of symmetry (given
by the space group) operations. Therefore, the crystal has a lower symmetry
than the liquid [1, 3]. The external stress on the crystal produces a spatial
variation of displacement of constituent atoms from their lattice sites and
increases the free energy of the system. This is the elastic free energy (Ee)
of the system and provides the restoring force against the lattice distortions.
For a one-dimensional crystal of density ρ [2]

Ee =
1

2

∫
K

(
du

dx

)2

dx

where, K is the elastic constant and u(x) is the displacement of the atoms.
The system is in equilibrium and therefore would want to minimize Ee, as
a consequence u becomes a spatio-temporal varying entity and has a char-

acteristic of a wave, u = u0e
i(kx−ωt). Here k and ω(=

√
K
ρ
k) are wave

vector and frequency of the wave, respectively. This suggests that a nearly
uniform displacement (k→ 0) will have low frequency (ω→ 0) modes in the
system. These low-frequency modes, also known as the Goldstone modes, are
the sound waves or phonons in crystals. The existence of such low-frequency
elementary excitations is the reflection of broken continuous symmetry which
gives rise to rigidity in crystals.

1.2 Amorphous Materials

Amorphous materials are abundant in nature. The examples are colloids,
foams, emulsions, glasses, thin film lubricants, granular materials and many
more. These materials have no particular structure. The atoms or molecules
in amorphous materials are arranged in the same manner as they are in liquid.
An amorphous solid is structurally similar to a liquid, but it shows solid like
behavior where molecules are closely packed and exhibits an elastic response
to shear stresses. Amorphous materials are also known as non-crystalline
solids, glasses or disordered solids. They are characterized by their structure
rather than their chemical composition. Contrary to crystalline solids which
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Figure 1.1: Schematic of (a) liquid to crystalline solid transition and (b) liquid to
amorphous solid or glass transition.

have long range order and periodically repeated unit cell, amorphous solids
are disordered on long-range scales and no periodicity is associated with
the spatial arrangement of molecules. But, they show a short range order
like in a polycrystalline solid. The formation of amorphous structures and
the transition between different amorphous states are discussed in the next
section.

1.2.0.1 Formation of amorphous structures

There are many techniques to produce amorphous structures in the labo-
ratory. The most common technique involves cooling the liquid below a
certain temperature. Upon continued cooling below the freezing point (Tf),
a liquid either crystallizes with a discontinuous change in specific volume
(illustrated in Fig. 1.1(a)), internal energy, viscosity and entropy, or if the
quenching rate is fast enough and crystallization kinetics is slow enough,
produces a glass with a continuous change in these properties (Fig. 1.1(b))
[15, 16, 33]. The glass transition temperature is not well defined since the
transition happens to be continuous. It has been shown that packing of
polydisperse particles that interact through purely repulsive forces, forms
amorphous structures at volume fraction of about 0.60 and polydispersity‡

above 10% [10, 11, 32]. The anisotropic interactions between the particles

‡The polydispersity is defined as the standard deviation of the particle size distribution
divided by its mean.
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[13, 34] and with the medium (e.g. presence of surface inhomogeneities on
the substrate) [14, 35, 36] have also shown to give structures that lack long
range order (LRO). The role of the medium on the structure formation is dis-
cussed in section 1.3. A rich phase behavior is observed with number density
of monodisperse colloidal particles in the suspension [17]. With increasing
particle density, the system progresses from a fluid-like state, to fluid-crystal
coexistence state, to a crystalline state. Rapid quenching (e.g. centrifuging)
of the system at high density (volume fraction ∼ 0.64) produces an amor-
phous “colloidal glass” state [17, 37, 38, 39] that has a very large viscosity
∼ 20 Pa · s [40], a factor of 104 larger than water.

1.2.0.2 Polyamorphism and phase transitions in amorphous sys-
tems

The term polyamorphism describes a situation where structurally distinct
amorphous states of the same material can exist [41]. It is discussed in
the beginning of the section 1.2 that amorphous materials do not have long
range order, hence it is only in the short range order that the polyamorphs
(amorphous analogue of polymorph in crystals [42]) are structurally distinct.
Typically, it is the density that changes when the system makes a transition
between two polyamorphs. One notes that the term polyamorphism is not
only limited to amorphous solids but is also used to describe the phase transi-
tions between different states of liquid [43, 44, 45]. However, there are many
issues regarding polyamorphism in liquids, e.g., is it a thermodynamic tran-
sition? Are there critical points that separates a low-density liquid (LDL)
and a high-density liquid (HDL)? Is the transformation continuous or dis-
continuous? Is there a presence of a second critical point where the phase
boundary separates the LDL and the HDL phases. The first critical point
being the one where the phase boundary separates the LDL and the gaseous
phase. These LDL and HDL states are considered as counterparts of a low-
density (LDA) and a high-density amorphous states (HDA). Moreover, the
most persistent question remains regarding the generic nature of such amor-
phous to amorphous transitions, i.e., whether these transitions are generic in
nature or restricted to a small class of systems that have tetrahedral local
order (liquid phosphorus [46], silicon [47, 48], supercooled water [49]).

The phase transitions in crystalline polymorphs are well studied [42]. The
very possibility that such phase transitions can exist in amorphous solids is
an interesting proposition. If large changes in the properties and structure of
the amorphous materials are to happen, it is then important to identify the
order parameters. Unlike liquids where the phase transition is determined
by the thermodynamic relationships, amorphous solids are out of equilibrium
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(a)

(b)

(c)

Figure 1.2: Illustration of potential energy landscape to explain mechanical insta-
bilities in glasses, adapted from ref. [50]. (a) The system represented by gray circle
is in one of the local minima. (b) Under stress, the height of the barrier reduces
and the system makes a transition from one local minima to another highlighted
by an arrow. (c) When the stress is released, the system remains in the same
potential minima.

systems and the transition is governed by the kinetics. The idea that amor-
phous systems undergo first-order phase transition is based on the fact that
there exists two minima in the potential energy landscape, the one that cor-
responds to the high-density and the other to the low-density. As a function
of an external drive (pressure, temperature etc.), the barrier separating the
two minima reduces or the minimum itself evolves from a state corresponding
to the high-density phase to a state corresponding to the low-density phase
or vice versa. The latter case would mean that the pure low-density or the
high-density phase can exist only far away from the transition point. Close
to the transition point, the system is in the mixed state, i.e., coexist in high
and low density phases. This is illustrated in Fig. 1.2. In such a scenario the
transformation in amorphous solids is not described in terms of thermody-
namic process but by invoking ideas about localized mechanical instabilities
that give rise to phonon softening, i.e., asymmetric disappearance of local
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Figure 1.3: An illustration of disordered elastic media with a set of interacting
particles in contact with a disordered substrate.

minima in the potential energy landscape. These mechanical instabilities
arise due to the atomic rearrangements in response to external stress and are
irreversible which give rise to discontinuous structural changes [50].

1.3 Loss of long range order due to pinning

Interacting particles under the influence of random pinning potential form
the disordered elastic media as illustrated in Fig. 1.3. Disorder is set by the
presence of random pinning sites on the substrate. The elastic forces between
the particles keep the structure ordered whereas the surface inhomogeneities
on underlying substrate make it irregular [25]. For a perfect crystal in ab-
sence of any disorder, the potential energy of the system has one deep global
minimum. However, the surface inhomogeneities present on the substrate
provide many local minima where the particles get locked and the system
looses its crystalline order. Therefore, the competition between elasticity
and disorder gives a complex energy landscape with large metastable states.
The length scale over which the particles are spatially correlated is known as
Larkin length [51]. It is estimated in section 1.3.1.

Understanding of response of the pinned solid to external stresses is im-
portant not only for fundamental reasons but also has practical applications.
Considerable efforts have been made to understand the effect of disorder in
transport properties of many systems like flux line lattice in type II super-
conductors [52, 53, 54, 55, 56], domain wall in magnetic systems [57], charge
density waves in conductors [58, 59], fluids flow through porous medium
[60, 61, 62], contact angle hysteresis [63], flow of fluid down a rough tilt sur-
face [64, 65], 2D colloidal crystal on random potential landscape [14] etc.
The dynamics of these systems are investigated by driving through external
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Figure 1.4: The schematic variation of velocity as a function of applied force at
temperature T = 0, adapted from ref. [25]. The velocity increases linearly at large
forces. A dashed line is drawn to highlight the asymptotic linear behavior of v− F
curve.

forces. The external forces could be an electrical current in the case of type-II
superconductors, electric field for charge density waves, pressure for porous
media, tilt angle for fluid flow down the rough surface and electric field for
colloidal crystal.

Such systems exhibit a phase transition between a static state to a moving
state in the presence of external driving force (F), known as dynamical phase
transition. It is expected that the system remains pinned below a critical
driving force Fc and acquires velocity v above Fc at zero temperature. The
velocity v of moving state versus F characterizes the system and is often
linked to transport properties of the system like voltage-current for vortices,
current-voltage for charge density waves, flow rate-pressure in porous media
etc. The variation of v with F is shown schematically in Fig. 1.4.

As an example, Pertsinidis et al. [14] have shown experimentally the ef-
fect of pinning on the static and dynamic properties of elastic media in a
2D colloidal crystal. The colloidal suspension was confined between the two
substrates, a quartz disk and a glass coverslip. An ordered 2D colloidal crys-
tal is obtained on the smooth surface of quartz. To see the effect of pinning
strength on the ordering, the quartz surface was roughened in a controlled
manner by reactive-ion etching technique. In the presence of impurities on
the surface, the system looses long range order [51, 57]. The electric field was
used to drive the system from a pinned state to a moving state. In the case of
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weak pinning, i.e., ordered 2D lattice, the system exhibits elastic depinning
and the particles keep the same neighbors while moving. The behavior of the
system is solid-like both in static and dynamics state. When the pinning is
strong the state of the system is disordered and it shows river-like flow. This
state is fluid-like both in static and in motion. When the crystal is partially
disordered by random pinning, few particles follow channel like paths and
move along the grain boundaries between the ordered Larkin domains which
remained pinned. The system seems to be phase separated into fluid-like
channels and pinned solid regions. This state of the system characterizes the
solid-liquid coexistence.

1.3.1 Collective Pinning

Collective pinning theory by Larkin and Ovchinnikov [51] provides an insight
to understand the behavior of interacting particles in disordered elastic me-
dia. The main feature of this approach is to describe the distortion of lattice
in terms of correlation volume over which the lattice is undistorted. There is
no long range order present in the lattice in the presence of pinning centers.
However, there is a short-range order present in a certain volume V with di-
mensions ∼ a0 (lattice spacing) and ∼ ξ (correlation length) where particles
are arranged periodically. The sum of pinning forces acting randomly on Np
pinning centers in a volume V , is of the order of fpN

1/2
p where fp is the force

of interaction of an individual pinning site with the lattice. The density of
pinning sites is np = Np/V . Since, this force acts only in a distance u0, i.e.,
the range of pinning force, the amplitude of the associated potential energy
would be u0fpN

1/2. The potential energy per unit volume can be written as

u0fpn
1/2
p /V1/2. The strain produced in the lattice when the distortion ac-

commodated over a distance ξ caused by the random pinning force of range
u0 is of the order of u0/ξ. Therefore, the elastic energy spent in displacing
a region of size ξ by a distance u0 is given by 1

2
G(u0/ξ)

2V , where G is the
shear modulus of the lattice.

The net free energy contribution from the presence of pinning sites can be
obtained by subtracting elastic distortion energy and the gained energy by
accommodating the pinning sites. Thus, the energy change per unit volume
of the system would be

δF =
1

2
G

(
u0

ξ

)2

− fpu0

√
np

V
(1.1)

Recalling the volume V in our expression is V = a0ξ
2. By minimizing

equation (1.1) w.r.t ξ, one obtains an estimate of collective pinning length
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or Larkin length

ξ0 = Gu0

√
a0/npf2p

The Larkin-Ovchinnikov collective pinning theory applies in the weak
(or elastic) pinning regime where Larkin domains of size ξ0 >> a0, pinned
collectively by disorder. When pinning forces become stronger or pinning
sites are more sparse, the topological order of the system breaks down and
the particles are pinned individually, i.e., ξ0 ∼ a0. In this regime the system
will flow plastically and could give rise to memory effects and hysteresis in
macroscopic response [66, 67, 68].

1.4 Origin of rigidity in amorphous solids

In this section, I will discuss the various approaches adopted to understand
the rigidity in amorphous materials.

1.4.1 Maxwell Criterion

The criterion for a structure made of N frictionless particles and b bars, to
be rigid was first worked out by J. C. Maxwell in 1864 [69]. It was based on
the following algebraic consideration. In D dimensions, the total number of
degrees of freedom of N particles would be ND and D(D + 1)/2 associated
with the rigid motions of the entire structure. In equilibrium, the number
of constraints (or bars) required so that the structure would be marginally
rigid is given as

b = ND−
D(D+ 1)

2

Therefore, number of constraints required would be b = (3N− 6), (2N− 3)
and (N − 1) in 3D, 2D and 1D, respectively. If the number of constraint
is less than that are required for the structure to be rigid, i.e., b ′ < b,
the system exhibits soft or floppy modes. These floppy modes, also known
as zero frequency modes, correspond to motions in the system that require
no energy [70] and will be covered in section 1.4.2. The Maxwell criterion
is a necessary condition for rigidity but not sufficient condition as it does
not account for the internal stress in the system e.g., self tension of bar in
absence of external stress [71], that would fail to provide the right number
of constraints. However, Buckminster Fuller’s “Tensegrity”‖ stiff structures
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have fewer constraints that are required to satisfy Maxwell’s criterion [72].

1.4.2 Rigidity Percolation

Atoms or molecules in fluid as we know are randomly arranged and explored
the phase space of the system. If suppose, most of the constituents of the
fluid are randomly glued together then the system would exhibit solid like
properties, e.g, non-zero static shear modulus. Here, gluing implies reducing
the number of degrees of freedom, so that atoms are spatially localized and
about which they perform thermal fluctuations. The random gluing can be
done by reducing the temperature as in liquid-glass system or by increasing
the crosslink density as in macromolecular or polymeric glasses. As the gluing
density increases, the individual rigid regions percolate across the system and
at some percolation threshold the system on the whole would become rigid.

f 0

<b>bc

Figure 1.5: Qualitative sketch of floppy modes (f0) per degree of freedom with
mean coordination number (〈b〉), taken from ref. [73].

The idea of rigidity percolation has been employed in systems like network
glass forming liquids, granular media, polymeric glasses etc. where onset of
rigidity has been studied by constraining the system. Interactions between
the constituents are considered as constraints and the degrees of freedom
are characterized by the number of floppy modes. These floppy modes, also
known as zero frequency modes, correspond to motions in the system that do

‖Tensegrity: Property of structures with an integrity based on a balance between ten-
sion and compression components. source: http://tensegrity.wikispaces.com/Tensegrity
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not require energy [70]. The rigidity of the system emerges when the number
of constraints become equal to the number of floppy modes. Therefore, the
onset of rigidity takes place at a minimum constraint density for which the
probability of finding a rigid cluster spanning the system jumps from 0 to 1
and this transition is known as rigidity percolation transition. These ideas
were introduced by Phillips [74, 75] and Thorpe [76] in network (or covalently
bonded) glasses and in granular materials by Guyon et al. [77]. Phillips
and Thorpe applied the Maxwell criterion (discussed in section 1.4.1) to
address the rigidity of network glasses by constraint counting or counting the
number of floppy modes F. For example, the typical network glass is silicon
dioxide (SiO2). Phillips introduced average coordination number approach
to rationalize glass forming abilities in network glasses and showed that at
a critical value of number of bonds b = bc above which the network would
become rigid. The value of bc for 3D network glasses came out to be 2.4.
For b < bc, the network is underconstrained (floppy) and for b > bc, the
network is overconstrained (rigid). Later, Thorpe reformulated constraint
counting approach in terms of rigidity percolation concepts and developed
a mean field theory that shows that the critical coordination number, bc,
corresponds to rigidity percolation threshold p∗. The calculation of floppy
modes by Thorpe is as follows [73]:

If there are N constituents (atoms or molecules) in D dimensions , then
there are DN degrees of freedom (D = 2 for 2D) and the number of con-
straints (or bonds) present will be zNp/2 where z and p are number of
neighbors and bond occupation probability, respectively.

F0 = DN− zNp/2

or, the number of floppy modes per degree of freedom,

f0 ≡ F0/DN = 1 − zp/2d

It goes to zero at p∗ = 2D/z. For triangular network, z = 6 and D = 2, the
p∗ would be 2/3 and for fcc lattice in 3D, p∗ = 1/2.

These floppy modes can be related to average coordination number and
one can get the same result as suggested by Phillips et al. [74, 75]. Consider
a covalently bonded random network with total N constituents and out of
them, nb constituents are connected with b bonds:

N =
∑
b

nb

The mean coordination is defined by

〈b〉 =
∑
b bnb∑
b nb

(1.2)
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In covalent networks, the contribution to the potential energy mainly comes
from the nearest neighbor bond-stretching force (force constant α0) and the
bond-bending force (β0). Therefore, one can write the potential energy of
the system as [70]

V =
α0

2
(∆r)2 +

β0

2
(∆θ)2

where ∆r and ∆θ are the change in the nearest neighbor bond length and
change in the bond angle between two adjacent bonds, respectively. Since,
one bond is shared between two atoms, therefore there is one constraint per
two atoms associated with each bond or b/2 constraints per atom for b bonds.
For a two-coordinated atom there is one angular constraint and addition of
each single bond would give two more angular constraints (an angle with
respect to some bond and a dihedral angle between two planes). Therefore,
in a network with b bonds, there would be (2b − 3) linearly independent
angular constraints per atom with b > 2 bonds. The number of floppy
modes in 3D is

F0 = 3
∑
b

nb −
∑
b

nb[b/2 + (2b− 3)]

The fraction of floppy modes

f0 ≡
F0

3
∑
b nb

= 2 −
5

6

∑
b bnb∑
b nb

using the definition of 〈r〉 from equation (1.2),

f0 = 2 −
5

6
〈b〉 (1.3)

It can be seen at 〈b〉 = 2.4, the number of floppy modes f0 goes to zero
and there is a phase transition from floppy to rigid state. The variation of
f0 with 〈b〉 is linear (equation 1.3) and shown schematically in Fig. 1.5.
The simulations of f in 3D triangular random network has shown a linear
variation with 〈b〉 at 〈b〉 < 2.4 and have an exponential tail at 〈b〉 > 2.4
[76, 78, 79]. The elastic response of the system vanishes below the transition
(〈b〉 6 2.4) and above the transition (〈b〉 > 2.4), the elastic constants display
a power-law behavior with 〈b〉, i.e., C ∼ (〈b〉 − 2.4)t with t = 1.50 [4, 80].
This mean field approach has been quite successful in network glasses and
has helped in understanding the experimental observations. Later, Jacobs et
al. [81] have introduced the “Pebble Game” algorithm to count the number
of floppy modes in a 2D network. The algorithm computes the number of
floppy modes, finds the overconstrained regions and breaks the system into
separate local rigid clusters. The algorithm is discussed in section 1.4.2.1.
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Polyamorphic transitions (discussed in section 1.2.0.2) have also been seen
in glass forming alloys like chalcogenides and chalcohalides. Chalcogenides
include IV-VI binary glasses like Ge-Se, Ge-S, Si-Se, As-Se etc. Chalcohalide
glasses are ternaries and formed by alloying a halogen (Cl, Br, I) with a
chalcogen (S, Se, Te) such as Ge-S-I etc. Chalcogenide and chalcohalide
glasses are quite interesting system to study the rigidity transition because
the connectivity of the structure can be changed easily by compositional tun-
ing. For example, consider an alloy GexSe1−x which forms glass, one obtains
a rigidity transition at xc as the Ge composition increases in the system.
Since, Ge is four-fold coordinated (b = 4) and Se is two-fold coordinated
(b = 2), therefore for the onset of rigidity of the system, i.e., 〈b〉 = 2.40, the
fraction of Ge in the alloy

4x+ 2(1 − x) = 2.40 (1.4)

which gives xc = 0.20. The validity of rigidity transition near xc has been
probed in such systems experimentally by many methods. The methods in-
clude Raman scattering [82], Mössbauer Spectroscopy [83], Differential Scan-
ning Calorimetry [82] etc. The experimental measurement of xc ranges from
0.20 to 0.24 which corresponds to variation in mean coordination number 〈r〉
from 2.40 to 2.48 from equation (1.4).

Recently, experiments on chalcogenide and oxide glasses have demon-
strated that the rigidity transition occurs in some range of coordination num-
bers not just at a particular mean coordination [84, 85, 86]. This unusual
behavior of glasses suggests the existence of an intermediate phase between
the floppy and the rigid phases. The extant of this phase being temper-
ature dependent is attributed to the self-organization of the glass network
minimizing its internal stress. However, the exact nature and origin of this
experimentally observed phase are still unclear [87].

1.4.2.1 Pebble Game

The Pebble Game algorithm was introduced by Jacobs and Thorpe aimed
to count the number of floppy modes in a two-dimensional network glass
[81, 88]. The algorithm is based on Laman theorem from graph theory [89].
The graph G ′ is defined as a set of vertices V ′ and a set of edges E ′. Each
edge joins a pair of vertices. The graph can be used to describe the structure
of a network glass. The vertices correspond to sites and edges to bond. The
graph is said to be minimally rigid or isostatic if removal of any edge would
make the graph non-rigid. The Laman theorem which provides the condition
for minimally rigidity of the graph is as follow [89]:
Theorem: A graph G ′ is minimally rigid in two dimensions if and only if
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E ′ = 2V ′ − 3 and iff no subgraph G ′′ containing V ′′ vertices and E ′′ edges
violates E ′′ 6 2V ′′ − 3.
In two dimensions, a set of N sites and b bonds has 2N independent motions
and three constraints associated with rigid body translations and rotation.
If each bond adds an independent constraint, then 2N − 3 bonds would be
required to eliminate the nonrigid motions and for the structure to be min-
imally rigid. The substructure containing n ′ sites and b ′ bonds is rigid if
the number of bonds required to constrain the system is less then or equal
to 2n ′ − 3. If b ′ > 2n ′ − 3 then there is a redundant bond. Each redun-
dant bond stresses the structure. Non-reduntant bonds are independent. A
simple example of Laman’s theorem is discussed in detail with schematics in
Appendix A.

1.4.3 Jamming

Amorphous materials like sand, foam, emulsion, colloidal suspension, slurry
etc. contain a dense packing of macroscopic constituent particles or grains.
These materials exhibit a transition from a flowing state (fluid-like) to a
jammed state (solid-like). In the jammed state where the constituent parti-
cles are in contact, the system respond elastically to a small imposed stress.
Interestingly, the system can be reverted back to its fluid-like or unjammed
state by varying some control parameters. The control parameters could
be either thermodynamic variables like temperature, density or mechanical
variables such as applied stress. For example, colloidal suspension loses the
ability to flow and becomes colloidal glass as the density is increased to ran-
dom close packing; flowing foam becomes rigid when the applied shear stress
is lowered below the yield stress.

Liu and Nagel [90] have come up with a jamming phase diagram, shown in
Fig. 1.6, which is aimed to provide a common framework to understand the
connections between transitions to rigidity seen in various systems like sand,
foam, slurry, granular materials etc. The point J is a special point in the
jamming phase digram. It lies on the inverse density axis and indicates the
jamming transition for frictionless systems with repulsive interactions at zero
temperature and zero applied stress. At the point J, the shear modulus of the
system becomes nonzero and the particles come into contact [91]. The non-
trivial part of this phase diagram is the inclusion of shear stress as another
variable to control the jamming and unjamming whereas temperature and
density are commonly used control parameters. The plane (T − 1/φ) shows
the typical liquid to glass transition phase diagram. The phase diagram for
the systems such as grains, foams and bubbles would be in the (σ − 1/φ)
plane of the jamming phase diagram.
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Figure 1.6: Jamming phase diagram as proposed by Liu and Nagel [90]. The three
dimensional phase diagram has temperature (T), inverse density (1/φ) and shear
stress (σ) as three axes. The gray shaded region shows the jammed (rigid) state
and outside gray region is the unjammed state of the system. Point J is a jamming
point on the 1/φ axis at T = 0 and σ = 0.

1.4.3.1 Jamming of frictionless spheres

This simple model provides an understanding of jamming of soft frictionless
spheres. The spheres are interacting through repulsive contact forces set by
the amount of virtual overlap between the two particles. In this model, grav-
ity, shear and temperature T are kept at zero. Two undeformed spheres of
radii Ri and Rj are placed at a centre to centre distance rij, the dimensionless
overlap parameter δij can be defined as [92]

δij = 1 −
rij

Rij

Rij = (Ri+Rj)/2 is the average of the radii of two spheres and δij > 0 would
mean that the spheres are in contact. The interaction potential

V =

{
ε
α
δαij δij > 0

0 δij 6 0
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where ε sets the energy scale of interaction and value of α decides the nature
of interaction, e.g. α = 0 (hard sphere repulsions), 2 (harmonic) and 5/2
(Hertzian in 3D).

The jamming transition occurs essentially when the particles begin to
come in contact while increasing the packing fraction (φ) of particles. The
coordination number, z, is considered to be a good order parameter to de-
scribe the jamming transition and defined as the average number of overlaps
of a particle with its neighbors. At low φ when the particles are not in
contact, z = 0. In order to have a finite value of z, particles must overlap
with their neighbours and span the whole system. Therefore, the value of
z changes discontinuously from 0 to zc at the transition packing fraction
φc. According to Maxwell criterion [69] (discussed in section 1.4.1), the
minimum number of constraints (or zc) required in D dimensions so that
the structure would be mechanically stable (isostatic condition), would be
zc = 2D. Above the jamming transition, i.e., φ > φc, simulations show that
excess coordination number ∆z(= z− zc) scales as,

∆z ∼ (φ− φc)
0.5 (1.5)

Similarly, the elastic moduli also show power law behavior with ∆φ(=φ−φc).
The effective elastic constant (K) of the system goes as, K ≡ d2V/dδ2 ∼

∆φα−2. The compression modulus (or bulk modulus), B, scales as B ∼ K and
shear modulus G as G ∼ K∆φ0.5. The ratio

G

B
∼ ∆φ0.5

Using equation (1.5), G/B ∼ ∆z for frictionless spheres [91]. However, recent
numerical simulations on random packing of frictionless spheres in three di-
mensions yield that critical value for jamming volume fraction depends on the
protocol applied (e.g., annealing in simulations or tapping in experiments)
[93].

This anomalous behavior near the jamming point J is also reflected in
the vibrational density of states [92, 95, 96]. For low frequencies, the den-
sity of states (DOS), D(ω), in crystalline materials varies with frequency ω
as D(ω) ∼ ωD−1 (known as Debye behavior) and these vibrational modes
are plane waves [97]. Packing of frictionless spheres also exhibit Debye-like
behavior far away from jamming. As approaching the J point, the low fre-
quency vibrational modes become in excess and the characteristic frequency
ω∗ shifts to lower values. The characteristic frequency ω∗ is marked in the
Fig. 1.7. At the jamming, the characteristic frequency vanishes as ω∗ ∼ ∆Z
[94, 98].
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Figure 1.7: Vibrational density of states D(ω) with frequency ω of a jammed
solid, adapted from ref. [91, 94].

1.4.3.2 Jamming of frictional spheres

For frictionless spheres, the interaction between the particles are through
the normal forces fn. But, there can be tangential forces ft in addition to
fn through which frictional spheres interact. According to Coulomb law of
friction, contacts do not slide as long as the ratio ft/fn remains equal or
smaller than the friction coefficient µ, i.e., ft/fn 6 µ. The value of µ in
experiments can vary from 0.1 to 1 [92]. The appearance of tangential forces
in the frictional system causes D(D − 1)N/2 torque balance equations in
addition to DN normal force equations, here N is the number of spheres
in the system. This changes the value of zc which is 2D for packing of
frictionless spheres to zµiso = D + 1 for frictional spheres in the isostatic
condition. Since D + 1 < 2D for D > 2 implies that there exist a range of
coordination numbers [91]

D+ 1 6 zc 6 2D

at the jamming point where the packing of frictional spheres is mechanically
stable. Therefore, the main difference in the frictional case is that both φc
and zc are not unique and depend on the value of µ and history of packing.
In a recent experiment on frictional disks arranged in two dimensions, Bandi
et al. [99] have found that φc decreases with increasing µ and increases
slowly with number of repetitive cycles of compression and decompression.
The calculations of the characteristic frequency ω∗ with friction taken into
account shows thatω∗ varies linearly with (z−zµiso). Also, the shear modulus
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(G) and the bulk modulus (B) exhibit the same dependency, i.e., G/B ∼

(z− zµiso) [92].

1.5 Plasticity in amorphous solid

Plasticity is a property of a solid when it undergoes irreversible deformation,
i.e., permanent change in its shape or size, in the presence of stress cycling.
The macroscopic mechanical response (stress-strain relation) of the system

Strain

S
tr

e
ss

Elastic

Plastic
yield stress

Figure 1.8: Schematic of a typical stress-strain curve of a solid.

is illustrated in Fig. 1.8. Above a critical value of stress, yield stress, the
system deviates from the linear behavior (elastic) and deforms plastically
where a residual strain is left in the system after the removal of imposed
stress. A microscopic understanding of response of solids to a plain shear
stress is shown schematically in Fig. 1.9 for a simple ordered system. In
a conventional homogenous solid, the strain (or deformation) produced is
affine in the elastic limit [100]. Affine deformation implies a homogenous
distribution of strain in the system, i.e., the local strain at the microscopic
level is similar to the global macroscopic strain. However, in the plastic
regime, the strain fields become spatially heterogenous or nonaffine in nature.
The concept of affine and nonaffine deformations is illustrated in Fig. 1.9 (b)
and (c), respectively.

In amorphous solids any infinitesimal stress can give rise to nonaffine de-
formations (or plastic strain) in the system [5]. These nonaffine deformations
happen at the individual constituent scale, known as ‘plastic events’ [101],
and can arise due to the bending, reorganization or buckling of the con-
stituents. Such plastic events are observed in systems like foams, polymer
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Figure 1.9: (a) Reference lattice in the absence of stress. In the presence of shear
stress (b) affine and (c) nonaffine deformations. In (b) and (c) the dark gray circles
correspond to the deformed lattice and the light gray circles represent undeformed
reference lattice.

gels etc. [102]. Therefore, the stress-strain behavior for amorphous systems
will be a jagged curve where each step marks plastic event and contribute in
the plasticity, shown in Fig. 1.10. The plastic strain is localized in the form
of a narrow shear band which is thought to be responsible for plasticity in
amorphous systems [103, 104].
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Figure 1.10: Schematic of stress-strain curve for amorphous solid. Each vertical
step marks the plastic event.
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The plasticity in crystals is initiated by defects, whose nucleation and
growth is a well-studied subject. However, ideas based on defects cannot
be simply extended to amorphous solids since they do not have long range
order. The analogue of lattice defects in amorphous materials is now con-
sidered in terms of formation of shear bands or shear transformations zones
(STZ’s). STZ is a collection of individual plastic events that are sponta-
neously and irreversibly rearrange in response to the applied shear stress
[103, 105, 106, 107, 108]. Therefore, these STZs can accommodate strain
and act as dissipation of energy analogous to defects in crystalline solids.
The nucleation of these zones, their spatial reorganization, mutual interac-
tions and their evolution is key to understand issues related to plasticity in
amorphous systems [103, 107, 108, 109, 110]. However, the STZ theory is a
“proposal” awaiting conclusive experimental proof [111].

These shear transformation zones identified as T1 events (or elementary
plastic events) are shown experimentally in a sheared two-dimensional foam
[112]. A T1 event is an irreversible neighbor exchange event and occur due to
the geometric changes in the foam structure in response to an applied shear.
These T1 events are schematically shown in Fig. 1.11. However, there are

1 2
3

4
1 2
3

4 4
3 21

Figure 1.11: Illustration of T1 events in a sheared foam, taken from ref. [112]. An
example of a T1 event is highlighted by dark gray circles. Initially, the bubbles
labeled 1 and 2 are neighbors. As the system is sheared, all four bubbles meet and
after the event bubbles labeled 3 and 4 become neighbors.

still lack of evidences to demonstrate that the appearance of T1 events or
STZ’s are more generic in nature and can be extended to other systems like
metallic glasses, granular media etc.

1.6 Interactions in model systems

In this thesis, I have studied three model systems (i) Particle rafts (ii) Col-
loidal thin films and (iii) Oil-in-oil emulsion. In the following section, I will
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discuss the relevant interactions in the model systems.

1.6.1 Particle rafts

1.6.1.1 Capillary Interactions

It is known in practice that when floating particles are placed on a fluid
surface, they tend to attract each other and form particulate clusters. Such
forces are known as “capillary forces” and can be attractive or repulsive
depending on the wetting properties of particles surfaces (e.g. contact an-
gle) and weights of the particles [113]. These particles, in general, interact
through capillary forces. This is shown schematically in Fig. 1.12 (a). In
some systems like soil, pastes etc., the particles are hold together by fluid
(or capillary) bridges, illustrated in Fig. 1.12 (b). The capillary bridge force

(a) (b)

Fluid

Figure 1.12: Illustration of capillary interactions between two particles shown by
gray circles through (a) the interface deformation of the fluid and (b) the fluid
bridge.

acts normal to the plane of the contact lines on the particles surfaces and
depending on the curvature of the contact lines (convex or concave), it can
be either attractive or repulsive. In other systems like confinement of par-
ticles in a liquid film, inclusions in lipid membranes etc., each individual
particle deforms the shape of the fluid interface due to its own weight. Inter-
face deformations are studied experimentally by holographic interferometry
method [114]. The overlap of such deformations around the particles give rise
to lateral capillary forces. These lateral capillary forces act tangentially to
the plane of contact line and again can be attractive or repulsive depending
on whether the overlapping deformations are of similar nature (e.g. convex)
or dissimilar (e.g. both convex and concave) [115, 116]. Experiments and
numerical simulations with anisotropic particles adsorbed at fluid-fluid inter-
face have shown that large phase shifts in contact line undulations will give
rise to near field capillary repulsion between the particles [117].
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1.6.1.2 Frictional Interaction

The frictional force acts to resist the relative motion between two solid objects
when they are in contact. The tangential component of the force moves
the objects relative to each other and acts in the direction opposite to the
direction of relative motion, and the normal component of the force keeps
pressing the objects together. The relationship between the tangential (ft)
and the normal (fn) forces is given by Coulomb’s law:

ft 6 µfn

where µ is the coefficient of friction. The coefficient of friction µ depends

A
a

a
1

a
2 a

3
a
4

Figure 1.13: Illustration of area of contacts of two rough surfaces in contact. The
contact regions are highlighted by the gray circles.

on the nature of surface in contact and it is independent of apparent area of
contact between the two surfaces and the relative velocity of the two surfaces
[118, 119]. The surfaces that appear quite smooth to the naked eye may have
inhomogeneities at the microscopic level. Therefore, the surfaces are only
in contact at points when the peaks of the inhomogeneities make contact,
shown in Fig. 1.13. Hence, the real area of the contact (Ar) where the
asperities make contact will be different from the apparent area of contact
of the two objects (Aa). The total real area of contact would be sum of
each individual contact area (a’s), i.e., Ar =

∑
i

ai, and in most cases Ar <

Aa. Tribology methods are usually employed to study the friction and the
interaction between the objects that arises during the relative motion of the
surfaces in contact [118, 120, 121].
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1.6.2 Colloidal thin films

1.6.2.1 Van der Waals Interaction

Van der Waals force is ubiquitous and act between all atoms, molecules even
the electrically neutral ones, e.g. helium, carbon dioxide etc., and macro-
scopic particles. It plays an important role in various phenomena like the
properties of gases, liquids and solids, adsorption, adhesion, surface tension,
wetting, structures of proteins and polymers, aggregation of colloidal parti-
cles and many more [122]. The van der Waals force is a long-range force and
comprised of three forces, namely, Keesom, Debye and Dispersion forces.

The Keesom force arises due to the electrostatic interaction between the
permanent dipoles of polar molecules, e.g. HCl. It is an attractive force and
tend to align the dipoles. The free energy of Keesom interaction averaged
over all orientations of dipoles (separated by a distance r), is given as

UKeesom = −
d21d

2
2

3(4πε0ε)2kBTr6

where d1, d2 are dipole moments, ε0(= 8.86 × 10−12 F/m) is the free space
permittivity, ε is the dielectric constant of the medium, kB is the Boltzmann
constant and T is the temperature.

The Debye force arises when a polar molecule (e.g. HCl) with permanent
dipole moment induces a dipole in another non-polar atom or molecule (e.g.
He). It is an attractive force. The angle-averaged free energy of Debye
interaction is

UDebye = −
d2χ

(4πε0ε)2r6

where χ is the polarizability of the non-polar molecule. It may be noted that
the Debye interaction does not have any temperature dependence.

The dispersion forces, also known as London forces, are quantum me-
chanical forces and are always present. The origin of these forces can be
understood from the fact that there exists an instantaneous dipole moment
(time average of it is zero) in a non-polar atom due to the orbiting elec-
trons about the nucleus. This instantaneous dipole of the atom produces
a fluctuating electric field which polarizes the nearby neighboring non-polar
atom, i.e., induces a dipole moment in it. The mutual interaction between
the two dipoles give rise to an instantaneous attractive force. The dispersion
interaction energy between two dissimilar atoms can be written as

ULondon = −
3

2

χ1χ2

(4πε0ε)2r6
hν1ν2

(ν1 + ν2)
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where χ1, χ2 are the polarizabilities of two atoms, h is the Planck constant
and ν1, ν2 are the orbiting frequencies of the electrons in their respective
atom. The dispersion forces can be either attractive or repulsive depending
on the nature of materials, e.g., always attractive for same materials and
repulsive for certain dislike material combinations [122, 123].

1.6.2.2 Electrostatic Interactions

Colloidal particles with charged surfaces interact through long-ranged Coulomb
or electrostatic interaction. However, when these colloidal particles are dis-
persed in a polar solvent like water, the electrostatic interactions become
screened by the counter ions present in the solvent. The length scale over
which the electrostatic interactions get screened is given by the Debye-Hückel
screening length (κ−1). For the Yukawa (screened Coulomb) potential of the
form ψ(r) = ψ0e

−κr/r, the screening length has the value [124]

κ−1 =

√
ε0εfkBT

2z2ie
2n0

where εf is the fluid dielectric constant, e is the electron charge, zi and n0 are
ion valency and ion concentration, respectively. Therefore, in experiments
the electrostatic interactions between the charged colloids can be controlled
by adding the salt in the solvent with varying proportions, i.e., by changing
n0.

The other method to tune the electrostatic interactions between the col-
loidal particles includes the imposition of an external electric field. Usually,
the particles and the fluid have different dielectric constants. In the presence
of electric field, the dielectric particles get polarized which results in the ap-
pearance of induced charge at the particle surfaces. These charge produces
a dipole moment in the particle, illustrated in Fig. 1.14. The magnitude of
the induced dipole moment d in a spherical particle of radius a in electric
field E is given by

d = 4πε0εfβa
3E

where β = (εp−εf)/(εp+2εf) is the effective polarizability of the particle, εp
is the particle dielectric constant. Therefore, for εp > εf, the polarizability
β > 0, implying that the induced dipole is oriented along the field direction
and for εp < εf (β < 0), the direction of the induced dipole is opposite
to the field direction. The dipole-dipole interaction energy, U, between the
two particles separated by a distance r and the line joining the two particles
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makes an angle θ with the applied electric field direction, is

UDipole(r, θ) =
d2

4πε0εfr3
(3cos2θ− 1) ≡ 4πε0εfβ

2a6E2

r3
(3cos2θ− 1) (1.6)

It can be seen from the expression (equation (1.6)) that the long-ranged
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Figure 1.14: Dipolar interaction between the two spheres (radius a) of dielectric
constant εp suspended in a fluid of dielectric constant εf. In this example εp > εf,
the polarizability β > 0, implying that the direction of the induced dipole (shown
by small vertical arrow at the sphere center) is along the applied field direction.

dipole-dipole interaction has strong dependency on the particle size (∝ a6)
and changes sign at θ ≈ 54.7o [122, 125]. Therefore, the particles aligned
along the field direction will attract each other and form particulate chains,
and on the other hand if they are in a plane normal to the field direction, they
will repel each other and maximize their center to center distance. The ex-
periments are usually performed with ac fields at high frequencies (∼MHz),
since at such frequencies the solvent ions cannot respond to the field, there-
fore, the effect of the ion movement or the “hydrodynamic interactions” can
be minimized [125]. However, at low frequencies or in dc field the hydrody-
namic interactions in addition to the dipolar interactions contribute in the
structures formation and dynamics of the system. The electric field induced
hydrodynamic interactions, i.e., electrohydrodynamics, will be covered in the
next section.

The idea of dipole-dipole interactions in an external field has been em-
ployed in systems such as “electrorheological fluids” in electric field [126,
127, 128] and “ferrofluids” in magnetic field [129, 130, 131]. The easiest way
of controlling the dipole-dipole interaction is by changing the magnitude of
the imposed electric field (equation (1.6)). With the strength of dipolar in-
teractions, various interesting structures have been obtained from fibrous to
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three-dimensional crystallites [13, 125, 132, 133]. The rheological properties
of such fibrous structures have been studied extensively in “electrorheologi-
cal fluids” which are suspensions of colloidal particles [127, 128]. The elec-
trorheological (ER) fluid is shown to exhibit solid-like behavior or a dramatic
increase in the viscosity (by a factor ∼ 105) under an applied electric field
due to the formation of fibrous structures parallel to the field, known as ER
or “Winslow” effect [134]. The ER effect is reversible with the electric field
and its response time is very small (time scale ∼ a few milliseconds) [127].
These noticeable features of ER fluids find applications in constructing quick
responsive hydraulic actuators and valves [135, 136], clutches [137], shock
absorbers [131, 138] etc.

1.6.3 Oil-in-oil emulsion

1.6.3.1 Electrohyrodynamic Interactions

Movement of particles in the fluid generate perturbations or flows in the
medium through which they interact, known as hydrodynamic interactions.
The hydrodynamic interactions are long-ranged in nature. These interac-
tions along with electrostatic interactions play an important role in the for-
mation of large scale static and dynamic structures ranging from crystals to
clouds [139]. Despite its ubiquity, such interactions have not been well under-
stood due to the complexity involved in knowing the nature of hydrodynamic
coupling between the particles, i.e., flow pattern around each particle, and
unavailability of a knob to control the strength of interactions. However, elec-
tric field induced hydrodynamic flows or “electrohydrodynamics” provides a
method to study such hydrodynamic interactions.

Steady Electric Field
To understand the fluid motion in the presence of dc electric fields, G. I.
Taylor in 1966 proposed the “leaky dielectric” model [140]. This model was
developed for an immiscible dielectric fluid drop suspended in a leaky dielec-
tric fluid, i.e, it has small electrical conductivity but larger than the immersed
drop. When an electric field is applied to the system, free charge accumulates
at the two flux interface, though the total charge remains zero. The action
of the electric field on the surface charge causes circulatory flows inside and
outside the drop. Due to these flows, the drop experiences transverse stresses
which leads to the shape deformation [29, 141, 142]. In this case, the defor-
mation of the drop was observed perpendicular to the field direction (oblate
deformation) [30], shown schematically in Fig. 1.15 (a). On the other hand,
if the drop is suspended in a perfect dielectric medium, then in the presence
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Figure 1.15: (a) A dielectric fluid drop suspended in a leaky dielectric medium
experiences tangential stresses due to the accumulation of free charge at the inter-
face in the presence of E. The circulatory flows inside the drop are shown by the
looped arrows. (b) The drop suspended in a perfect dielectric fluid experiences
electric stress normal to the interface. The direction of surface electric tractions is
shown by arrows. The resulting shapes of the drop, oblate in (a) and prolate in (b),
are shown respectively with dashed lines at their bottom with the deformations
parameters d|| and d⊥ marked.

of uniform electric field, there is a discontinuity of the field at the two fluid
interface. The electric stress vector is always normal to the interface which
is balanced by the interfacial tension, so the fluids remain stationary and the
drop deforms parallel to the field direction (prolate deformation) [30, 142],
illustrated in Fig. 1.15 (b).

The leaky dielectric model uses the equations describing the motion of
an incompressible fluid (viscosity η, density ρ, dielectric constant ε) having
velocity v in the presence of pressure (P), viscous stress (Tm) and electrical
stress (Te) due to the free-charge density which contributes to both con-
duction and convective currents and due to polarization. The equations are
[29]

ρ
dv

dt
= ρg+∇ · (Tm + Te), ∇ · v = 0
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where g is the gravitational acceleration, the viscous stress tensor

Tmij = η(
∂vi
∂xj

+
∂vj
∂xi

) − δijP

and the electric or Maxwell stress tensor

Teij = εEiEj −
1

2
εδijEkEk

The boundary conditions are set by the conservation of momentum and mass.
The model predicts the oblate and prolate deformations depending on the
ratios of materials constants of the two fluids such as dielectric constants
(ε), electrical conductivities (σ) and viscosities (η). It also suggests the
possibility of critical values of ratios at which the drop remains spherical.
In the presence of an electric field, an initially spherical drop of radius a is
deformed into a spheroid with dimensions d‖ and d⊥, and a dimensionless
deformation D0 = (d‖ − d⊥)/(d‖ + d⊥). The deformation (D0) in a steady
field E is given by [29, 30]

D0

aE2
=

9ε0εexΦ0

16γS(2 + R)2
(1.7)

where γ is the interfacial tension, Φ0 = S(R2 + 1) − 2 + 3(RS − 1)(2M +
3)/(5M+ 5), R = σin/σex, S = εex/εin, and M = ηin/ηex. The subscripts
in and ex to the quantities (ε, σ, η) represent the respective value of interior
(drop) and exterior (medium) fluid. Therefore, the shape of the drop in a
steady field can either be a prolate (D0 > 0, major axis is parallel to the field
direction) or an oblate (D0 < 0, major axis is perpendicular to the field di-
rection) spheroid, or a sphere (D0 = 0) for a given set of materials constants
[29, 30, 142].

Oscillatory Electric Field
Torza et. al. have extended the leaky dielectric model in the presence of an
oscillatory electric field, and calculated the electric stress on a single drop
[31]. The stress, at a constant field amplitude and for a given materials’
constants, is a function of the frequency (f ) of the applied field and the angle
between the radial vector of the drop and the field direction. The total stress
is a sum of normal and transverse stresses, which include both dipolar and
hydrodynamic contributions, and each has two parts; time independent and
time dependent. The time independent part of the normal stress gives rise
to a steady droplet shape while the time dependent component gives rise
to the shape oscillation. The time independent component of the stress is
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Figure 1.16: (a) The variation of total stress on the drop with the applied frequency
f . The inset shows polar coordinates used in the calculation of stresses in the
presence of E. (b) The radial plot of the magnitude of the normal component of
the stress for three frequencies; the direction is radially inward.

calculated from the expression derived by Torza et. al. [31]. The expressions
for the normal (Frf ) and transverse (Fθf ) stresses at the two fluid interface,
in non-dimensional form, are

Fr ≡
Frf

ε0εexE2
=

9

4

[(R2 − 2SR2 + 1) + τ2ω2(S− 1)2] cos2 θ+ (S− 1)(R2 + τ2ω2)

(2R+ 1)2 + τ2ω2(S+ 2)2

(1.8)

Fθ ≡
Fθf

ε0εexE2
=

9

2
[

R(RS− 1)

(2R+ 1)2 + τ2ω2(S+ 2)2
] cos θ sin θ (1.9)

where ω = 2πf , R = σex/σin, S = εin/εex, τ = ε0εex/σin and θ is the
angle between the radius vector and the field direction. It may be noted that
the notations used in the Torza et. al. are different from the Taylor’s leaky
dielectric model. Thus, the total stress on the droplet is F =

√
F2r + F

2
θ and

it decreases with increasing frequency, as shown in Fig. 1.16 (a). The steady
part of the shape deformation (Df = (d‖−d⊥)/(d‖+d⊥)) in the oscillatory
electric field is given by [31]

Df

aE2
=

9ε0εex
16γ

Φν (1.10)

where

Φf = 1−
R(11M+ 14) + R2[15(M+ 1) + S(19M+ 16)] + 15a2ω2(1 +M)(1 + 2S)

5(1 +M)[(2R+ 1)2 + a2ω2(S+ 2)2]
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and M = ηin/ηex. At low frequencies, the main contribution to the electric
stress comes from the tangential component (equation (1.8))which exceeds
the interfacial tension of the droplet and therefore, gives rise to a breakup of
droplets [143, 144]. The shape (equation 1.10) is an oblate spheroid (Df < 0)
at low frequencies since the normal stress (direction being radially inwards
when εin < εex) at the pole is larger than at the equator. However, at high
frequencies, the normal stress at the pole becomes smaller than at the equator
and the result is a prolate spheroidal droplet (Df > 0). At an intermediate
frequency fc, the stresses at the pole and the equator balance which gives
rise to a spherical drop (Df = 0) [31, 145]. The angular dependency of the
normal stress (equation (1.9)) is shown in Fig. 1.16 (b).
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List of Symbols

a Radius of particle
γ, ρ,η Surface tension, density and viscosity of water
Lc Capillary length
g Acceleration due to gravity
Lx,Ly Length and width of raft
N Number of particles
Φ Number density of particles
u0
x,ν Shear amplitude and frequency
D Distance between shear launching coverslip and stainless steel cantilever
σxy,σxx Shear and longitudinal stresses
R Lateral displacement
E Young’s modulus
l0,b,h Length, width and thickness of detecting object
I Second moment of area
x0 Point of detection from fixed end
Ae Effective area of contact
G,KA,B Shear, longitudinal and bulk moduli
uxy,uxx Shear and compressive strains
~s; sx, sy Displacement vector; horizontal and vertical components
θ = tan−1(sy/sx)
∆i Displacement of ith particle
λ Cumulative strain
Z Mean coordination number
A Voronoi cell area
f Number of floppy modes per particle
τ Structural relaxation time scale
v Velocity
m Mass of a single particle
Teff Effective temperature
α,k Attenuation coefficient and wavenumber
`s Scattering length
A0,Θ Amplitude and phase of wave
ω = 2πν
L Length of the dispersive medium



2
Particle rafts

2.1 Evolution of structure and mechanical re-

sponse of an amorphous athermal solid

with compressive stresses

2.1.1 Introduction

In crystalline solids in thermodynamic equilibrium, the onset of rigidity is
a direct consequence of the appearance of long-range positional order and
the broken continuous translational symmetry. No such overarching prin-
ciples are known to govern amorphous solids which are frequently out of
equilibrium. For example, the onset of rigidity in athermal granular sys-
tems has been a topic of great recent interest [91]. Such studies explore the
transition of a system from a state of zero rigidity (the unjammed state)
to that of a finite one (the jammed state) [90, 146, 147, 148]. But only a
few have explored further phase transitions that may exist within the rigid
state of the system [149]. In this work we study the mechanical response of
a rigid but amorphous particle raft to compressive (longitudinal) and shear
(transverse) stresses for varying particulate number density (Φ). These rafts
are space-filling assemblies of athermal hydrophobic particles floating at an
air-water interface and have properties common to elastic [24] and granular
[150] solids. Their mechanical response and structural reorganization reveal
anomalies that are suggestive of a phase transition between two amorphous
states, i.e., a low-density ‘less-rigid’ state and a high-density ‘more-rigid’
state.
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2.1.2 Experimental Details

2.1.2.1 Particle raft: A rigid and athermal model system

Surface tension assists hydrophobic particles which are denser than water
to float on it. They deform the otherwise flat liquid surface [18, 19] un-
der gravity, thereby generating long-range inter-particle attraction and form
particulate-clusters [20, 21]. The individual clusters show solid like prop-
erties, i.e., they retain their shape and have a finite rigidity. However, for
small areal coverage, these clusters are sparsely distributed. Hence, at length
scales comparable to the system size the collective mechanical property of
the floating clusters is governed by the intervening liquid. Upon compres-
sion, i.e., increasing the areal coverage, the individual clusters fuse to form
a contiguous system spanning structure. The short-range inter-particle in-
teractions depend on the surface roughness and wettability of the particles
and are either attractive or repulsive [21, 113]. The polydispersity∗ of the
particles makes the raft amorphous.

2.1.2.2 Experimental protocol to prepare the particle raft and its
structural characterization

The following experimental protocol is used to prepare the space filling struc-
ture of the raft.

(i) The hydrophobic (coated with FluoroPel PFC M1104V-FS from Cy-
tonix LLC) silica particles of average diameter (2a) are initially sprinkled on
the air-water interface in a Langmuir trough. These particles form disjoint
particulate clusters (see Fig. 2.1(a)). This state of the system is defined as a
‘patchy’ state. For data presented in this thesis, unless otherwise mentioned,
2a = 0.5 mm (polydispersity is 15% and density of silica is 2500 Kg/m3).

(ii) These clusters are then brought within the interaction distance, i.e.,
capillary length (Lc ∼ 2 mm)¶ [20], by moving the motorized Teflon barriers
of the trough inwards. This constitutes the first compression cycle (c1). As
a result of this compression the disjoint clusters coalesce to form a system-
spanning quasi-two-dimensional raft [113, 24, 150]. The inward motion of the
Teflon barriers is stopped just before the out-of-plane deformations (wrin-
kling) [24] of the raft appear. The resulting homogeneous ‘compressed’ state
of the particle raft is shown in Fig. 2.1(b).

∗The polydispersity is defined as the standard deviation of the particle size distribution
divided by its mean.
¶The capillary length, Lc =

√
γ/ρg ∼ 2 mm for water, where γ = 70 mN/m is the

surface tension of water, ρ = 1000 Kg/m3 is the density of water, and g = 9.8 m/s2 is the
acceleration due to the gravity.
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Figure 2.1: Micrographs of hydrophobized silica particles at the air-water inter-
face in the form of (a) disjoint clusters (patchy state) and (b) a homogeneous
‘compressed’ state of the raft in presence and (c) absence (‘relaxed’ state) of longi-
tudinal stress, with scale bars of 10 mm. (d) The left (right) panel shows the plot
of the radial density pair correlation function, g(r), of the ‘relaxed’ (‘compressed’)
state of the system.

(iii) The barriers are then moved outward in the first expansion cycle
(e1) until they detach from the raft (Movie2.1). Figure 2.1(c) shows the
micrograph of the resulting relaxed, yet rigid, state of the raft. Further cycles
of compression and expansion transform the system between the ‘compressed’
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and the ‘relaxed’ states.
The number density of the particles (Φ) between the barriers defined as,

Φ = Nπa2/(LxLy), where Lx and Ly (= 140 mm) are the length and width
of the raft, respectively, is chosen to be the relevant control parameter. This
is guided by the literature on the jamming transition [91, 90]. The reported
measurements are made in a range below the density where folds, i.e., out-
of-plane distortions [24], occur (Movie2.2). The lack of distinct features
beyond the third peak in the radial density pair-correlation function [151],
g(r), in Fig. 2.1(d), illustrates that the raft remains amorphous in both the
‘compressed’ (see Fig. 2.1(b)) and the ‘relaxed’ (see Fig. 2.1(c)) states. The
non-zero values of g(r) for r/2a < 1 are due to the polydispersity of the
particles and the possible numerical errors in detecting their coordinates.

2.1.2.3 Experimental setup

The schematic of the experimental set-up is shown in Fig. 2.2. Hydrophobic
silica particles are sprinkled on the air-water interface in a Langmuir trough
(300 mm × 145 mm × 25 mm) made of Teflon. These particles coalesce
and form disjoint (patchy) clusters. The two motorized Teflon barriers of the
trough are used to fuse these clusters into a homogeneous ‘compressed’ or
‘relaxed’ state by moving the barriers inward or outward in the x direction,
respectively. The system is illuminated uniformly from the bottom using
an LCD monitor through a glass window sealed in the trough and a camera
above records the image in the (x−y) plane at each barrier step (= 0.05mm).
The system is sheared in the x direction by moving a hydrophobic cover-
slip (60 mm × 24 mm × 0.15 mm) sinusoidally ux = u0

xcos(2πνt), where
u0
x = 0.05 mm and frequency ν = 20 Hz, connected to a three-axis piezo-

stage (PI-517.3CL). A stainless steel cantilever is kept at D = 60 mm in the
y direction from the shear launching cover-slip as marked by (i) and shown at
the left-bottom of Fig. 2.2 with the dimensions mentioned. The hydrophobic
cover-slips attached to the piezo stage and the cantilever make contact with
the particles at the air-water interface. The shear stress (σxy) is measured
from the lateral displacement of the cantilever. The displacement is sensed
by a fiber optic-based displacement sensor (MTI-2000 FOTONIC) from the
interference of light that is reflected from the mirror glued on the cantilever at
a distance of 25 mm from the fixed support. The output of the displacement
sensor is fed to a lock-in amplifier (SR830). The displacement sensor is
calibrated by increasing the distance between the fiber and the cantilever
(d0) and recording the corresponding change in the voltage output of the
instrument (∆V), as shown in Fig. 2.3. The linear fit yields the calibration
factor for the displacement sensor of 150 µm/V . A parallel plate capacitor,
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Figure 2.2: Experimental setup: hydrophobized microscope cover-slip attached to
a piezo-stage oscillates along x producing a sinusoidal shear deformation. (i) The
cantilever with an attached microscope cover-slip, placed along y at a distance
(D) = 60 mm away from the piezo-stage measures the shear stress (σxy). (ii)
A parallel-plate capacitor, marked as the force-sensor, is used to measure the
longitudinal stress (σxx).

used as a force-sensor, is marked by (ii) and also shown with dimensions in
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Figure 2.3: Calibration curve of the displacement sensor. The red line is a linear
fit with a slope of 150 µm/V.

the right-bottom of Fig. 2.2. It is made of 0.2 mm thick flexible polymeric
sheet and kept at a distance of 30 mm from the cantilever in the y direction.
The metal electrodes are glued at the bottom of the two plates of the force-
sensor with a separation of 3 mm and are immersed in water. A capacitance
bridge (1615-A General Radio) is used to detect the change in the plate
separation during compression (or expansion) from the lateral deflection of
the individual capacitor plates. The output of the capacitance bridge is fed
to another lock-in amplifier (SR830) which drives the bridge at 100 kHz. The
capacitance bridge is operated in an unbalanced condition to obtain the larger
sensitivity in the capacitance change. The bridge is calibrated by changing
the capacitance value from its balanced condition (∆C) and recording the
corresponding change in the output voltage of the bridge (∆V0), as shown in
Fig. 2.4. The linear fit yields the calibration factor for the capacitance bridge
of 1.63 × 10−3 V/pF. The stresses, shear (σxy) and longitudinal (σxx), are
calculated using the “bending-of-a-beam” formula using lateral displacement
of the cantilever in the former case and the plate deflection in the latter.
The formula used in general is given by: the stress σ = 6REI/x20(3l0 − x0)Ae
[23], where R is the lateral displacement, E is Young’s modulus, I = bh3/12
is the second moment of the area (b and h are the width and thickness of
the detecting object, respectively), l0 is the length of the object, x0 is the
point of detection from the fixed end, and Ae is an effective area of contact
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Figure 2.4: Calibration curve of the capacitance bridge. The red line is a linear fit
with a slope of 1.63× 10−3 V/pF.

with the particles. All these parameters used in the calculation of stress’ are
tabulated in table 2.1 for the cantilever and the parallel plate force sensor.
The system without particle rafts has a resonant frequency of about 45 Hz. It
is shown in Fig. 2.5 in the transmission of the shear signal with ν in water.
The experiments have been performed at a frequency (ν = 20 Hz) where
the transmission of shear through water is very small. The comparison of
magnitude of shear signal in water and in particle rafts (Φ ∼ 0.71) is shown
in the inset of Fig. 2.5.

Additionally, the system is imaged under no shear for each position of the
barriers. These images are then analyzed to obtain the mean coordination
number (Z) and to generate the Voronoi diagram from which mean cell area
(〈A〉) is calculated.

2.1.3 Measurement of mechanical response

The mechanical response of this system to external stresses (longitudinal
and shear) is described in this thesis in terms of a spatially averaged effective
longitudinal and shear moduli (KA and G, respectively) that are defined as:
KA = δσxx/δuxx and G = σxy/uxy, where uxy = u0

x/D is the shear strain,
D = 60 mm is the distance of the cantilever from the shear-launching mi-
croscope cover-slip, and δuxx = −δLx/L

0
x = δΦ/Φ0 is the incremental com-
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length
(l0)
(mm)

width
(b)
(mm)

thickness
(h)
(mm)

Young’s
modu-
lus (E)
(GPa)

point
of de-
tection
(x0)
(mm)

effective
area
(Ae)
(mm2)

Cantilever 90 13 0.13 200 25 30
Parallel
plate
force-
sensor

60 25.4 0.2 2 60 12.7

Table 2.1: Parameters used in the calculation of σxx and σxy for the cantilever
and the parallel plate force sensor

R 
(V

)

R 
(V

)

Figure 2.5: Transmission of shear signal R (in Volts) with frequency (ν) in water.
For a comparison, the magnitude of shear signal in water (black symbols) and in
particle rafts at Φ ∼ 0.71 (gray symbols) are shown in the inset.

pressive strain, where L0x is the length of the raft in the relaxed (compressed)
state for a compression (expansion) run and Φ0 is the density correspond-
ing to L0x. Both σxx and σxy are measured with an instrumental resolution
of 1 mPa. The noise observed in the data is intrinsic to the system and
is a signature of the finite size effect of the system. Thus the longitudinal
modulus (KA) is calculated by numerically differentiating smoothed (using a
polynomial fit) σxx with respect to Φ. We note that the elastic moduli are
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Figure 2.6: Variation of longitudinal stress (σxx) and shear stress (σxy) are plotted
as a function of Φ in (a) and (b) respectively for c1 (open symbols) and e1 (filled
symbols) cycles. The arrows in (a) shows the direction in which Φ changes. The
region over which σxy shows a softening is marked as region I. In region II, σxy
increases rapidly. The different states of the system, i.e., patchy, ‘compressed’ and
‘relaxed’ are marked in the figure. The transition region separating I and II is
shaded.

used here as an intuitive measure of the stress-transmission defined above.
A detailed discussion on elastic constants of athermal amorphous materials
is given in [5].

Figure 2.6(a) and (b) show the variation of σxx and σxy with Φ for c1
(open symbols) and e1 (filled symbols). The first compression cycle (c1)
starts from the patchy state (see Fig. 2.1(a)) where both σxx and σxy
are zero, while the expansion cycle (e1) starts from the ‘compressed’ state
(see Fig. 2.1(c)). During the first compression, system-size spanning stress-
bearing networks form around Φ = 0.74, marked by rapidly growing longi-
tudinal and shear stresses. However, during the subsequent expansion cycle
towards the ‘relaxed’ state (Φ ∼ 0.69, as in Fig. 1(c)), both σxx and σxy
remain finite.

For the first compression onwards the observed variation of the stresses
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Figure 2.7: The variation of (a) longitudinal modulus (KA), (b) shear modulus
(G), (c) and the ratio KA/G as a function of Φ for the first expansion cycle.The
longitudinal modulus (KA) is calculated by numerically differentiating smoothed
(using a polynomial fit) σxx with respect to Φ.

separates into two regions: region I for Φ < 0.74, where σxy decreases,
and region II for Φ > 0.74, where σxy increases rapidly with Φ, whereas
σxx increases monotonically and non-linearly with Φ in both regions. The
variations in the stress transmission characteristics are illustrated through
the computed KA and G, shown in Fig. 2.7(a) and (b), respectively. The
ratio, KA/G, shows a pronounced but inhomogeneously jagged cusp around
Φ = 0.74 (see Fig. 2.7(c)). Since, in continuum elasticity, the bulk modulus
B = KA − 4G/3; here, KA � G, thus B ∼ KA. The transition region is
broad and shown as a shaded region in the figures. The extent of decrease of
σxy in region I decreases on further cycling. This can be attributed to the
athermal nature of the particle rafts and is discussed later in section 2.1.6.
Within experimental errors, we see no specific trend in the value of Φ where
the transition happens with particle size. The value of Φ at the transition,
averaged over different particles sizes, and many experimental realizations of
each, is 0.64± 0.07.
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2.1.4 Structural rearrangement

The displacement field associated with the particles in response to the barrier
movement is calculated by digitally cross-correlating an image correspond-
ing to a specific Φ to a latter one obtained after displacing the barriers
by 0.25 mm. The details of computing the displacement field is given in
ref. [152, 153]. The right panel of Fig. 2.8 shows the typical displacement
field during the first expansion cycle. The field is inhomogeneous and ex-
hibits a large number of complex cellular features for Φ < 0.74. This is
reflected in the broad distribution of the probability distribution function,
P(θ), of the argument (θ) associated with the displacement vectors (~s), i.e.,
θ = tan−1(sy/sx) [154] shown in the left panel of Fig. 2.8. However, for
Φ > 0.74 the field becomes homogeneous and P(θ) narrows considerably.
The spatial resolution of the above imaging method is 0.05 mm and it limits
us from calculating the displacement field associated with the shear defor-
mation.

The inhomogeneity of the displacement field at low densities (Φ < 0.74)
arises from mechanical instabilities which can be interpreted as plastic events
at the scale of the particle size (Fig. 2.9, Movie2.3). In order to study the
plasticity associated with the motion of the particles, they are individually
tracked. Representative particle displacements (∆i) measured from the ‘re-
laxed’ state are plotted as a function of σxx in Fig. 2.9(a) for the second
compression (c2) cycle. The jaggedness of the graph, i.e., sudden jumps in
∆i’s, is associated with plasticity. A measure of the total number of plastic
events associated with the stress cycling is obtained from the hysteresis of
the cumulative strain parameter (λ),=

∑
∆i/L

0
x, where the summation is

carried out over all the particles. Figure 2.9(b) shows the variation of λ with
σxx for successive compression (open symbols) and expansion (filled symbols)
cycles.

The images of the raft at various Φ’s are used to further explore possible
structural signatures of the transition. Figure 2.10(a) shows an increase in

the mean coordination number Z (= N
∫2a+ε
0 2πlg(l)dl), where ε is chosen

to match the first peak in g(r) as a function of Φ. The non-zero value of ε
suggests that the particles are not in mechanical contacts and is a measure
of short-range effective repulsion [113]. The corresponding variation of the
mean Voronoi cell area 〈A〉 normalized with the particle area (πa2), an al-
ternative measure of the local structure and compactivity [155], is plotted in
Fig. 2.10(b). We excluded the edges of the cells which are not closed at the
boundary in the calculation of 〈A〉. Also, the number of floppy modes per
particle (f ) is computed using “2D pebble algorithm” discussed in appendix
A. Figure 2.11 shows the variation of f as a function of Φ. All computed
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Figure 2.8: Displacement field of the particles and the probability distribution of
angles, P(θ) associated with the displacement vector (~s) measured during the first
expansion cycle is shown in right and left panel respectively. Here θ = tan−1(

sy
sx
)

For values of Φ < 0.74 the displacement field is inhomogeneous and exhibits a
large number of complex cellular features (right panel). This is reflected in the
broad distribution of P(θ) (left panel). However, for values of Φ > 0.74, the dis-
placement field becomes spatially correlated over large distances and P(θ) narrows
considerably. The arrow indicates the progressive sequence of Φ’s, i.e, the system
moves from a state of high density, i.e., Φ = 0.77 to a state of low density, i.e.,
Φ = 0.69.
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Figure 2.9: (a) Typical displacement curves of a few particles (∆i), measured
from its position in the ‘relaxed’ state as a function of σxx. For visual clarity
the curves are shifted vertically. The corresponding scale bar of the displacement
is shown in the figure. The data is plotted for a compression cycle. (b) The
variation of the cumulative strain ( λ =

∑
∆i/L

0
x, where the summation is over all

the particles) with σxx for successive compression (open symbols) and expansion
(filled symbols) cycles. The uncertainty in the measurement of ∆i and λ is shown
by the accompanying band.

quantities, i.e., Z, 〈A〉/πa2 and f , vary linearly with Φ in region I, but how-
ever they start to deviate from the initial slope (shown by the extrapolated
dashed line) in the transition region. This suggests that the measured weak-
ening of the shear modulus is accompanied by structural reorganizations at
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Figure 2.10: The variation of (a) the mean coordination number Z and (b) the
mean Voronoi cell area 〈A〉 normalized with the particle’s area (πa2) as a function
of Φ. We excluded the edges of the cells which are not closed at the boundary
in the calculation of 〈A〉. The solid lines show their linear variation in region I.
The dashed lines which are a linear extrapolation of initial variation highlights the
later deviation of the graphs. The data presented here is for e1.

the length scale of nearest neighbors throughout the system. A change in
the slope of 〈A〉/πa2 suggests the reorganization of the particle density in
the region of interest (imaging area). These results, though noisy, provide
qualitative evidence for presence of a transition around Φ ∼ 0.74.

2.1.5 Discussion of results

The choice of an order parameter in a disordered system is usually not unique
and is often subjective [156]. In our experiments, we find the mean coordi-
nation number Z is a sensitive parameter to describe the transition. The
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I II

Figure 2.11: Variation of the number of floppy modes per particle (f ) calculated
from the “2D pebble algorithm” as a function of Φ. The solid line shows the
linear variation in region I. The dashed line which is a linear extrapolation of
initial variation highlights the deviation of the graph in region II.

dependence of KA and G on Z is shown in Fig. 2.12(a) and (b), respectively,
for e1 and c2. The system exhibits two terminal states, (i) a ‘less-rigid’ state
(KA ∼ 20 Pa and G ∼ 10 Pa) and (ii) a ‘more-rigid’ state (KA ∼ 2000 Pa
and G ∼ 200 Pa). The transition from one state to the other is marked by
a decrease in G around Z ∼ 3.6, although, KA changes monotonically with
increasing Z. Hence, the anomaly observed in the variation of the shear
compliance, i.e., 1/G, is reminiscent of the behavior of the magnetic suscep-
tibility at a spin glass transition in disordered magnets [157]. The value of
Z at the transition, which shows no specific dependence on the particle size,
varies between 3.2 and 3.6 in different experimental realizations.

The cusp in KA/G (see Fig. 2.7(c)) is a robust feature of this transition.
This is a signature of the difference in the density dependence of KA and
G, reminiscent of, but distinct from, the power-law divergence observed in
simulations of the jamming transition in frictionless granular materials [91].
However, one must emphasize that the phenomenology observed here is far
from the original definition of athermal jamming for which only hard core
interaction is considered and where the transition is between rigid and non-
rigid states. In the conventional sense the ‘relaxed’ state of the system is
already in a jammed state. The observations should be viewed as a transition

47



Chapter 2. Particle rafts

MORE-RIGID

LESS-RIGID

(a)

(b)

Figure 2.12: Variation of (a) KA and (b) G as a function of Z. The filled sym-
bols correspond to e1 while the open ones correspond to c2. The shaded regions
indicate the spread in the data. The ‘less-rigid’ (schematically shown as a capil-
lary bridged interaction in (a)) and ‘more-rigid’ states (schematically shown as a
friction dominated interaction in (a)) are marked in the figure. The inverted cusp
in G versus Z corresponds to the slipping of the contact line (schematically shown
in (b) with a greater width of a sliding contact line). The inset of (b) shows the
variation of G of the ‘less-rigid’ (triangles) and ‘more-rigid’ (square) states of the
raft as a function of particle diameter (2a). The solid lines passing through the
data show a−1 and a−2 variation of G for the ‘less-rigid’ and ‘more-rigid’ states,
respectively.

between two rigid states whose differences are discussed below.
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2.1.6 Microscopic mechanism associated with the tran-
sition
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Figure 2.13: (a) Frequency dependence of G measured at Φ = 0.77. (b) The time
dependence (creep effect) of σxy is shown for different Φ’s.

In order to understand the microscopic mechanism associated with the
transition, we investigated the dependence of G on the particle size (see inset
of Fig. 2.12(b)). For the ‘less-rigid’ state (filled triangles), G ∝ a−1. This
is consistent with a capillary bridging mechanism (G ∼ γ/a, where γ is the
surface tension of the liquid) through the pinned contact lines of the liquid on
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the particles [113, 24]. In the ‘more-rigid’ state the contact friction dominates
the inter-particle interaction. The measured shear modulus (G) scales with
the number density of contacts, which is proportional to the number density
of particles, i.e., G ∝ N/(LxLy) ∼ Φ/a2. It assumes that the roughness
scale is independent of the particle size. Since this happens over a narrow
range of Φ, one obtains G ∝ a−2 as in conventional elasticity in a quasi-two-
dimensional system [1]. We hence conclude that regions I and II represent a
capillary-bridged solid and a frictional solid, respectively.

(a)

(b)

Figure 2.14: The figure shows the variation of σxx and σxy for various compression
(open symbols) and expansion (filled symbols) cycles as a function ofΦ for particles
of diameter 1 mm. The sequence of expansion and compression are as follows,
first compression (data not shown for reasons discussed in the main text) : first
expansion (e1: filled triangles), second compression (c2: open triangles), second
expansion (e2: filled circles), third compression (c3: open circles), third expansion
(e3: filled stars), fourth compression (c4: open stars). The repeated compression-
expansion cycles result in annealing of the raft and thus later cycles show a reduced
but finite hysteresis.
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2.1.7 Time dependent effects and stress cycling in the
particle raft

The structural relaxation time of the particle raft, τ = 12πηa3/mv2 ∼ 1000 s,
where m = 0.2 µg and v = 50 µm/s are the mass and velocity of a single
particle, respectively, and η = 1 mPa · s is the viscosity of the liquid. In
calculating the relaxation time, we assume that the effective temperature
of the system (Teff) is related to the kinetic energy of the particle, i.e.,
Teff = mv2/2KB, where KB is the Boltzmann’s constant. The system thus
takes a long time to reach its equilibrium state. This would mean that the
system would typically find itself in a kinetically arrested state and would
show a dependence on the history of the paths via which a given state of the
system is reached. Indeed, measurements above 1 mHz probes a frequency-
dependent rigidity of the material as shown in Fig. 2.13(a) for Φ = 0.77.
Moreover, creep effects (time-dependence) in σxy are more pronounced in
region II than in region I, as shown in Fig. 2.13(b). Interestingly, the stress
allows the ‘more-rigid’ frictional solid to explore various metastable states
and hence the system shows a marked ‘creep’, i.e. a temporal variation, in
σxy. This is absent for the ‘less-rigid’ capillary solid suggesting that it is
closer to a deeper metastable minimum. Strong history dependence is also
seen in the variation of σxx and σxy measured for subsequent compression
and expansion cycles which broadly follow the trend (see Fig. 2.6) but with
greatly reduced hysteresis (see Fig. 2.14, the data shown in the figure is
for particles whose diameter is 1 mm), analogous to residual densification
observed in amorphous materials [158].
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2.2 Shear wave propagation in particle rafts

2.2.1 Introduction

Wave propagation in a medium is a good method to obtain the dispersion
relation and damping of the medium. Damping of the medium is related to
the attenuation coefficient (α) and the propagation with wavenumber (k ∼

1/λ; λ is the wavelength). When α < k, the wave will be a propagating
wave; otherwise it is a diffusive wave, i.e., α > k. There exists a crossover at
α/k ≈ 1 from propagating to diffusive wave and vice versa. It is known in
the literature as Ioffe-Regel criterion and usually expressed in the form of k
and scattering length (`s) and, given as k`s ≈ 1 [159].

2.2.2 Experiment

The protocol to make particle rafts is discussed in section 2.1.2.2. The
schematic of the system is shown in Fig. 2.15(a). The particles used in
the experiment are of size 0.5±0.08 mm. The system is sheared sinusoidally
with frequency ν and amplitude u0

x in the x-direction using piezoelectric
shaker. A glass window (dimension: 160 mm × 130 mm) is sealed in the
trough for the large area imaging of the system. A high speed camera above
captures the images of the system at a fixed frame rate of 100 fps for about
5 s, at each Φ value. The recorded images are then analysed to obtain
the displacement field, u, associated with the shearing of particles by cross-
correlating the subsequent frames using particle image velocimetry algorithm
written in Matlab [152, 153]. The displacement field is shown in Fig. 2.15(b)
and (c) for the positive and negative half cycles of the shear, respectively.
The x−component of the field, i.e., ux, is averaged over x for each value of
y. Figure 2.15(d) shows the variation of ux with distance D along y from
the shaker at y = 0 for the positive and negative half cycles of shearing and
corresponds to Fig. 2.15(b) and (c) respectively.

2.2.3 Results and Discussion

Figure 2.16(a) shows a typical amplitude map of the displacement with D
and time t. The time averaged amplitude (A) and phase (Θ) as a function
of D is shown in Fig. 2.16(b) and (c), respectively for different Φ’s. At
low Φ, the shear wave is highly attenuated and experience a large phase
shift. However, with increasing Φ, the attenuation of the wave goes down
and becomes nearly in-phase with the incident shear wave. The phase Θ
of the wave changes linearly with D which we have used to calculate the
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Figure 2.15: (a) Schematic of experimental set-up. Displacement fields obtained
at (b) positive and (c) negative half cycles of the shear. (d) Variation of ux
normalized with displacement at y = 0 ((ux)y=0) as a function of the distance D
along y from the shaker.

wavenumber (k) of the wave. The wavenumber (k) is defined as:

k = Θ/D (2.1)

i.e., the slope of the curve shown in Fig. 2.16(c). The attenuation coeffi-
cient (α) is obtained by fitting the amplitude curve, e.g., as shown in Fig.
2.16(b), with the expression derived from the superposition of the incident
and reflected waves. The algebra is described below.

Wave propagation in a 1-d dispersive medium

Consider a wave, ux = u0 sin(kx − ωt), launched from the origin (0, 0)
with frequency ω = 2πν and propagates in a dispersive media of length L,
characterized by the attenuation coefficient (α) [160], illustrated in Fig. 2.17.
The amplitude of the wave at (x, 0),
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Figure 2.16: (a) Amplitude map of the displacement with D and time t. The
white dashed lines indicate the linear variation of the phase (Θ) of the wave and
the intensity of the colour highlights the amplitude value (A). Variation of the
time averaged (b) amplitude A normalized with amplitude at D=0 and (c) phase
Θ of the sinusoidal wave with D for different Φ values.

(0,0)

u
x
=u

0
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L

Figure 2.17: An illustration of the problem.

u1 = u0e
−αxsin{kx−ωt}

and the amplitude of the wave again at (x, 0) but being reflected from (x ′, 0),

u2 = u0e
−αLe−α(L−x)sin{k(L− x) −ωt}

Therefore, the superposition of u1 and u2 yields,

u ≡ u1 + u2 = u0[e
−αxsin{kx−ωt}+ e−2αLeαxsin{k(L− x) −ωt}]

or,

u ′ ≡ u

u0e−2αLeαx
= (e2α(L−x)−1)sin(kx−ωt)+2sin(

kL− 2ωt

2
)cos(

2kx− kL

2
)

(2.2)
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Figure 2.18: Variation of α (circles) and k (rectangles) with Φ for (a) ω = 6 rad/s
and (b) ω = 63 rad/s for the compression cycle. Softening is highlighted by the
blue shaded region in (a). Insets of (a) and (b) show the dependency of α/k on
Φ. The region where α/k < 1 is highlighted by the gray color. In this region
(Φ < 0.76) the wave is propagating and Φ > 0.76, the wave becomes diffusive
(α/k > 1).

Define,

a ≡ (e2α(L−x) − 1)sin(kx−ωt)

b ≡ 2sin(
kL− 2ωt

2
)cos(

2kx− kL

2
)

The intensity,
u ′2 = (a+ b)2 = a2 + b2 + 2ab (2.3)

a2 = (e2α(L−x) − 1)2sin2(kx−ωt) = (e2α(L−x) − 1)2
1 − cos2(kx−ωt)

2
(2.4)

Using the fact that time average of cosine or sine variations goes to zero, i.e.,
< cos2(kx−ωt) >t= 0. Therefore, we obtain

a2 =
1

2
(e2α(L−x) − 1)2 (2.5)
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Figure 2.19: Frequency dependency of α (open circles) and k (filled circles) in (a)
uncompressed (Φ = 0.74) and (b) compressed (Φ = 0.76) states of the rafts. The
gray shaded area in (a) highlights the region above ω = 60 rad/s where the wave
is propagating. The inset in (b) shows the variation of the ratio α/k as a function
of ω for the two states of the rafts.

b2 = 1 + cos(2kx− kL) (2.6)

and
2ab = (e2α(L−x) − 1)(cos(2kx− kL) + 1) (2.7)
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Putting back the expressions of a2, b2 and 2ab from eqns. (2.5), (2.6) and
(2.7) respectively in eqn. (2.3), we get

u ′2 =
1

2
(e2α(L−x) − 1)2 + e2α(L−x)cos(2kx− kL) + e2α(L−x)

From eqn (2.2),

A ≡ u

u0

= e−2αLeαx
√

1

2
(e2α(L−x) − 1)2 + e2α(L−x)cos(2kx− kL) + e2α(L−x)

(2.8)
The amplitude curves, shown in Fig. 2.16(b), obtained for different Φ’s are
fitted with eqn. (2.8) to obtain the attenuation coefficient α. Here, x = D,
L = 0.13m (width of the raft) and the wavenumber (k) is fed from the eqn.
(2.1).
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"
 (r
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/s
)

Figure 2.20: Dispersion relation, i.e., ω − k, obtained in the compressed (filled
circles) and uncompressed (open circles) states of the rafts.

Their variations, i.e., α and k, with Φ for compression and for two fre-
quencies ω = 6 and 63 rad/s are shown in Fig. 2.18(a) and (b), respectively.
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For ω = 6 rad/s, the wave is always diffusive since α remains much larger
than k over the whole Φ range, also shown in the inset of Fig. 2.18(a) in
the variation of α/k. At high frequency ω = 63 rad/s, α takes over to k at
aroundΦc = 0.76, where α/k ≈ 1, shown in the inset of Fig. 2.18(b). At this
frequency, the system supports propagation of wave below Φc (highlighted
by the gray region in Fig. 2.18(b)) and above Φc, the wave in the medium
becomes diffusive. This observation confirms, the interaction among the par-
ticles changes with Φ as suggested by our earlier studies discussed in Chapter
2. It goes from a capillary mediated interaction at low Φ, where k > α, and
towards the frictionally dominated interaction at large Φ (k < α). How-
ever, the softening arises from the depinning of the contact lines is marked
by the increase in the attenuation coefficient (α) with Φ at low frequency
ω = 6 rad/s, corresponding to the time scale (∼ 1 sec) of particles’ rear-
rangement. The soften region is highlighted by the shaded blue color in Fig.
2.18(a).

Figure 2.19 shows the frequency dependency of α and k in the uncom-
pressed (Φ = 0.74) and compressed (Φ = 0.76) states of the raft. The
diffusive (ω = 6 rad/s) and propagating wave (ω = 60 rad/s) at Φ ∼ 0.74
are shown in the Movie2.4 and Movie2.5, respectively. In the uncompressed
state, k takes over α around ω = 60 rad/s (Fig. 2.19(a)), however, k re-
mains smaller than α in the compresses state of the raft (Fig. 2.19(b)). The
ratio, α/k, shows the crossover from a highly attenuated state (α/k > 1) to
a propagating state (α/k < 1) around ω = 60 rad/s at Φ = 0.74, shown in
the inset of Fig. 2.19(b). The dispersion relation, ω−k, is highly nonlinear,
shown in Fig. 2.20.

2.3 Conclusion

We have shown that a rigid particle raft can undergo a phase transition from
a ‘less-rigid’ low density state to a ‘more-rigid’ high density state as a func-
tion of particulate number density. The transition is marked by a weakening
of the shear modulus. The measured shear modulus which distinguishes the
two states of the system, i.e., ‘less-rigid’ and ‘more-rigid’, arises from the
restoring force of pinned contact lines in the former case and from parti-
cle contacts through a frictional coupling in the latter. The weakening of
the shear modulus observed in the crossover region is thus attributable to a
reduction of restoring force arising from plastic events caused by the mechan-
ical instabilities and the associated depinning of the contact lines [161, 162].
The results show that there exists a transition from a ‘less-rigid’ solid to a
relatively ‘more-rigid’ one in the particle rafts under compression.
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Similar signatures of phase transition and softening of shear modulus are
also seen in the wave propagation experiments. As the attenuation coefficient
(α) becomes greater than wavenumber (k), the wave becomes diffusive. For
smaller values of ω (∼ 6 rad/s), one observes diffusive wave for all values
of Φ. However, at larger values of ω (∼ 63 rad/s), the transition from
a propagating (α < k) to diffusive (α > k) happens at larger values of
Φ. Both the capillary and frictional solids are viscoelastic. The crossover
value of Φ is lower at higher values of ω. The softening phenomena is more
pronounced at smaller drive frequencies. The detailed connection between
the crossover from the propagating wave to diffusive wave and the capillary
solid to frictional solid is not established in this thesis and would be an
interesting aspect to pursue further.

Given that the long-range interaction between the particles is attractive,
the system can be thought of as a glass. We classify the transition as a deep
jamming [149] phenomenon observed in an attractive glass system. This is
suggestive and further study needs to be done to provide a rigorous classi-
fication of the transition [163]. Although the results presented in the thesis
are specific to particle rafts, the weakening of the shear response and lo-
cal reorganization seen in the present experiment, have also been observed
in network glasses [73, 44]. We hope that the present experiment will pro-
vide some insight into the complex phenomenon of pressure induced phase
transitions in amorphous solids.
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List of Symbols

a0 Diameter of particle
Φs Silica fraction
E Electric field
χ Dielectric polarizability
P Electric polarization
T Torque
θ Angle between E and axis of symmetry in the plane of the film
ξ0 Characteristic length scale
Ad Detached area fraction
zmax Maximum deviation of a crack from its mean value
κ Roughness exponent
G Rigidity modulus
fp Adhesion force
np Density of adhesion sites
W = npfp

2

δ Roughness length scale
ξ Correlation length in two dimensions
u0 Range of adhesion potential
Y,K Young’s and bulk moduli
σc,γc Critical stress and critical tensile strain





3
Colloidal thin films

3.1 Tuning of length scale over which failure

happens in an amorphous solid

3.1.1 Introduction

Detachment of surfaces from one another in materials under stress is a ubiq-
uitous physical process in nature and spans extremely large spatial and tem-
poral scales, from a microscopic single-particle desorption of gas molecules
[164] to a macroscopic and collective delamination of solids [165, 166]. Both
phenomena are well-studied in literature. But their apparent conceptual sim-
ilarity is not explored in a unified and controlled way because systems with
tunable rigidity that can be subjected to a sufficiently large and variable
stress are rare. In this work, we circumvent these difficulties by studying the
detachment of colloidal thin films of varying rigidity by applying a tunable
external stress upon them by a d.c. electric field.

3.1.2 Experiment

The films were prepared by drying [167] a drop of a suspension containing
a mixture of monodisperse polystyrene (Bangs Lab., Catalog Code PS05N)
and silica spheres (Polysciences Inc. Catalog Number 24331) of diameter
(a0 = 4 µm) in varying proportions on an indium tin oxide (ITO)-coated
glass slide. The location of silica and polystyrene particles in thin films are
identified by confocal microscopy. Polystyrene particles are made fluorescent
using Nile blue sulfate dye. Nile blue sulfate has excitation wavelength of
488 nm and emission wavelength of 560 nm. First, the polystyrene parti-
cles (volume ∼ 20 µl) are washed repeatedly with de-ionized water and then
centrifuged to remove the excess water. These particles are then suspended
in a dye solution which is prepared by adding 5 µl of Triton X-100, 1 ml
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Figure 3.1: Confocal images of thin films for silica fraction ΦS= (a) 0.25 (b) 0.5
and (c) 0.75. The silica particles are shown in black while the polystyrene are
shown in white.

of Isopropyl alcohol, 200 µl of chloroform and a small amount of dye. The
system is left for 12 hours. The particles are collected back by centrifuging
the system at 15000 rpm. Silica particles, however, are difficult to make
fluorescent and it requires sophisticated chemistry skills. We identified silica
particles in the polystyrene, though fluorescent, matrices by adding another
dye solution (fluorescein in glycerol) on the film. Fluorescein has the same
excitation wavelength as nile blue sulfate, i.e., 488 nm, but a different emis-
sion wavelength of 514 nm. Therefore, a blue laser of wavelength 488 nm
is used to excite the system and the emitted fluorescent signals are allowed
to pass through red and green filters. Red filter passes the signals emitted
from the polystyrene particles and the particles would be bright in a dark
background. However, the green filter will mainly pass the signals emitted
from the fluorescein dye. Thus, the background will look bright and the silica
particles would be dark. The images from confocal microscopy of the thin
films for silica fraction (ΦS) =0.25, 0.5 and 0.75 are shown in Fig. 3.1. The
silica and polystyrene particles are shown in black and white, respectively.
A heterogeneous coagulation, without macroscopic phase separation, helps
forming connected networks of particles, imparting rigidity to the films. The
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Figure 3.2: The schematic of the experimental set-up.

covalent-type interaction between silica particles (Si-O-Si) [26] is stronger
than the van der Waals-type interaction between polystyrene particles [168].
Therefore, the film becomes more rigid with increasing silica fraction (ΦS)
due to the increased density and connectivity of the mechanically stronger
silica clusters.

The schematic of the experiment is shown in Fig. 3.2. The external
mechanical stress to the films was applied in the form of a dc electric field
between two ITO electrodes separated by an oil-filled (microscope objective
oil, Immersol 518 F from Carl Zeiss) insulating spacer of thickness 100 µm.
The field was ramped in steps of 0.01 V/µm with a waiting period of 2 sec
between steps.

3.1.3 Results and Discussion

In a dc field E, the dielectric film has an induced electric polarization Pi =
χijEj where χ is the dielectric polarizability. Due to the shape anisotropy
and misalignment of the film’s principal axes, P is generally not collinear
with E. This leads to an anisotropic depolarization factor which produces a
spatially varying torque on the film given by T = P× E and is proportional
to E2sin(2θ), where θ is the angle between E and the axis of symmetry in the
plane of the film [169]. The torque generates an inhomogenous stress (σ ∼ E2)
in the system. When E exceeds a critical field Ec needed to overcome the
adhesion to the substrate, the film breaks up into patches of a characteristic
length scale (ξ0) which delaminate. Figure 3.3 shows delaminated pieces
aligning along E (perpendicular to the plane of the paper), demonstrating
the presence of the torque‡‡ (see also Movie6).

Figure 3.4 shows representative micrographs that illustrate three different

‡‡The dielectric constants (ε) of silica and polystyrene are different (εsilica = 2.05 and
εpolystyrene = 2.5). Hence, differential stresses act on the system in the scale of a particle
for 0 < ΦS < 1. Since the film fails over a scale involving a large number of particles it is
approximated as a homogeneous dielectric medium.
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E II

0 2 2.5
Figure 3.3: The delaminated pieces (marked by circles and indicated by arrows) of
a purely silica film ΦS= 1 are aligned in the direction of the field (perpendicular
to that of the paper) due to the torque experienced. The field values are shown in
right-bottom of the micrographs in units of V/µm.

types of detachment, (i) a vapor-like desorption for soft films with small silica
fraction, ΦS < 0.3 in (a), (ii) a solid-like delamination for rigid films with
large silica fraction (0.8 < ΦS < 1) in (c) and (iii) a mixed type in the
intermediate regime (0.3 < ΦS < 0.8) in (b). In the desorption-regime in
(a), the micrographs show that, with increasing E, spatially uncorrelated
particles, marked by white spots in the middle panel desorb individually,
i.e., ξ0 = a0. In the mixed regime (b), detachment proceeds in the form of
larger spatially contiguous areas with irregular boundary, typical of blisters,
as shown in panel (b). Importantly, individual desorption events coexist with
this form of dynamics. In the solid-like regime shown in panel (c), detachment
proceeds by nucleating cracks which then propagate. The delaminated pieces
contain about 104 particles, i.e., ξ0 ∼ 100a0. The dynamics of detachment
of thin films of ΦS = 0, 0.5 and 1 with electric field E are shown in Movie7,
Movie8 and Movie9, respectively. The field values in the movies are in units
of V/µm.

These observations are represented quantitatively in Fig. 3.5 where the
detached area fraction Ad is plotted against the applied electric field E for
films of varying silica fractions (ΦS). For the soft films, (ΦS = 0), de-
tachment starts at low E; Ad grows smoothly, representing sequential “des-
orption” of single particles. At intermediate rigidity (ΦS = 0.5), Ec changes
little but the curve displays jaggedness, i.e., regions of large and small deriva-
tives, typical of inhomogeneous tearing in large and small pieces, respectively,
also seen in other related systems [170]. The images indeed confirm that large
spatially correlated regions detach together for ΦS = 0.5 while uncorrelated
single-particle events occur for ΦS = 0. For pure silica films (ΦS = 1) of
larger rigidity, Ec is much larger and a sequential detachment of large chunks
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Figure 3.4: Three rows, marked (a), (b) and (c) show the delamination dynamics
for three systems representing a soft (ΦS = 0), an intermediately rigid (ΦS = 0.5)
and the most rigid (ΦS = 1) films respectively. Each row shows three micrographs
of the films at various values of electric field (marked in units of V/µm). The white
regions in the central panel of (a) mark the locations of the evaporated particles
which are uncorrelated as in a vapor. For ΦS = 1 in (c), the onset of delamination
occurs through nucleating cracks spanning many particle diameters. For ΦS = 0.5
in (b) the delamination begins through ‘blisters’ (shown in the central panel of
(b)), a spatially contiguous region with an irregular boundary of ridges. The right
panel of (b) shows that these blisters grow in a spatially correlated manner.

seen in the video microscopy is represented by sharp jumps in Ad, separated
by large field intervals where no detachment occurs.

The triangles in Fig. 3.6 shows the variation of the average size, ξ0, of
the delaminated regions in units of the particle size, i.e.,(ξ0/a0) as a func-
tion of the rigidity of the film, controlled by the silica-fraction ΦS. The
spread in ξ0/a0 is shown by rectangular bars. The quantity (ξ0/a0) is ob-
tained from images such as is shown in Fig. 3.4. Figure 3.7 shows the
variation of the critical stress, proportional to 〈E2c〉, for varied degrees of
delamination as a function of the silica fraction (ΦS). The mean-square
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Figure 3.5: The variation of the fraction of delaminated area (Ad) with the electric
field (E) for values of ΦS marked beside each curve.

critical electric field was calculated as follows: 〈E2c〉 = A/
∑
i

f(Ad|Ei,Ei+1)

where A =
∑
i

(E2
i) f(Ad|Ei,Ei+1), and f(Ad|Ei,Ei+1) the fraction of the

thin film which delaminates when E increases from Ei to Ei+1. The squares,
circles and stars respectively mark the onset for (a) the small delamination
range:Ad 6 0.001 (b) in the large delamination range: 0.2 6 Ad 6 0.3, (c)
the weighted average of 〈E2c〉 for 0.001 6 Ad 6 0.3. The resulting spread in
〈E2c〉 values is marked by rectangular bars. The spread narrows considerably
at the largest values of ΦS, a hallmark of a collective process. Figure 3.8
shows the variation of 〈E2c〉 (as obtained for Ad 6 0.001 represented by the
squares in Fig. 3.7) with the spatial scale of delaminated pieces (ξ0/a0).
This variation is linear for larger values of ξ0/a0 and is independent of it
when ξ0 ∼ a0.

For a further test, the rigidity of pure silica (ΦS = 1) films was altered by
changing the pH of the solution during drying [28]. The increase in pH (varied
from 3 and 7) increases the dissociation of the Si-OH bond on the silica
surface and thus the number of Si-O-Si bonds, making the films progressively
more rigid. Figure 3.9 shows the increase of (ξ0/a0) with increasing pH of
the solvent, providing an additional consistency check .

Importantly, the detachment not only happens at large fields via delami-
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I II III

Figure 3.6: The variation of the average correlation length ξ0 in units of the
particle size a0 with silica volume fraction (ΦS). The spread in ξo/a0 is shown by
the rectangular bars. Three different regimes are seen, depending on the values of
ξ0/a0. Region I (ΦS < 0.3) represents a single-particle evaporative process where
ξ0/a0 ∼ 1. Region III (ΦS > 0.8 ) represents collective delamination in large
pieces where ξ0/a0 ∼ 100. Region II (0.3 < ΦS < 0.8) represents co-occurrence of
collective and single-particle processes.

nation of large chunks for the pure silica films, but is also typically triggered
by large Y-shaped “Mercedez-Benz” cracks [171]. The evolution of such
cracks with increasing field values is shown in Fig. 3.10. The edges of these
cracks are detected using edge detection algorithm written in Matlab. Figure
3.11 shows one of the arm of Y-shaped cracks and its detected edge (black
line) which is shifted downward for visual clarity. The x−y coordinates of the
crack are plotted in Fig. 3.12. We have then analyzed these cracks in terms
of the roughness exponent (κ) that characterizes the crack-geometry in a va-
riety of materials [172]. The roughness exponent can be estimated by several
methods like maximum difference, standard deviation, fourier power spec-
trum, return probability and wavelet analysis [172, 173]. We have adopted
the maximum difference method to calculate the roughness exponent, i.e.,
computing the difference (zmax) between the highest deviation of a crack
from its mean value within a certain window of size l , we have found that
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I II III

Figure 3.7: The variation of the mean square critical stress (∼ 〈E2c〉) with ΦS.
The spread in 〈E2c〉 is shown by the rectangular bars. The 〈E2c〉 values for three
different ranges of Ad, i.e., Ad 6 0.001 (squares), 0.2 6 Ad 6 0.3 (circles) and
0.001 6 Ad 6 0.3 (stars) are shown. Three different regimes are seen (see text for
discussions).

zmax ∼ lκ, where κ ∼= 0.8, (see Fig. 3.13), consistent with measurements on
rocks, glass, metals, etc. [174] implying that these cracks too are self-affine.

This wide range of observations for the disordered films shown in Fig. 3.4,
can be qualitatively understood within the general framework of disordered
elastic media [175, 176, 51, 177] in terms of a competition between the elastic
energy of the film and the adhesion energy of the film to the substrate. The
elastic energy is a measure of the interparticle interaction, given by G, a
3-dimensional rigidity modulus of the quasi-two-dimensional film (typically
varying between 10’s to 100’s of Pascals). The competing energy is associated
with the adhesion of the film to the substrate with random roughness. This
is characterized [51] by a randomly varying adhesion force fp and the density
of adhesion sites (∼ δ−2) where δ (∼ 10 nm) is the typical roughness scale
of the substrate, yielding a volume density of the adhesion sites np = δ−3.
When the film is formed by the drying process, the competition between the
elastic energy and the random adhesion potential, sets up a length scale (ξ0)
over which the film is spatially correlated. When the film is stressed by the
application of an electric field, the film “fails” by breaking up at the weak
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Figure 3.8: Linear variation of 〈E2c〉 (as obtained for Ad 6 0.001 represented by
the squares in Fig. 3.7) with ξ0/a0 in a log-log scale.

Figure 3.9: Variation of ξ0/a0 as a function of pH for ΦS=1.

spots into domains of size given by the correlation length (ξ0) obtained as
follows. A detailed discussion on collective pinning is provided in section
1.3.1. The net free energy per unit volume of the system (i.e., the film
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0 4.17 4.77

Figure 3.10: The micrographs obtained for ΦS = 1 show the formation of the
Y-shaped cracks at different electric field values (in units of V/µm).

Figure 3.11: Micrograph of one of the arm of Y-shaped crack seen in pure silica
film. Black line shows detected edge of the crack and is shifted downward for
visual clarity.

adhered to the substrate) in the absence of an external stress is given by:

δF =
1

2
G(u0/ξ)

2 − fpu0

√
np

ξ2a0

(3.1)

where u0 is the range of the adhesion potential, ξ is the 2d-correlation length
[51, 177]. The first term is associated with the elastic energy of the thin film
and the second term in the above equation is due to the adhesion potential
of the film with the substrate and the square root sign on it reflects the
random nature of the adhesion potential, i.e, the force accumulates as the
square root of the number of sites visited. One obtains an estimate of the
equilibrium elastic correlation length ξ0 of the distortion from equation (3.1)
by minimizing F with respect to ξ, and is given by:

ξ0 = Gu0

√
a0/W (3.2)
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Figure 3.12: The x− y coordinates of the crack which is shown in Fig. 3.11.

where W = npf
2
p is a measure of the in-plane pinning strength [51]. This

mechanism yields an inhomogeneously stressed film with a characteristic
length ξ0 (equation (3.2)), which serves as the reference elastic media which
is further distorted by the externally applied stress during delamination.

We assume that a critical stress (σc) is needed to produce a critical tensile
strain (γc) above which the system deforms plastically leading to delamina-
tion. It is given by σc ∼ E2c ∼ Yγc where Y is the Young’s Modulus of the
film. For soft solids where the bulk modulus K � G, as is the case here,
the Young’s modulus Y[= 9KG/(3K + G)] reduces to 3G. Assuming that the
stressed and unstressed films have the same rigidity G, and that the plastic
correlation lengths, are proportional to the elastic correlation lengths, as is
typically the case [176], one obtains:

E2c ∼ γc(ξ0/a0)
√
Wa0/u

2
0 (3.3)

Therefore, E2c scales as ξ0/
√
a0 if all other parameters are held constant.

This scenario explains the key observations described above: (1) Both
(ξ0/a0) and E2c increase together as the rigidity (G) of the system increases
(equations (3.2) and (3.3) respectively), e.g., with increasing ΦS or pH. Fig-
ure 3.7 illustrates a linear dependence of 〈E2c〉(Ad 6 0.001) over ξ0 >> a0

as expected for collective pinning: the independence of 〈E2c〉 for ξ0 ∼ a0 is
also consistent with single particle pinning in a regime where the mechanism
of collective pinning is not relevant. (2) For films where G is comparable
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Figure 3.13: Scaling plot of the roughness of the cracks (data for different cracks
are shown by distinct symbols). The straight line fit yields an exponent(κ) ∼ 0.8.

to the adhesion energy density (
√
Wa0/u0), the particles are individually-

stuck, i.e., ξ0 ∼ a0 [51]. Naturally, they also detach individually. The smooth
increase of Ad with E for ΦS ∼ 0 in Fig. 3.5 represents a gradual desorption
of individual particles and implies the existence of a broad distribution of the
local sticking potential. (3) The jaggedness in Ad for, say ΦS = 0.5, marks
the onset of collective delamination at higher rigidity and thus at higher
〈E2c〉, as expected. The nearly linear variation of 〈E2c〉 with ξ0/a0 with slope
= 0.1(V/µm)2 (Fig. 3.8) observed in the data yields an adhesion energy
scale of about 100kBT for the system. The spread between the circles and
the squares (marked by the rectangular bars) in Fig. 3.7 reflects the vari-
ation of local W. For the most rigid films, delamination is collective and
thus does not occur until the maximum local potential within the correlation
volume is overcome. As a result, although the typical 〈E2c〉 (stars) increases,
its spread narrows considerably at the largest values of ΦS, typical of a col-
lective process. This leads to the interesting consequences: (1) the upper
limit (circles), a measure of maximum pinning, remains nearly unchanged
as the system hardens, and (2) the lower limit (squares), a measure of the
film’s rigidity, changes by nearly two orders of magnitude. As a final check,
we investigated the effect of varying the particle size a0 for pure silica films.
For particles which are four times smaller in diameter (a0 = 1 µm), 〈E2c〉 in-
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creases two fold while ξ0/a0 increases by a factor of four. This is consistent
with the mechanism described above.

These results yield a “phase diagram” of detachment which is character-
istic of driven dynamical transitions, as shown in Fig. 3.6 and 3.7. It consists
of (i) purely individual, (ii) mixed and (iii) purely collective dynamics as in-
dicated by regions marked I, II and III in Fig. 3.6 and 3.7. It appears that
large connected clusters of silica particles, which are more cohesive than the
polystyrene ones are responsible for the collective dynamics. Therefore, the
observed crossover in the dynamics occurring around ΦS ∼ 0.3, the percola-
tion threshold in 3-dimensions, is likely also related to a rigidity percolation.

3.1.4 Conclusion

The detachment of colloidal thin films from a substrate is a minimal process
which captures the essential complexity of the various detachment processes
seen in Nature. Only a few system parameters like the rigidity and the
pinning strength are needed to yield the correlation length over which the
system delaminates, an easily measurable quantity. Finally, the observed
dynamical phase diagram - illustrating a transition between individual and
collective dynamics - its analysis and analogies place the delamination pro-
cess within a unified conceptual framework of disordered elastic media that
include phenomena such as wrinkling, pinning, cracking and jamming.
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List of Symbols

a Drop radius
f frequency
ω = 2πf
E Electric field
I Current
R0,C Electrical resistance and capacitance of parallel plate cell
|Z| Electrical impedance
l0,A0 Spacing between the cell and area of the cell
γ Interfacial surface tension
ρ Density of fluid
d‖,d⊥ Shape deformations parallel and perpendicular to the field direction
D,D0,Df Dimensionless drop deformation parameter
τγ Characteristic time scale of droplet deformation
vrms Root mean squared velocity
Re Reynolds number
ReE Electric Reynolds number
ε0 Free space permittivity
εin, εex Dielectric constants of interior and exterior fluids
σin,σex Electrical conductivities of interior and exterior fluids
ηin,ηex Viscosities of interior and exterior fluids
R = σin/σex (Taylor leaky dielectric model), σex/σin (Torza et al.)
S = εex/εin (Taylor leaky dielectric model), εin/εex (Torza et al.)
M = ηin/ηex
Frf , Fθf Normal and transverse electric stresses at the two fluid interface
τc = εexε0/σex Charge relaxation time scale
A,L Area and perimeter of drop
χ = 4πA/L2

n Number of facets
µ Difference in dipole density in two phases
β Effective polarizability
`h Hydrodynamic length scale
vd Drift velocity
µe Electron mobility
τ Shear stress
ν Frequency of shear stress fluctuations
k Wavenumber
E(k) Energy spectrum
u, v Longitudinal and transverse velocities
ε Energy dissipation rate per unit mass



K0 Kolmogorov constant
Λ, λ Integral and Taylor length scales
f(r) Two-point velocity correlation function
ηv Kinematic viscosity
N(a) Size distribution of droplets
We Weber number
aH Hinze scale
F0 Focal length
U Distance between the grid plane and the drop plane
V Distance between the drop plane and the image plane
NA Numerical aperture
d Electrode spacing
d1 Distances between the electrode surface and the adjacent droplet plane
d2 Separation between the two droplet planes
Ψ6 Orientational bond order parameter
N Number of nearest neighbors
θpq Bond angle between p and q particles
g6 Spatial correlation of bond order parameter



4
Oil-in-oil emulsion

4.1 Transition from disordered to ordered struc-

tures

4.1.1 Introduction

Long-ranged electrostatic and hydrodynamic interactions are important in
many problems, from cloud formation [178, 179] to the nucleation and growth
of crystals [180, 181, 182]. The tunable control of electrostatic interactions
in colloidal systems has helped us to identify the conditions under which
coherent crystalline structures [183, 184, 185, 186, 187, 188, 189] or incoherent
glass, gel and cluster phases [190, 191, 192] form in the laboratory. However,
similar tuning of hydrodynamic interactions has not yet been achieved, and
this is the focus of the current work.

Our experimental system is a two-component mixture of oil drops of one
component inside a surrounding medium of a second oil which belongs to the
class of “leaky dielectrics” [29, 30], where an electric field is a good control
parameter for tuning the strength of hydrodynamic fields. The fundamental
phenomena observed in leaky dielectrics [29, 193] are related to the accumula-
tion of free charge at the oil-oil interface, which adds a tangential component
to electric stresses. These tangential stresses compete with normal stresses
that arise in any dielectric. The angular variation of the normal stresses on
the drop gives rise to shape deformations of droplets [31, 142] while the mag-
nitude of the total electric stresses determine the conditions for the break-up
of drops [31, 193]. In the presence of an oscillating electric field E of frequency
f , a spherical oil drop immersed in a surrounding leaky-dielectric oil medium
experiences normal and tangential electric stresses that have a steady and a
time-dependent part [31]. The total stress is a function of frequency (Fig.
1.16) and exhibits a transition from hydrodynamics-dominated to dipolar-
dominated, where in the latter regime, the tangential electric stress is zero.
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Chapter 5. Oil-in-oil emulsion

The electric field induced hydrodynamic interactions are discussed in detail
in section 1.6.3.1. The time-dependent normal stresses also induce pulsating
droplet shapes. The periodic volume displacement of these pulsating drops
are an additional source of hydrodynamic disturbances. With increasing fre-
quency, the spatial extent of the droplet oscillation decreases, reducing the
strength of hydrodynamics.

4.1.2 Experiment

A silicone oil (Dow Corning) droplet suspended in immersion oil (Immersol

 100 !m

(a) 3 Hz
SP

AC
ER

SPACER

ITO

ITO

Silicone
    Oil 

Immersion
      Oil 

a

b

 350 !m

Figure 4.1: Schematic of the experimental set-up. (a) vertical geometry, the elec-
tric field direction is perpendicular to the plane of the substrate. (b) horizontal
geometry, the field is parallel to the plane of the substrate.

518F) is placed between two electrodes, and a sinusoidal a.c. voltage (am-
plitude: 0 − 2 kV and frequency: 1 mHz − 1 kHz) is applied. Two sample
geometries are used. In the vertical geometry (Fig. 4.1(a)), two ITO elec-
trodes are separated by 100 µm thick glass spacers and the electric field is
perpendicular to the plane of the substrate. In the horizontal geometry (Fig.
4.1(b)), two 130 µm thick stainless steel electrodes are placed side by side
with a spacing of 350 µm and the field is parallel to the plane of the sub-
strate. The system is sealed with ultraviolet curing adhesive, and imaged via
a bright field microscope and a high speed camera (PCO) with frame rates
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Figure 4.2: Variation of impedance |Z| with frequency f for immersion oil (green
circles), castor oil (gray circles) and silicone oil (black circles). The data is fitted
with an expression |Z| = R0/(1 + (f /fc)

2), shown by red line.

ranging from 100 to 1000 fps. Experiments are also carried out with silicone
oil (ηin=1 Pa · s) and castor oil (ηex=0.72 Pa · s).

The conductivities of the individual fluids are measured by applying a
constant voltage of 700 V over 100 µm cell spacing and measuring the current
I with frequency f using a lock-in amplifier (SR830). Figure 4.2 shows the
variation of impedance |Z| = 700/I with frequency f for immersion oil (green
circles), castor oil (gray circles) and silicone oil (black circles). The data is
fitted (shown by red lines) with an expression for impedance for a parallel
RC circuit, i.e., |Z| = R0/(1 + (f /fc)

2), where R0 and C are respectively the
resistance and capacitance of the parallel plate cell and fc = 1/R0C. The
conductivity (σ) is calculated from σ = l0/R0A0, where l0 = 1 × 10−4 m is
the spacing between the cell and A0 = 6.25× 10−4 m2 is the area of the cell.
The measured value of conductivities is tabulated in Table 4.1.

Interfacial tension γ is measured in situ. When the field is turned on or
off, the droplet relaxes to its equilibrium shape (Fig. 4.3). The droplet is
spherical till t ∼ 0.2 sec when no field is applied and on application of electric
field (E = 4 V/µm and f = 1 kHz), the droplet deforms prolately and reaches
its steady state. This shape relaxation is exponential in time and is of the
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Immersion
Oil

Silicone Oil Castor Oil Silicone Oil

Dielectric con-
stant ε

4.66 2.75 4.50 2.75

Conductivity
σ (S/m)

4.6× 10−9 3.6× 10−10 7.3× 10−10 3.6× 10−10

Viscosity
η (Pa · s)

0.36 0.38 0.72 1

Interfacial
tension
γ (mN/m)

2± 0.1 3± 0.1

Table 4.1: Table of materials constants’.

Figure 4.3: The droplet deformation in units of droplet size is plotted with time.
The red line is an exponential fit. The time constant, τγ, from the fit is used to
calculate the interfacial surface tension.

form D/a = Aet/τγ where A is constant and τγ is the characteristic time
for droplet deformation. The exponential fit is shown by red line in Fig. 4.3.
The time constant τγ = (ηex+ηin)a/γ arises from a balance of viscous and
interfacial stresses [194]. The subscripts in and ex to the quantities (ε, σ, η)
represent the respective value of interior (silicone oil) and exterior (immersion
oil) fluid. Obtaining τγ/a experimentally for 45 − 70 µm droplets, we find
γ = 2mN/m in silicone oil/immersion oil and 3mN/m in silicone oil/castor
oil (±0.1 mN/m). The γ values are listed in Table 4.1. The latter could be
compared to the value of 4.6mN/m obtained by Vizika and Saville [195] who
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Figure 4.4: (a) Silicone oil drop in immersion oil in zero field. (b−h) Structures
seen as a function of frequency spanning hydrodynamic and dipolar regimes. The
electric field is perpendicular to the plane of the page.

measured the force on a straight wire pulled through a liquid-liquid interface.
An overview of the self-organized structures we observe as a function of

frequency is shown in Fig. 4.4. When subjected to either dc or low frequency
ac fields, a large static droplet at zero field (Fig. 4.4(a)) exhibits a turbu-
lent breakup into clouds of smaller droplets (Fig. 4.4(b, c) and Movie10).
This strongly hydrodynamic regime is marked by highly inhomogeneous flow
fields, which results in vigorous chaotic motion of the droplets within each
cloud, and their repeated breakup and coalescence (Fig. 4.4(b, c)) The dy-
namics of cloud like structures are studied in section 4.2. The strength of
the hydrodynamic interaction decreases with increase in f , a dependence that
signifies the importance of viscous damping. At frequencies above 1 Hz, there
is a transition to a weaker hydrodynamic regime where drops undergo pul-
sating shape oscillations (Fig. 4.4(d−f), see also Movie11). At 2 Hz, there
are elliptical in-plane deformations (Fig. 4.4(d)), with occasional droplet
breakup events being preceded by droplet coalescence (Movie12). Between 5
and 10 Hz, the in-plane deformations take on well-defined polygonal shapes
(Fig. 4.4(e, f)) with the number of sides n taking on values from 3 to 12
in our experiments. At low packing density of droplets, deformations of a
droplet are uncorrelated to those of its neighbors (Fig. 4.4(f)). At higher
packings there are additional collective effects (Fig. 4.4(e)), completely un-
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precedented for micron-scale droplets. At frequencies between 25 and 50 Hz
the pulsating droplets coalesce (Fig. 4.4(g)). Finally, at even higher fre-
quencies ∼ 1 kHz , we access the more familiar dipolar regime (Fig. 4.4(h)).
Importantly, we can also utilize this frequency-dependent phase diagram in
making monodisperse drops with controllable shape, and ordered arrays of
these drops.

4.1.3 Results

When exposed to d.c. fields, a large silicone oil drop immersed in immersion
oil (or castor oil) breaks up into tiny droplets in a turbulent manner with
waves traveling along the drop interface; this is shown in Fig. 4.4 (the field
is turned on between (a) and (b)). This is clearly a regime of very strong
hydrodynamic interactions. At frequencies below 1 Hz, we observe catas-

50 μm

t = 0 25 ms  50 ms   75 ms   100 ms

Figure 4.5: Time evolution of the surface topology of a single drop at an electric
field E = 5.1 V/µm and f = 0.5 Hz. The electric field is parallel to the plane of
the page, pointing vertically upwards.

trophic breakup of a droplet. Figure 4.5 shows a sequence of images after an
applied field at f = 0.5 Hz: first from spherical (or slightly prolate) to oblate,
then undergoing irreversible topological transformation leading to breakup
into tiny droplets. Shown in Fig. 4.6 is a snapshot of a droplet cluster, with
the trajectory of each droplet overlaid, above a threshold field where droplets
are moving chaotically in 3 dimensions. The magnitude of the velocities of
moving droplets in the plane are extracted using Particle Image Velocimetry
[153] and the rms velocity, vrms, is plotted with E2 in Fig. 4.7. Figure 4.7
shows that there are two thresholds: the first at E2 = 0.1 (V/µm)2 is the
onset of steady motion likely associated with the depinning of the droplets
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200 μm

Figure 4.6: Snapshot of a cloud of droplets with the timeline of each droplet
overlaid. The electric field is perpendicular to the plane of the page.

from the substrate, while the second at E2 = 1 (V/µm)2 marks the onset
of a noisier regime indicating chaotic motion which persists over long times
(∼ hours). This finding is at first surprising in a system with low Reynolds

Figure 4.7: The rms velocity, vrms, of moving droplets plotted against applied
electric field intensity E2 during one period of oscillation (f = 0.03 Hz) exhibits
two thresholds: one indicating onset of steady motion, and the second, the onset
of chaotic motion.

number (Re ∼ 2×10−5). For a comparison, chaotic motions for Re ∼ 800 have
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been reported by Peters et al [196] for the inertial system of a single rotor
in a leaky dielectric medium. One may define an electric Reynolds number,
ReE = ε0 [(εex + εin)/(σex + σin)] [vrms/a], as the ratio of the timescales
of charge convection and charge relaxation [197]. In this expression, the pa-
rameters for the internal and the external fluids are given, respectively, as
dielectric constants εin and εex, and conductivities σin and σex; ε0 is the
free space permittivity and a is the drop size. In our experiments, ReE is of
order unity.
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Figure 4.8: (a) The in-plane deformation of droplets at E=12 V/µm and f =
1 Hz, 2 Hz and 3 Hz. The electric field is perpendicular to the plane of the page.
(b) The droplets become more circular (χ more narrowly distributed near unity)
as the frequency is increased from 1 to 3 Hz.
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At frequencies above 1 Hz, droplet breakup events become rarer. How-
ever, at this frequency the shape of the in-plane drop deformations is still
highly non-circular, but becomes increasingly circular as f is increased to 2
and 3 Hz (Fig. 4.8(a) and Movie12). The circularity of the droplets is com-
puted as χ = 4πA/L2 whereA is the area of the droplet and L is its perimeter,
with perfect circles having χ = 1. The probability distribution function of χ,
P(χ), (Fig. 4.8(b)) is strongly peaked near the value of 1 at 3 Hz, while the
distribution is progressively skewed towards lower values of χ for 1 Hz. Lower
χ values, arising from non-circular droplet shape deformations, directly re-
sult from spatial and temporal variations in fluid flow around the droplet, i.e.
time-dependent and inhomogeneous shear. This change in droplet circularity
thus signals a transition from strong to weak hydrodynamics. The transition
from weak to strong hydrodynamic behaviour is continuous, and is likely to
be related to the continuous decrease with frequency of the hydrodynamic
lengthscale, the origins of which are elaborated in the Discussion 4.1.4.

Upto driving frequencies of about f = 50Hz, droplet deformations remain
time dependent, taking on shapes that oscillate at the driving frequency
between a sphere and an oblate spheroid, i.e. compressed along the field
direction. The proximity of boundaries breaks the symmetry of the associated
hydrodynamic flow fields, resulting in the migration of the droplets to one
of the surfaces. For 10 < f < 50 Hz, the droplets exhibit ratchet-like

20 μm

n=3  4
 5

 6  7 8

 910
 11 12

2551280

Figure 4.9: Polygonal deformations at f = 7 Hz, E = 10 V/µm. With increasing
droplet radius, the number of facets per drop increases; n = 3 to 12 are observed.
The field is perpendicular to the plane of the page.
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5 Hz
6 Hz
7 Hz
10 Hz

Figure 4.10: The relationship between droplet radius normalized for n = 3 and n
is roughly linear, signifying the existence of a characteristic wavelength λ. Here
λ = (2π)(2µm) ≈ 12µm. The solid black line is obtained from Lee and McConnell
[198].

motion. This mobility likely arises out of contact angle hysteresis [199].
Time-dependent droplet shape profiles (with electric field in the plane) at
f = 3.5 Hz are shown in Movie11. At 5 < f < 10 Hz (an example at 7 Hz
is shown in Fig. 4.9) the time-dependent deformations oscillate between a
sphere and an oblate spheroid. The spherical drop in our experiment has
radially inward electric stresses with a magnitude that is angle-dependent,
and larger at the poles than at the equator (Fig. 1.16). This drives it to be
oblate when the field amplitude increases from zero. The amplitude of the
field goes from its maximum value to zero twice per cycle, and the droplet
goes from oblate to spherical with the same frequency. At the same time, the
in-plane shape of the drops go from circular to polygonal at the maximum
amplitude of the field, where the drop is maximally oblate (see Movie13).
We observe droplets with a number of facets n = 3 to 12. Figure 4.10 shows
that the droplet radius an, normalized with radius for n = 3, is proportional
to n. Thus, a characteristic wavelength λ = 2πan/n ≈ 12µm is associated
with this phenomenon.

Such polygonal deformations have been observed on a rotating fluid sur-
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face [200] and during the free evaporation of liquid nitrogen placed on a
concave container initially at room temperature [201]. In such systems, the
mechanism of polygonal deformations is understood in terms of azimuthal
symmetry breaking.

Polygonal shapes in systems with inertia can arise from Rayleigh oscil-
lations [202], which is not a likely explanation for this overdamped system.
Instead, we begin by considering the static forces on a maximally flattened
drop. In this state, the system is similar to the system of 2-dimensional
drops in binary liquid mixtures in Langmuir monolayers [198], where polyg-
onal shapes with symmetry number n are obtained from a balance of inter-
facial tension (which favors circularity) and dipolar repulsion (which favors
large centre-periphery distances). This results in a shape dependent free

5 7

6
4

50 μm

a b

Figure 4.11: Snapshots shown at a, E = 0 and b, maximum amplitude of the
sinusoidal electric field (E = 16 V/µm, f = 7 Hz). At higher droplet density, the
droplet deformation is influenced by the proximity of neighbours. For example,
the labeled droplets with 4, 5, 6 or 7 facets have the corresponding number of
nearest neighbours.

energy F = Felectric + Finterfacial where Felectric = −(µ2/2)
∮
dR · dR ′/ρ

and Finterfacial =
∮
kdR, where dR is the differential line element, µ is the

difference in dipole density in the two phases, k is the effective line tension,
and ρ = (|R−R ′|2+δ2)0.5 with δ as a cut-off parameter. For a circular shape,
one may minimize the free energy to obtain an equilibrium radius aeq, which
is a function of the materials parameters (µ and k). For larger drops, the
circular shape is unstable with respect to a transition to n-fold symmetry.
Since we observe symmetries with n = 3 or greater, we plot a scaled droplet
radius an/a3 versus the symmetry number n (thus scaling away the mate-
rials parameters). The two-dimensional model of Lee & McConnell predicts
an/a3 = exp(Zn − Z3), where Zn is a complicated function of n, but may

89



Chapter 5. Oil-in-oil emulsion

be determined numerically [198]. Comparing our experimental results with
the model prediction, which is the solid line in Fig. 4.10, we find agree-
ment with no adjustable parameters. This indicates that this mechanism
is very important. A characteristic length can be obtained in three dimen-
sions from a balance of dipolar and surface energy. For a sphere of radius
a in three dimensions, the dipolar energy is Fdipolar = (π/2)ε0εexa

3β2E2,
where β = (−1 + εin/εex)/(2 + εin/εex). The surface energy is 4πa2γ,
where γ is the surface tension. Minimizing the total energy and solving for
a, one obtains a lengthscale of order 100 µm. This is somewhat larger than
the observed 12 µm lengthscale. This is reasonable, as it indicates that
there are other (likely electrohydrodynamic) contributions to the electrical
energy. In principle, parametric instabilities [200, 203, 201] could also result
in such polygonal shapes. Figure 4.11(a) shows a snapshot of dense packing
of droplets at E = 0. At maximum amplitude of the field, the morphology of
the facets is highly influenced by the proximity of neighbors (Fig. 4.11(b)).

In the frequency regime between 25 and 50 Hz, we observe deformations
that are much weaker in amplitude; here drop coalescence begins to dom-
inate and droplets exhibit ratchet-like motions (Fig. 4.4(g) and Movie14).
Droplet motions can be induced by other means, for example via surface
tension gradients that are induced by thermal gradients [204] or by particles
consuming energy and becoming “self-mobile” active particles [205]. This
regime provides an additional mechanism for external control of particle ac-
tivity. Both ratcheting and coalescence stop abruptly (due to viscous effects
in a low Reynolds number regime) when the field is turned off.

 ba c

 40 μm

70Hz 100Hz 1 KHz

Figure 4.12: A frequency driven transition from oblate (electrohydrodynamics
dominated) to prolate (dipolar dominated) droplet deformation is observed. Shown
is a droplet that is a, oblate at 70 Hz, b, spherical at 100 Hz and c, prolate at
1 kHz. The field is parallel to the plane of the page and pointing vertically upwards.

Above 50 Hz, the droplets do not pulsate between spherical and oblate
and we see a time-averaged shape. For further understanding, we quan-
tify the frequency dependence of droplet shapes. The droplet shape in an
electric field is prolate, i.e. elongated along the field direction, in a pure
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dielectric medium, while in a conducting medium it is oblate, due to tan-
gential electric stresses in the presence of electric-field driven flows [29, 30].
If the initially spherical droplet, radius a, is deformed into a spheroid with
dimensions d‖ and d⊥ parallel and perpendicular to the external field re-

spectively, the deformation Df =
d‖−d⊥
d‖+d⊥

. We may write a scaled deforma-

tion Dscaled = Df γ/(aε0εexE
2). The expression for Df is given in equa-

tion 1.10. In our experiments, we find that the droplet shape changes from

Hydrodynamic

Dipolar

quench for 

droplet array

l h
 (
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m
)

f (Hz)

D
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Figure 4.13: The scaled deformation Dscaled, plotted with frequency f for dif-
ferent sized drops shown by different colored circles, collapses onto a single curve,
qualitatively consisent with a theoretical expression for static droplets [31] (solid
red line). Variation with f of the hydrodynamic length lh (solid black line). A
frequency quench from the hydrodynamic regime (large lh, negative Df ) towards
the dipolar regime (small lh) is used to make monodisperse droplet arrays of con-
trollable shape.

oblate (Dscaled < 0) to spherical (Dscaled = 0) to prolate (Dscaled > 0) as
a function of frequency (Fig. 4.12(a−c), with a crossover, shown in Fig.
4.13, at fc = 100 Hz. The charge relaxation time scale τc is given by
τc = εexε0/σex = 9 ms. Thus fc ∼ 1/τc, which is consistent with the
leaky dielectric model [29, 30, 195]. The theoretical expression [31] (solid
red line) which is only valid in the regime of steady-state droplets shows
qualitatively the same trend.
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4.1.4 Discussion

The frequency f affects not only the strength of the hydrodynamic interac-
tion but also the lengthscale. The ion drift velocity vd = µeE, where µe is
the electric mobility. In a time τh = 1/f , the ions have drifted a distance
lh = vd/f . The hydrodynamic length lh, shown in Fig. 4.13 (solid black

 b a  c

 100 μm

0.5 Hz 25 Hz 1 KHz

Figure 4.14: Micrographs obtained in (a) strong hydrodynamic regime at f =
0.5Hz (lh ∼ 1mm), (b) weak hydrodynamic regime at f = 25Hz (lh ∼ 25 µm) and
(c) dipolar regime at f = 1 kHz (lh ∼ 0.5µm). In (a−c), the field is perpendicular
to the plane of the page.

line), ranges from 300µm at f = 2 Hz to 6 µm at f = 100 Hz. We can
vary this lengthscale from millimeters, where we see turbulent behavior (Fig.
4.14(a)), to tens of micrometers, where we observe droplets coalescence (Fig.
4.14(b)), to micrometers, where we access the dipolar regime (Fig. 4.14(c)).
Further control of this lengthscale and the corresponding droplet regime by
replacing the outer fluid with the more viscous castor oil is shown in Fig.
4.15. The viscosity of castor oil is a factor of 2 larger than that of immer-
sion oil. Thus, we access comparable hydrodynamic lengthscales as those in
immersion oil at half the frequency (∼ 3 Hz). While the stress on a single
spherical drop can be written down, the real situation is more complicated by
two factors. First, the droplet shape changes due to the time-dependent nor-
mal stresses and the unbalanced tangential stresses, and this is an additional
source of hydrodynamic disturbances. Second, the dynamics of droplets also
depends on the modification of flow fields around a droplet due to neigh-
bouring droplets. The lengthscale of these droplet-droplet correlations is the
above hydrodynamic lengthscale.
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100 μm

Figure 4.15: Polygonal deformations in the silicone oil/castor oil system at f =
3 Hz and E = 14 V/µm.

4.1.5 Stress on a dielectric drop in the presence of AC
electric field

The time independent component of the electric stress on a spherical droplet
suspended in a leaky dielectric medium in the presence of an imposed ac
electric field (E) is calculated from the expression derived by Torza et. al.
[31] (see also section 1.6.3.1). The expressions for the normal (Frf ) and
transverse (Fθf ) stresses at the droplet surface, in non-dimensional form, are

Fr ≡
Frf

ε0εexE2
=

9

4

[(R2 − 2SR2 + 1) + τ2eω
2(S− 1)2] cos2 θ+ (S− 1)(R2 + τ2eω

2)

(2R+ 1)2 + τ2eω
2(S+ 2)2

(4.1)

Fθ ≡
Fθf

ε0εexE2
=

9

2
[

R(RS− 1)

(2R+ 1)2 + τ2eω
2(S+ 2)2

] cos θ sin θ (4.2)

where ω = 2πf , R = σex/σin, S = εin/εex, τe = ε0εex/σin and θ is
the angle between the radius vector and the field direction. Thus, the total
stress on the droplet is F =

√
F2r + F

2
θ.

For the materials parameters in our experiments, the total electric stress F
increases sharply when the frequency decreases below 100 Hz (Fig. 4.16(a)).
This is consistent with the observation that the amplitude of the drop defor-
mations increase with decreasing frequency. Figure 4.16(b) shows the angle
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Figure 4.16: (a) The variation of total stress on the drop with the applied fre-
quency. (b) The radial plot of the magnitude of the normal component of the
stress for three frequencies; the direction is radially inward. For low frequencies
the inward force at the pole exceeds that at the equator and the resulting shape
of the drop is oblate. For high frequencies the inward force at the equator exceeds
that at the pole and the resulting shape of the drop is prolate. At a crossover
frequency, the radial plot is circular, and the drop remains spherical because the
normal stress is isotropic.

dependence of the magnitude of the normal component of the stress for three
frequencies. For low frequencies the inward force at the pole exceeds that
at the equator and the resulting shape of the drop is oblate. For high fre-
quencies the reverse is true and the resulting drop is prolate. At a crossover
frequency, the radial plot is circular, and the drop remains spherical. The
equations (4.1, 4.2) are qualitatively consistent with the frequency-driven
oblate to prolate transition, shown in Fig. 4.12(a-c). The equations describe
very well the phenomena relating to single droplet deformations, and provide
a reasonable semi-quantitative description provided that the hydrodynamic
lengthscale lh is short. At lower frequencies, droplet-droplet correlations
become important because of the increase in the hydrodynamic lengthscale
(Fig. 4.13). In addition, the volume displacement induced by the pulsating
droplets provides an additional source of hydrodynamic disturbance.

The frequency-dependent self organization described above makes for
some very interesting potential applications. Static (non-pulsating) oblate
or prolate shapes are obtained above 50 Hz, and both below and above the
crossover frequency fc = 100 Hz. This allows the occurrence of both oblate
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and prolate steady-state droplets. First, we find that the route to droplet

100 μm

 a b

Figure 4.17: (a) At 70 Hz, each droplet in the array is a section of an oblate
spheroid. The top inset shows the droplet acting as a lens for the bottom layer of
droplets, see text. (b) At 1 kHz, each droplet is a section of a prolate spheroid.
The FFTs in the bottom insets of (a, b) display weak hexagonal ordering. The
field is perpendicular to the plane of the page.

breakup (quenching from f = 3 Hz to 1 Hz) can be utilized to produce
monodisperse droplet arrays. A subsequent frequency quench into the time-
independent regime (where dipolar interactions are quantitatively more im-
portant) immobilizes these droplets; a schematic of this strategy is shown in
Fig. 4.13. Shown in Fig. 4.17(a) and (b) is a droplet array at 70 Hz (oblate
droplets) and 1 kHz (prolate droplets). There is a similar array on the other
substrate, separated by 90 µm (darker, out-of-focus structures). Both are
composed of monodisperse droplets (polydispersity ∼ 7%) that have an equi-
librium in-plane spacing of about 40 µm. At high frequencies, the large
distance interactions of these droplets is repulsive primarily due to dipolar
interactions. The FFTs of these droplets array display weak hexagonal or-
dering, shown in the bottom insets of Fig. 4.17(a) and (b). The top inset
to Fig. 4.17(a) shows a single droplet on the top substrate (slightly defo-
cussed). The symmetry of intensity within the droplet in every case is that
of 3 droplets on the bottom surface, indicating a simple lensing effect. It
is apparent that what we have an array of microlenses (numerical aperture
of 0.3) whose shape is controllable by varying frequency. The production
of such large scale two-dimensional and quasi-three-dimensional arrays of
microlenses is discussed in section 4.3.
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4.2 Micron-scale electric field induced turbu-

lence in a low-Reynolds-number oil-in-oil

emulsion

4.2.1 Introduction

Electric fields generate tangential stresses on the surface of a leaky dielectric
object [29, 30, 193, 194]. In a physical scenario where a dense suspension of
droplets of a leaky dielectric material (castor oil) suspended in an insulating
dielectric fluid (silicone oil) is subjected to an external electric field, the re-
sulting electrostatic stresses deform the droplets and produce hydrodynamic
flow fields. These flow fields then couple with each other in a non-linear
manner and produce complex dynamic structures (see Fig. 4.4(c)). They
can also be strong enough to lead to catastrophic droplet breakup. In this
paper, we provide characterization of these temporarily evolving structures
by analyzing the size distributions of the droplets, the time series of the
stresses detected at the boundaries, and the velocity fluctuations of the ad-
vected droplets.

For Newtonian fluids driven by pressure gradients the nonlinearity is em-
bedded in the material derivative term present in the Navier-Stokes equa-
tion. When the inertial acceleration due to this nonlinear term becomes
large, i.e., when the inertial forces are far greater than the viscous ones
(e.g. the Reynolds number Re = inertial forces/viscous forces ∼ 2000 for
pipe flow) the flow makes a transition from a laminar type to an unsteady
one. Similar transitions have also been observed in polymer solutions [206]
and in dense suspensions of “active” self-driven systems, e.g., dense bacte-
rial colonies [207, 208, 209, 210, 211], driven granular rods [212, 213] and
propulsion of particles by either catalytic processes [214] or thermophoretic
gradients [215]. The source of the nonlinearity for the case of polymers has
been attributed to the nature of the relationship between the elastic stress
present in the solution and the flow rate induced deformation [206], whereas,
in ‘active’ systems the non-linearity arises from their mutual interactions
[216]. The oil-in-oil emulsion system being studied in this paper is similar
to an ‘active’ system in the following sense: in the presence of an external
electric field each droplet generates their own hydrodynamic flow field via
which they interact with one another. In these ‘active systems’ the strength
of the turbulence is setup by the ratio of the inertial to elastic forces [216].
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300μm

Camera

 Objective4X

Figure 4.18: A commercial rheometer, shown schematically, is used to measure
shear stress in an oil-oil emulsion system. Two ITO electrodes, shown in cyan
color, are glued on to the two surfaces, i.e., bottom surface of the stationary
cylindrical cup and rotating top plate, of the rheometer. An external field is
applied across the electrodes by dc voltage source. The system is imaged from
the bottom using a high-speed camera (PCO 1200s) with a 4X Nikon Plan Apo
microscope objective (NA = 0.2, working distance = 15.7 mm). The illumination
is provided from the top by a customized LED light source. Micrograph shown in
the top-left is a snapshot of the emulsion at zero field value and captured in the
region shown by red rectangle between the electrodes.

4.2.2 Experiment

The emulsion is prepared by mixing castor (a leaky dielectric) in silicon oil
(insulating medium) in a volume ratio 3 : 1. It is placed between two ITO
coated electrodes arranged in the parallel plate capacitor geometry. The
spacing between the electrodes is kept at 300 µm. The schematic of the set-up
is shown in Fig. 4.18. The top-left panel of Fig. 4.18 shows a representative
image of the emulsion. The materials constants are listed in Table 4.1. The
electric stress is applied on the system by applying an external dc electric
field E (using a high voltage source, SRS PS375) across the electrodes. To
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measure the flow induced stresses at the surface of one of the electrode, the
top ITO electrode is glued to a rotating top plate of the commercial rheometer
(Anton Paar; MCR301). The other electrode is glued to the bottom flat
surface of the stationary cylindrical cup of the rheometer. The strain in the
rheometer is kept at a 0.1% value. The system is simultaneously imaged from
the bottom with a high-speed camera (PCO) attached with a long working
distance microscope objective. The illumination is provided from the top by
a customized LED light source. At each electric field value, a time series (for
about 4 hours with a 2 second time interval between data points) of the shear
stress (τ) measured by the rheometer is recorded. Simultaneously, a video of
the resulting droplet motion is recorded by the fast camera at a frame rate
of 60 frames/sec. The images are acquired for about 10 seconds.

4.2.3 Results and Discussion

Electric field induced “electro”-hydrodynamics in an oil-in-oil system was
first reported by Melcher and Taylor [29]. Electrohydrodynamic effects in-
duce a mass flow in these systems. The transport flux consists of two con-
tributions, one that arises out of a steady convective process and the other
which contains information about unsteady flows, i.e., fluctuating velocities,
that are present in the system. Figure 4.19(a) and (b) show representa-
tive micrographs of the system at E = 6 and 12 V/µm respectively. For
E < 6 V/µm, there exists only a periodic convective motion in the system,
setup by electrostatic repulsion, and occasional droplet coalescence. For in-
creasing values of E, the flow patterns become random; they initially generate
an isotropic chaotic motion of the droplets without producing any distinctive
spatial structures (E = 6 V/µm) (see Fig. 4.19(a)). For E > 10 V/µm, flow
generated structures attain the shape of ‘flower pots’ (see Fig. 4.19(b)). The
corresponding spatial velocity maps as obtained from the particle image ve-
locimetry (PIV) [153] (here we have tracked the droplets), are shown in Fig.
4.19(c) and (d) respectively.

Figure 4.20(a) shows the time series of shear stress fluctuations (τ− 〈τ〉),
where 〈· · · 〉 denotes the time average of the quantity, for various values of
the E (each marked in a different color). We identify this quantity as the
Reynolds shear stress, i.e. the contribution of turbulent motion to the mean
shear stress [217]. The data clearly demonstrate that the internal flows in
the cell, which produce fluctuating stress at the walls, become increasingly
unsteady as E is increased. In Fig. 4.20(b), we quantify this observation by
plotting the standard deviation of the Reynolds stress, (τ − 〈τ〉), which is a
measure of the strength of the unsteady flow, as a function of the electric
field intensity (E2). Beyond a threshold value of E2 ∼ 10 (V/µm)2 the stan-
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Figure 4.19: Snapshots of the system at (a) E = 6 V/µm and (b) 12 V/µm.
Typical velocity vectors obtained from particle image velocimetry (PIV) for (c)
E = 6 V/µm and (d) 12 V/µm. The rms speed vrms in (c) and (d) are 20 and
100 µm/s respectively.

dard deviation of (τ− 〈τ〉) grows linearly with E2. This suggests that below
a critical value, E2c, the main part of the input energy is spent in generat-
ing large scale convective flows that are analogous to the ‘swarming’ phase
observed in self-propelled rods [216]. Above E2c, a substantial fraction of the
input energy is spent in generating local straining of the eddies and produce
fluctuations in the kinetic energy. The normalized probability distribution
of (τ − 〈τ〉), P(τ), is shown in Fig. 4.20(c) for E = 1.6, 6 and 11.3 V/µm.
They closely resemble Gaussian distributions. The time series of stress fluc-
tuations is averaged over the entire surface of the detector and hence is only
sensitive to the slowly varying fluctuations that happen over a large scale.
The small scale fluctuations that provide local information is averaged over
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Figure 4.20: (a) Temporal fluctuations of shear stress, τ, with increasing electric
field values E. (b) The standard deviation of shear stress fluctuations is plotted
against E2 exhibits two thresholds: one is related to the onset of motion of the
steady droplets and the other is the onset of chaotic motion. The solid line is
a slope of unity. (c) The normalized probability distribution of (τ − 〈τ〉), P(τ),
broadens with increasing E.

a time window of 2 seconds in the stress measurements and this information
is obtained only from an analysis of the video of the droplet motion.

Figure 4.21(a) shows the power spectrum, S(ν), of the time series data
of the Reynold shear stress (τ − 〈τ〉) for different values of E. It is striking,
that all the graphs have similar features, i.e., there is a peak in S(ν) and
in the high frequency regime the power spectrum shows a power law decay,
i.e., S(ν) ∼ ν−5/3. The power spectrum becomes flatter at lower values of ν.
The frequency (∼ vrmsk, where vrms is the rms velocity and k is the wave-
vector) below which S(ν) saturates is inversely related to the lengthscale
` = 2π/k above which one has only the large-scale convective flows referred
to earlier. With νlow ∼ 0.002 Hz, we get ` = 2πvrms/ν ∼ 300 µm, using
vrms = 100 µm/s. Since ` is comparable with the cell spacing (also 300 µm),
it is consistent with convection, where the lateral lengthscale is set by the
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Figure 4.21: (a) Power spectrum, S(ν), of shear stress fluctuations obtained at
different field values. The power of fluctuations increases and characteristic fre-
quencies become lower as the system goes from steady state to moving state to
chaotic state. However, the behavior of the spectra remains same in these states
and show ν−5/3 dependency over a decade of frequencies. (b) Energy spectrum,
E(k) Vs k, of turbulent droplet motion at different field values. The solid black line
shows the -5/3 power law behaviour of the data and the dashed red line indicates
the deviation from the -5/3 law. The deviation is highlighted by the dashed gray
line and marked by k = kc. The inset shows the variation of kc with E.

smallest cell dimension. Energy injection occurs at this lengthscale. At
higher values of E, expectedly the spectrum carries larger intensity. This
feature is further illustrated in Figure 4.21(b) which shows the energy density
E(k). E(k) is computed from the velocity fields (obtained via optical imaging
of the droplet motion coupled with particle imaging velocimetry, as shown in
Figure 4.19) by taking the Fourier transform of the time averaged velocity,
i.e., E(k)=F(v)F(v∗)/L2, where F(v) = FFT(v− 〈v〉) and L = 1.66 mm is the
lateral extent of the image. The lowest k accessible is kl = 2π/L ∼ 3mm−1.
The largest k accessible, ku ∼ 100 mm−1, however is set by the PIV tracks:
i.e., the distance (2π/ku ∼ 60µm) traversed by the droplets between images,
which is also roughly the same size as the largest droplet diameter (2a).
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The energy content of the generation of daughter droplets shows the fa-
miliar −5/3 Kolmogorov scaling law (dashed line) i.e., E(k) ∼ k−5/3. At
intermediate values of k, we observe a familiar −5/3 power law reminiscent
of the Kolmogorov scaling law (dashed line) i.e., E(k) ∼ k−5/3. The spectral
range which fits the −5/3 power law is known as the integral range of the
problem. The lower wavenumber of this range is denoted kc, and varies from
∼ 18 to 45 µm as a function of the applied electric field. The correspond-
ing lengthscales `c vary from 300 to 100 µm respectively. Thus we conclude
that energy injection is happening on a length scale set by electrohydrody-
namic convection. It is the electric field driven propulsion of the droplets
that produces the inertial effects in the system in an otherwise overdamped
system.

The PIV technique is typically suited to work for low concentration of
tracer particles. Here, we have used droplets themselves as tracers. The
attempt is to track the motion of the contour of the droplet. Adaption of
the PIV technique could in principle give erroneous velocity magnitudes.
The suitability of such an adaptation has not been checked in this thesis.
However, we have relied on the consistency checks by comparing the power
spectrums computed from stress fluctuations as measured by the rheometer
and the velocity fluctuations as measured by the PIV. The good agreement
between the two suggests that error in the velocity magnitude as measured
by the PIV is not off the scale.

The present form of the analysis identifies the convective rolls and hence
the lateral length scale of the system which is the largest length scale in the
problem. However, it might well be the case that the energy injection is
simultaneously happening at the multiple length scale of droplets then the
interpretation of energy spectrum would be extremely difficult. Given that
droplets themselves arrange to form dynamic structure, we expect the former
argument, i.e., identifying the convective length scale as one in which energy
injection happens, to be true.

The unsteady flow patterns generated by the hydrodynamic stresses are
similar to the phenomenon of turbulence observed in the flow of Newtonian
liquids. In the inertial range, i.e., where the wave vector (k) is much larger
than the inverse of the Kolmogorov micro-scale, the rate of viscous dissipa-
tion, and the wave vector is related to the energy spectrum by the expression
E(k) = K0ε

2/3k−5/3; where K0 is the Kolmogorov constant and ε is the tur-
bulent energy dissipation rate per unit mass. For a linear dispersion relation,
i.e., v = ν/k, the above equation can be written as S(ν) = Aε2/3ν−5/3.

We calculated the integral length scale (Λ), i.e., the length scale of energy-
bearing eddies, by computing the two-point velocity correlations. In isotropic
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Figure 4.22: Variation of (a) integral length scale (Λ) and (b) Taylor microscale
(λ) as a function of electric field intensity E2 for longitudinal (u) and transverse
(v) components of velocity. The longitudinal or transverse velocities are usually
defined only in respect of mean flows. In our experiment, there is no mean flow and
hence we have analyzed both u and v components of velocity. A typical correlation
function f(r) is shown in the inset of (a). The inset of (b) shows the variation of
τv (a quantity constructed from the ratio of the kinematic viscosity ηv and the
dissipation rate per unit mass ε) with E2

turbulence, the two-point velocity correlation function is defined as [218]

f(r) =
1

〈v2〉
〈v(0, t)v(r, t)〉 (4.3)

where r =
√

(x− x ′)2 + (y− y ′)2. A typical two-point velocity correlation
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function (computed using equation 4.3) is shown in the inset of Fig. 4.22(a).
The shape of this correlation function close to r = 0 (limr→0 f(r) = f(0) +
r2f

′′
(0)/2+ · · · , here f(0) = 1 and f(r) is an even function) is determined by

ε. The energy cascade in the integral regime, being a Hamiltonian process,
does not involve viscosity. However, as the cascade length scale hits the
Taylor microscale, viscous dissipation becomes important [219, 220]. The
integral length scale is given by [219, 217],

Λ =

∫∞
0

f(r) dr =
1

〈v2〉

∫∞
0

〈v(0)v(r)〉 dr

The variation of Λ with E2 is shown in Fig. 4.22(a). The typical value of
Λ is ∼ 75 µm, corresponding well with the diameter 2a of the largest drop,
while λ is ∼ 7 µm. The smallest scale present in the system is characterized
by Taylor microscale (λ), defined as

λ =

{
2

−f ′′(0)

}1/2

≈ 15ηvv
2/ε

1/2

where, f ′′(0) = d2f
dr2

|r=0. Figure 4.22(b) shows the variation of λ as a function
of E2. One can calculate a microscale Reynolds numbers Reλ = vrmsλ/ηv ∼
10−6, where ηv is the kinematic viscosity of the medium obtained from ma-
terials parameters. But an effective kinematic viscosity ηv obtained from
system observables would be considerably smaller. We can calculate the
quantity τv =

√
ηv/ε, a timescale associated with viscous dissipation, from

system observables using the rms speed and the Taylor microscale (λ). This
timescale, shown in the inset of Fig. 4.22(b), decreases with E2 from an
initial value of 100 ms and then becomes constant at about 20 ms. The
droplets constantly split into daughter structures and recombine, thus their
size distribution remains a dynamic quantity. In this process, surface tension
provides the stabilizing force which works against the production of smaller
sized drops while the interfacial electrostatic stresses destabilizes the drops.

The presence of a typical lengthscale in the context of bubbles in presence
of turbulent shear flows was recognized by Hinze who obtained the Hinze
scale (aH) by equating the disrupting differential pressure forces [222] on the
droplets’ surface to the restoring forces due to surface tension, aH > γ/(ρv

2),
where ρ is the density of the liquid phase. These two competing forces can be
written in the form of a dimensionless quantity called Weber number (We)
and is defined as

We =
ρv2a

γ
. (4.4)
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a
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Figure 4.23: (a) Variation of drop size distribution N(a) with drop radius a
for fields above 9 V/µm. The size distribution follows a −10/3 power law, i.e.,
N(a) ∼ a−10/3, as seen for bubbles in turbulent shear flow [221]. (b) Variation of
cumulative count of N(a) with a. The scale at which cumulative value of N(a)
reaches to its 95% (shown by the dashed black line), is defined as a Hinze scale
(aH). The dependency of aH on E is shown in the inset of (b). The spread in aH
values about the mean is highlighted by the gray bar in the inset of (b) and also
in (a).

Assuming the velocity field is described by the Kolmogorov’s inertial sub-
range, v2 ∼ ε2/3a2/3, then from equaltion (4.4)

We =
ρε2/3a5/3

γ
. (4.5)

Therefore, according to the Hinze’s criterion for droplet breakup, We must
be larger than the critical Weber number (Wec), i.e., We > Wec. The scale
corresponding to Wec is known as Hinze scale (aH). From equation (4.5),
the Hinze scale

aH =We3/5c (
γ

ρ
)3/5ε−2/5.

For droplets sizes larger than aH, i.e., a > aH the process of droplets

105



Chapter 5. Oil-in-oil emulsion

breakup into smaller droplets will continue till the Hinze scale is achieved.
The variation of the droplet size distribution N(a) as a function of the drop
radius a for E = 9.3, 10, 10.7 and 11.3 V/µm is shown in Fig. 4.23(a).
The distribution has a −10/3 power law. This is similar to the bubble size
distribution obtained in the presence of turbulent shear flows [221]. The
Hinze like scale of the problem was computed by thresholding the cumulative
count of N(a) at 95% [223], shown in Fig. 4.23(b). The variation of aH with
E is plotted in the inset of Fig. 4.23(b).

In turbulence, one uses the concept of eddies to describe the complex and
swirling flows. One then conceptualizes that the energy is fed into the system
at the scale of large sized eddies. These eddies then break up under local
stress into small sized ones by Hamiltonian processes, i.e., viscosity does not
play a role. The eddies are thought to be spatio-temporally coherent objects
that possess distinct physical boundaries. These eddies have a life cycle, i.e.,
they are generated from larger flow structures and then they breakdown into
smaller ones.

In our system, energy injection occurs on the 100 − 300 µm scale. If
we were driving droplet breakup without long range hydrodynamic interac-
tions, we would preferentially generate droplets at one lengthscale. This was
shown in previous work in a regime of weak hydrodynamics [224]. In this
regime of the current experiments, with strong hydrodynamic interactions,
we see a distribution of droplet sizes. These droplets are essentially directly
visualizable eddies. This, we believe, is the uniqueness of these micron-scale
turbulent low−Re flows. However, the results shown in this section are in-
triguing, yet inconclusive at the present stage. They merit serious analysis
for the future.
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4.3 Large scale arrays of tunable microlenses

4.3.1 Introduction

Arrays of micro-lenses whose focal length can be dynamically controlled are
useful for a large number of device applications which require real time
control over its optical components. In most realisations these lenses are
made of liquid droplets of size ranging from a few 100 µm to a few mm

[225, 226, 227]. The shape of these droplets and thereby their focussing
property is manipulated, in microfluidic devices, in the presence of stimuli
such as temperature [228, 229], hydrostatic pressure [230, 231, 232], electric
field [225, 227, 233, 234, 235], pH [229], light [236].

The percentage change in focal length that has been achieved for large
size droplets (∼ 300 µm) is about 40% and the typical response time is of
the order of tens of ms [225]. In most of these systems, different stimuli
are used to produce and to actuate the microlens arrays. For example, in
microfluidic devices, flow-induced shear stresses produce the droplet array
while the hydrostatic pressure is used to actuate them [230, 231, 237, 238].
Pressure control [231] achieves large focal length range, but cannot as eas-
ily be integrated into an optical device as an electric field control. Droplet
manipulation based on electrowetting, where an electric field is a stimulus,
is very attractive: the voltages are small, and they can be made flat, so
the change in focal length can be appreciable. But it is very difficult, us-
ing electrowetting, to make symmetric biconvex and composite lenses with
controllable shape, and, in addition, there are inherent problems associated
with liquid electrolysis [234] and contact-angle hysteresis [235].

4.3.2 Experiment

The experimental set-up, shown in Fig. 4.24, consists of two parallel ITO
coated glass coverslips (thickness=150 µm) separated by two glass spac-
ers of thickness 120 µm. A drop of silicone oil (Dow Corning, dielectric
constant εin = 2.75, conductivity σin = 3.6 × 10−10 S/m and viscosity
ηin = 0.38 Pa.s) is suspended in immersion oil (Immersol 518F, Zeiss,
εex = 4.66, σex = 4.66 × 10−10 S/m and ηex = 0.36 Pa.s) filled inside
the system. The immersion oil mainly contains Di-(TCD-Methylol)-adipate
(∼ 70% volume) and Benzylbenzoate (∼ 20% volume). The system is sealed
with ultraviolet curing adhesive from all sides to prevent any liquid leakage.
A sinusoidal a.c. voltage (Trek 10/ 10B-HS), amplitude: 0 − 10 kV , fre-
quency: 0 − 19 kHz, is applied between the planar electrodes, so that the
electric field is perpendicular to the plane of the electrodes (which is also the
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Figure 4.24: Schematic of an experimental setup and the ray diagram of lens
focusing of a single drop. U and V are the distances between the drop plane and
the grid (object) plane, and the drop plane and the image plane, respectively.

image plane). The system is imaged directly via a bright field microscope
(Nikon TE300) and a CCD camera (UK 1157 from EHD imaging GmbH) at-
tached to the microscope captures the system image. A grid of 8 µm× 8 µm
squares of gold film made by e-beam lithography is used as an object to image
through the drop. A ray diagram of the focussing of the grid through a single
drop is shown schematically in the Fig. 4.24: U is the distance between the
grid (object) plane and the drop plane, and V is the distance between the
drop plane and the image plane.

The control of the focal length (F0) of the tunable microlens is demon-
strated in Figure 4.25(a), which shows a sequence of micrographs of a droplet
of diameter 2a = 40 µm driven at different frequencies. An underlying grid
of 8 µm × 8 µm squares is imaged through the droplet. The grid is highly
defocused at 20 Hz and comes into focus as the frequency is increased to
f = 100 Hz. Above 100 Hz, no significant change is observed in the focused
image of the grid. This control of focus arises due to a frequency driven tran-
sition (see section 1.6.3.1) from the high-frequency dipolar regime, where the
normal electric stresses elongate the droplets along the field direction into
prolate (egg shaped) spheroids, to the lower-frequency electrohydrodynamic
regime, where tangential stresses compress the droplets into oblate (lentil
shaped) spheroids; further details about the working principle are provided
in what follows. The focal length of the droplet lens is determined using the
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Figure 4.25: (a) A sequence of micrographs obtained at different frequencies shows
the focusing of the grid through the drop. Scale bars, 20 µm (b) At each frequency,
the focal length (F0) can be measured by bringing the image of the grid into focus
by manually refocussing the microscope objective to vary V, the distance from the
drop plane and the image plane. The variation of focal length (filled circles) and
numerical aperture (NA, open circles) with frequency f at E = 10 V/µm.

expression [239] F0 = UV/(U+ V).
We measure V at each frequency value by manually adjusting the ob-

jective to get the image of the grid through the droplet in the focal plane
of the objective. The ray diagram of lens focusing is shown schematically
in Fig. 4.24. The variation of F0 as a function of frequency f is shown in
Fig. 4.25(b). The focal length decreases with increasing frequency till 100 Hz
and then it becomes constant. The numerical aperture NA = n tan−1(a/2F0)
[239], where n = 1.52 is the refractive index of immersion oil, of the micro-
lens varies between 0.19 to 0.25 in the frequency range of 12 Hz to 1 kHz,
as shown in Fig. 4.25(b).
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4.3.3 Working principle

The device works on the principle that a dielectric liquid drop suspended
in a “leaky dielectric” medium undergoes shape deformation in the presence
of an electric field [29, 30, 194, 142]. In case of leaky dielectrics, charge
accumulates at the two fluid interface to conserve the current. The action of
the electric field on the surface charge gives rise to tangential stresses which
causes circulatory flows within and outside the drop, which leads to shape
deformation. In the presence of an electric field, an initially spherical drop
of radius a is deformed into a spheroid with dimensions d‖ and d⊥, and
a dimensionless deformation D0 = (d‖ − d⊥)/(d‖ + d⊥). The deformation
(D0) of a drop of radius a in a steady field E is given by (equation 1.7) [29]
D0/aE

2 = 9ε0εexΦ/16γS(2 + R)2, where ε0 is the free space permittivity, γ
is the interfacial tension, Φ = S(R2 + 1) − 2 + 3(RS− 1)(2M+ 3)/(5M+ 5),
R = σin/σex, S = εex/εin, and M = ηin/ηex. Therefore, the shape of the
drop in a steady field can either be prolate (D0 > 0, major axis is parallel to
the field direction), oblate (D0 < 0, major axis is perpendicular to the field
direction), or spherical (D0 = 0) for a given set of materials constants (such
as conductivity, dielectric constant and viscosity) [29, 30, 142].

Torza et. al. have extended the leaky dielectric model in the presence
of an oscillatory electric field, and calculated the electric stress on a single
drop [31] (see section 1.6.3.1). The stress, at a constant field amplitude
and for a given materials’ constants, is a function of the frequency of the
applied field and the angle between the radial vector of the drop and the field
direction. The protocol of making nearly monodisperse droplets and their
arrangement in an array is discussed in the next section. The shape of the
droplets and thereby their focussing property is controlled by simply changing
the frequency of the imposed electric field. The shape is an oblate spheroid
at low frequencies since the normal stress (direction being radially inwards)
at the pole is larger than at the equator. However, at high frequencies, the
normal stress at the pole becomes smaller than at the equator and the result is
a prolate spheroidal droplet. At an intermediate frequency fc, the stresses at
the pole and the equator balance which gives rise to a spherical drop [31]. The
angular dependency of the normal stress is shown in Figure 4.16(b). In the
observations reported here, the scaled deformationDf /a changes significantly
up to fc and above fc the variation of Df /a becomes small. This manifests
itself as a strong frequency dependence of the focal length below fc, but a
significantly weaker dependence above fc. The expression for Df is given in
equation 1.10.
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4.3.4 A route to obtain 2D and 3D microlens arrays

While the results shown above focus on the lensing produced by a single
droplet, our methods are in fact capable of systematically producing very
large (centimeter-scale) arrays of relatively monodisperse (∼ 10% polydisper-
sity) droplets. Morever, the droplets are either two-dimensional or (quasi)-
three-dimensional depending on the exact route of formation: this is de-
scribed next. Initially, a dc electric field of amplitude E = 10 V/µm is ap-
plied across the device. This causes the large silicone oil drop (Fig. 4.28(a))
to break into smaller size droplets (Fig. 4.28(b)). In order to obtain 2D or

ba c

At zero crossing 
  of the �eld

At maximum amplitude
        of the �eld

fd e
1kHz0.01Hz 1Hz

2D array of droplets

g h i

0.01Hz 1Hz 1kHz

3D array of droplets
100μm

0Hz 0.01Hz

Figure 4.26: (a) Interface between silicone oil (left) and immersion oil (right) at
zero field. (b) Break-up of the silicone drop at E = 10 V/µm, f = 0 Hz. (c)
Snapshot of the convective flows at E = 10 V/µm, f = 0.01 Hz. (c→d→e→f) A
sequence of micrographs shows the route to obtain a 2D array. (c→g→h→i) A
sequence of micrographs shows the route to obtain a 3D array. For both sequences,
the amplitude of the applied a.c. electric field is maintained at E = 10 V/µm. The
respective frequencies are mentioned in the micrographs. Scale bars, 100µm.

3D arrays of droplets, we apply a very low frequency field (f = 0.01 Hz,
E = 10 V/µm) to the system (Fig. 4.28(c)). At this frequency, the droplets
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undergo convective rolls and periodically migrate between the two electrodes.
When the field crosses zero, the droplets are found to come into a plane (Fig.
4.28(d)) close to the electrode. At this point of the cycle, the frequency is
then raised to 1 Hz where a size-selective in-plane break-up of the large size
droplets take place due to the large tangential stresses. Thus, the droplet
size distribution narrows down (Fig. 4.28(e)). The system is then quenched
to 1 kHz and we obtain a 2D array of droplets (Fig. 4.28(f)). At f = 1 kHz,
the interaction between the droplets is mainly due to the dipolar field.
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Figure 4.27: Micrographs shown in (a, b) are obtained by overlaying the droplet
array of two planes for electrode spacing (d) of about 120 µm and 400 µm, respec-
tively. Insets of (a, b) show the distribution of drop radius. The corresponding
probability distribution of angles, P(φ), between the adjacent pairs of droplets in
two planes is shown in (c, d). (e) Variation of the bond order correlation function
g6(r) versus r/r0 (where r0 is the position of the first peak of the pair correlation
function g(r)) for d ∼ 120 µm (black circles) and 400 µm (gray circles). It is
computed for the droplets arranged in the top plane. Red lines are exponential
fits, function Ae−(r/r0)/α, to the data. Inset shows the variation of α with d. (f)
Variation of distance between the electrode surface and the adjacent droplet plane
(d1, open circles) and the separation between the two droplet planes (d2, filled
circles). Droplet arrangement is illustrated in the inset.

To obtain a 3D array, we again increased the frequency from 0.01 Hz
(Fig. 4.28(g)) to 1 Hz (Fig. 4.28(h)), i.e., from the state where the system
of droplets is migrating from one electrode to the other, to the state where
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size-selective droplet breakup occurs. We found that when the frequency is
switched to 1 Hz at a point in the cycle when the magnitude of the electric
field is increasing, the droplets are distributed homogeneously across the
system volume. As before, the 1 Hz field has the effect of narrowing the size
distribution (Fig. 4.28(h)). Next, we quenched the system at 1 kHz, shown
in Fig. 4.28(i). Remarkably, the droplets now arranged themselves into two
planes away from the electrode surface and symmetrically about the mid-
plane between the electrodes. In the example shown (Figure 4.28(i)), the
droplets have an in-plane spacing of about 30 µm. The separation between
the droplet plane and the electrode surface arises from the balance between
the static electrostatic interaction between the electrode and the droplets,
and the dipolar interaction among the droplets in a plane.

The droplets segregate into two symmetric planes, both of which are not
in contact with the electrodes. This is unexpected in a dielectric medium,
because the metal electrode attracts the dipoles (as can be visualized by con-
structing image dipoles as in electrostatics). The reason for this separation
is likely related to the fact that, in a leaky dielectric medium, an electrical
field gradient along the electric field direction arises due to the accumulation
of ions near the electrode. Since the silicone oil droplets have a dielectric
constant that is smaller than the medium, the dielectrophoretic force that
results from the electric field gradient would tend to repel the droplets from
the substrate. This separation is a very useful feature for microlenses, as
they are not limited to being plano-convex.

4.3.5 Correlation between the droplets

Next, we investigated the quasi 3D droplet arrangement in the planes as a
function of separation between the planes by varying the electrode spacing
(but keeping the field amplitude fixed at 10 V/µm). We then repeated the
same frequency cycling described above to obtain the droplet array. Fig.
4.27(a,b) show the droplet arrangement for electrode spacing (d) of about
120 µm and 400 µm respectively, where the droplets (marked by cyan colored
circles) near the bottom plane is overlaid on the droplets (marked by pink
colored circles) near the top plane. Their respective drop size distribution is
shown in the insets of Fig. 4.27(a,b). The angle (φ) between the adjacent
pairs of droplets in two planes is calculated by joining them with a vector ~s
whose horizontal and vertical components are respectively sx and sy, and φ =
tan−1(sy/sx). The probability distribution of angles, P(φ), is narrow for
120 µm electrode spacing signifying the correlation of droplets positions’ in
the two planes, shown in Fig. 4.27(c). The system loses its correlation as the
electrode spacing is increased to 400 µm, reflected in the broad distribution
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of P(φ) and shown in Fig. 4.27(d). In order to understand the orientational
ordering between the droplets in an array, we compute the 2D orientational
bond order parameter Ψ6 defined as [240, 241]:

Ψ6(rp) =

N∑
q=1

ei6θpq/N

Here, N denotes the number of nearest neighbors q of the pth particle, and
θpq is the bond angle between p and q particles with a fixed yet arbitrary
reference axis. For a perfect 2d crystal Ψ6 = 1. The loss of crystallinity is
reflected in the spatial correlation of the bond order parameter g6(r), given
by [241]

g6(r = |rp − rq|) =< Ψ
∗
6(rp)Ψ6(rq) >

Figure 4.27(e) shows the spatial variation of g6(r) for d ∼ 120 µm and 400 µm
electrode spacings for the droplets at the top plane. With increasing electrode
spacing, the in-plane correlation among the droplets becomes stronger, how-
ever, at the same instance the correlation between the droplets in two planes
becomes poorer (shown in Fig. 4.27(c, d)). This is reflected in the variation

of α, obtained by fitting g6(r) with an exponential function Ae−
r/r0
α , with d

(inset of Fig. 4.27(e)). The separation between the two droplet planes (d2)
increases with the electrode spacing (d), shown in Fig. 4.27(f). However, the
distance between the electrode surface and the adjacent droplet plane (d1)
does not change significantly with d (see Fig. 4.27(f)).

4.3.6 Frequency and field dependent shape deforma-
tion

The shape evolution of a single silicone oil droplet as a function of frequency
is shown in Fig. 4.28(a). With increasing frequency, the shape of the droplet
changes from an oblate spheroid to a spherical to a prolate spheroid. The
equations (4.1, 4.2) are qualitatively consistent with the frequency-driven
oblate to prolate transition shown in Fig. 4.28(a). The axes of an ellipsoid,
i.e., d‖ and d⊥ are plotted against frequency in Fig. 4.28(b). At frequencies
below fc ∼ 200 Hz, d⊥ > d‖; oblate spheroid, at f = fc, d⊥ = d‖; spherical
droplet, and at f > fc, d⊥ < d‖; prolate spheroid. The scaled shape defor-
mation (Df /a) with frequency is shown in the inset of Fig. 4.28(b) which
shows the shape transition at f ∼ 200Hz. At frequencies 20 Hz and 1 kHz
where the drop shapes are oblate and prolate respectively, we varied the am-
plitude of the electric field. Figure 4.28(c) shows the variation of (Df /a) as a
function of electric field intensity (E2) for different droplet diameters shown
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Figure 4.28: (a) Shape evolution of a droplet from oblate to prolate spheroid with
increasing frequency. The electric field is in the plane of the page and pointing
vertically upwards. (b) Variation of minor and major axes, i.e., d‖ (parallel to the
field direction) and d⊥ (perpendicular to the field direction) respectively, of an
ellipsoid as a function of frequency (f ). The inset of (b) shows the plot of scaled
deformation (Df /a) with f and exhibits the shape transition at fc ∼ 200 Hz. The
electric field amplitude (E) is kept constant at 5 V/µm in (a, b). (c) The variation
of (Df /a), for different sized drops shown by different colored circles, as a function
of electric field intensity (E2) at f = 20 Hz and 1 kHz where the droplet shapes
are oblate and prolate, respectively. The inset of (c) shows the time response of
(Df /a). The droplets at t = 0 are prolate (at 1 KHz) and transformed to oblate
(at 10 Hz) within a span of 30 ms.
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by different colored circles. The oblate drop (at low frequency) shows a very
strong dependency on E2, however, the prolate drop displays a weak effect
on E2. This can be understood that the magnitude of the total electric stress
(sum of normal and tangential stresses, and both goes as E2) is large at low
frequencies, dominated by the tangential stresses, therefore the oblate drops
show strong dependency on E2. However, at high frequencies the total stress
is small (the tangential component vanishes), therefore, the deformation of
the prolate drop would be less with increasing E2 as compared to the oblate
drop [31]. In order to get the large dynamic range of shapes, from oblate
spheroid to spherical to prolate spheroid, we tuned the frequency (f ) of the
applied field keeping the amplitude constant at E = 10 V/µm. We can thus
synchronously change the radius of curvature, i.e., the focal length (F0), of
each droplet in the array (see Fig. 4.25) by changing the frequency. The
time response of the shape deformation from a prolate, obtained at 1 kHz,
to an oblate, obtained at 10 Hz, is shown in the inset of Fig. 4.28(c). The
response time of the system for the whole dynamic range of deformation is
about 30 ms which is better than reported in other systems [229, 230, 236].

4.4 Conclusion

We have demonstrated fine control over frequency-dependent hydrodynam-
ics in an oil-in-oil system. Such control will enable us to address challenging
problems in nature where many-body electrostatic and hydrodynamic inter-
actions are important.

The oil-in-oil emulsion in a dc electric field has shown to exhibit emer-
gent rapidly moving dynamical structures. These structures have character-
istics which are similar to that of turbulent flows, despite having microscale
Reynolds numbers of Reλ ∼ 10−6. The dissipation rate and hence the en-
ergy cascade has a physical correspondence with the droplets. Furthermore,
we have provided evidence that the wave vector associated with the energy
cascade corresponds to the drop size distribution.

Moreover, a protocol has been described to obtain both 2D and quasi-
3D arrays of microlenses. The shape of the microlenses and thereby their
focussing property is controlled by simply changing the frequency of the
imposed electric field. The focal length change is observed to be about 35%
and the numerical aperture (NA) changes by 0.18 to 0.24 going from large
to small frequencies. This study provides a new method to generate more
complex spatial arrangements of tunable microlenses.
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Summary

In summary, we have shown the mechanical response of model amorphous
systems, particle-rafts and colloidal thin films, confined at an interface and
the formation of dynamic amorphous structures and their characterization,
in the presence of an external stress. The salient findings of the thesis are
listed below:

• We have developed a novel interfacial rheometer to measure both longi-
tudinal and shear moduli with simultaneous video imaging of particle-
rafts. It is found that under compressive stress, the system under-
goes an unusual transition between two states identified as a capillary-
bridged soft solid and a frictionally-coupled rigid solid. The transi-
tion is marked by a softening in shear modulus and a subtle structural
anomaly reflected in the mean coordination number of the system. The
decrease in the shear modulus arises from plastic events caused by the
mechanical instabilities and the associated depinning of the contact
lines.

Similar signatures of the phase transition and softening of the shear
modulus are also observed in the wave propagation experiments. How-
ever, a detailed connection between the capillary solid to the frictional
solid and the crossover from the propagating wave to diffusive wave
is not established in this thesis and would be an interesting aspect to
pursue further.

• Colloidal thin films are shown to be a minimal model system that cap-
tures the essential complexity of the various detachment processes seen
in nature ranging from single particle desorption to collective delami-
nation triggered by nucleation and propagation of cracks.

• The relative strength of hydrodynamic and dipolar interactions is con-
trolled in a two component oil-in-oil model system by simply tuning the
frequency of an imposed a.c. electric field. In the strong hydrodynamic
regime, i.e., at low frequencies, we observe dynamic amorphous struc-
tures at low Reynolds number. In the weak hydrodynamic regime, i.e.,
at intermediate frequencies, we see several exotic dynamical droplet
phases. In the dipolar regime where the hydrodynamic interactions are
negligible, i.e., at high frequencies, we obtain coherent crystalline struc-
tures. Such control over hydrodynamic interactions, unprecedented in a
single system, will enable us to address challenging problems in nature
ranging from crystal growth to cloud formation.
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Summary

The emergent dynamic amorphous structures with dc electric fields are
characterized both in spatial and time domains. Both, the power spec-
trum of temporal fluctuations of measured shear stress and the energy
spectrum of droplet motion exhibit −5/3 power law with frequency (ν)
and wavevector (k), respectively.

A protocol has been demonstrated to produce large (centimeter scale)
two-dimensional and quasi-three-dimensional arrays of monodisperse
microlenses (radius ∼ 20 µm) that are not in contact with the substrate.
Electric field as a single stimulus is used to produce the arrays and to
actuate them.
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A
Pebble Game

The Pebble Game algorithm was introduced by Jacobs and Thorpe aimed
to count the number of floppy modes in a two-dimensional network glass
[81, 88]. The algorithm is based on Laman theorem from graph theory [89].
The graph G ′ is defined as a set of vertices V ′ and a set of edges E ′. Each
edge joins a pair of vertices. The graph can be used to describe the structure
of a network glass. The vertices correspond to sites and edges to bond. The
graph is said to be minimally rigid or isostatic if removal of any edge would
make the graph non-rigid. The Laman theorem which provides the condition
for minimally rigidity of the graph is as follows [89]:
Theorem: A graph G ′ is minimally rigid in two dimensions if and only if
E ′ = 2V ′ − 3 and iff no subgraph G ′′ containing V ′′ vertices and E ′′ edges
violates E ′′ 6 2V ′′ − 3.

In two dimensions, a set of N sites and b bonds has 2N independent
motions and three constraints associated with rigid body translations and
rotation. If each bond adds an independent constraint, then 2N − 3 bonds
would be required to eliminate the nonrigid motions and for the structure to
be minimally rigid. The substructure containing n ′ sites and b ′ bonds is rigid
if the number of bonds required to constrain the system is less than or equal
to 2n ′ − 3. If b ′ > 2n ′ − 3 then there is a redundant bond. Each redundant
bond stresses the structure. Non-reduntant bonds are independent. A simple
example of Laman’s theorem is shown schematically in Fig. A.1. Figure
A.1(a) shows a graph with four vertices (gray shaded circles) connected with
four bonds (solid black lines) and it can deform into a parallelogram keeping
the bond length same, as shown by dotted lines. From Laman’s theorem, this
graph requires one more bond to become rigid, b = 2(4) − 3 = 5. Addition
of one more bond diagonally to the graph makes it rigid as shown in Fig.
A.1(b). However, addition of another bond, shown by solid orange line in
Fig. A.1(c), to the other diagonal is redundant (unnecessary) and stressed the
graph. Now, Consider a bit more complex graph in Fig. A.1(d) which has six
vertices and nine bonds. The bonds required from Laman’s theorem would
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(a)

(f)(e)(d)

(c)(b)

Figure A.1: (a) A rectangular which can be deformed in a parallelogram (shown
by dotted lines). The Laman’s condition require 5 bonds for this graph to be
rigid; vertices are shown by gray shaded circles and bonds by solid black lines.
Addition of a diagonal bond would satisfy the condition and the graph would
become rigid in (b). Another diagonal bond (shown by solid orange line) to a rigid
graph in (c) is unnecessary (redundant) which will stress the graph. (d) A bit more
complex arrangement of vertices in a graph which requires 9 independent bonds
to become rigid according to the Laman’s theorem. However, the above subgraph
has one redundant bond and the bonds are not well-distributed. Therefore, this
graph is flexible. The graph become minimally rigid in (e) since the bonds are
well-distributed and becomes flexible in (f) when one bond is removed from it.

be 2(6) − 3 = 9, that means graph should be rigid. However, the bonds are
not independent or well-distributed in the subgraphs. The above subgraph
has one redundant bond at the diagonal, so this graph is flexible. The graph
in Fig. A.1(e) is minimally rigid since the bonds are well-distributed and
removal of any bond would make it flexible as shown in Fig. A.1(f).

The Pebble algorithm [242] is applied repeatedly by adding a bond one
at a time in the network. Instead of looking at the graph rigidity again
and again when a new bond added, only the subgraphs that contain newly
added bond need to be checked. This way a lot of computational time will
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be saved. If each of these subgraphs satisfy the Laman condition for rigidity,
b ′ 6 2n ′ − 3, then the last bond added would be independent, otherwise it
would be redundant. So, the number of floppy modes can be determined by
counting the number of redundant bonds present in the graph. To perform
this, the pebble game is introduced.

Each site (vertex) is assigned two pebbles corresponding to the two de-
grees of freedom in two dimensions. A pebble is free when it is on a site
or anchored when it is covering a bond. If two additional free pebbles are
found at a different site, then the distance between a pair of sites is varying.
The sites can be constrained by placing bonds (edges) between them. A
bond between a pair of sites reduces one degree of freedom. The first step
of adding a single bond between a pair of vertices is arbitrary. The site can
use its two pebbles to cover maximum two bonds. Every time a new bond is
placed between two sites, there must be two free pebbles present on each of
the newly connected sites, four in total. However, the pebbles can only be
shuffled provided all the independent bonds remain covered and the pebbles
remain attached to their original sites. It is always possible to find three
free pebbles remaining at the end of the game because they correspond to
the three degrees of freedom of a rigid body in two dimensions. If four free
pebbles across a bond cannot be found, then that bond is redundant and it
is not covered. Over-constrained regions correspond to the set of bonds that
were searched in trying to free the fourth pebble but failed. These regions are
known as Laman subgraphs and they violate the condition, b ′ 6 2n ′−3. An
added bond onto a Laman subgraph will be redundant. The number of floppy
modes, i.e., the remaining degrees of freedom, in the system correspond to
number of free pebbles that do not cover bonds but remain attached to their
respective sites.

Consider a graph in Fig. A.2(a) in which sites are denoted with gray
shaded circles. Each site is given two pebbles shown by red colored circles.
A bond (solid black line) is connected in Fig. A.2(b) between a pair of sites
looking at its end-vertices for four pebbles. Since there are four pebbles, two
on each side across the bond, any one pebble can cover the bond and make it
independent. The pebble is highlighted by light shaded red circle when it is
at the site and dark shaded when it is attached to the bond. The curly arrow
indicates which pebble of the site has covered the bond. There are now three
pebbles left across the bond. Similarly, we can pebble two more bonds as
shown in Fig. A.2(c, d). In Fig. A.2(e), the bond has only three free pebbles
on its ends. So, we have to look for a free pebble along the existing pebble
covered bonds. A free pebble is found on the neighboring site which can
be used to cover the bond and the other pebble can be freed to its original
site. Now, we have four free pebbles and a bond can be placed between
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure A.2: Pebble Game. A graph in (a) whose rigidity we want to test. Each
vertex (gray circles) is assigned two free pebbles (red circles). A bond (solid black
line) is connected between two sites in (b). Since there are two free pebbles avail-
able on its ends, we can cover this bond with a pebble and make it independent.
Similarly, we can do the same for two more bonds in (c) and (d). When a fourth
bond is added in (e) which has total three free pebbles on its ends. So, a pebble
can not cover the bond. In order to cover the bond, we need to search for a free
pebble from the neighboring sites. It can be done by shuffling the pebbles from
the existing pebble covered bond. This way we can cover four more bonds, shown
in (f)-(i).
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Appendix A. Pebble Game

(i) (j)

(k) (l)

Rigid

Flexible

Figure A.3: Pebble Game ...continued. In (j), we have one more bond to check
highlighted by solid orange line. This bond has zero free pebbles on its ends. Three
free pebbles (two to one site and one to other site) can be recovered by shuffling
the pebbles. The search for the fourth free pebble could not be succeeded, thus
this bond is a redundant bond in (k). The pebbles which are covering the bond
have been omitted and arrows have put in place of them to show the direction
of bond. The region where search fails is an overconstrained region (blue filled
region) in (l). The left subgraph is flexible since it has only 4 bonds and it requires
5 bonds to be rigid according to the Laman’s condition. However, the graph is
overall flexible.
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Appendix A. Pebble Game

the two sites. We keep looking for pebbles on each side of the bond and
fulfill the criteria (two free pebbles present on each of the newly connected
sites) by shuffling the pebbles along the existed covered bonds and keeping
in mind that the pebbles must remain attached to their original sites, as in
Fig. A.2(f-i). We have one more bond to test highlighted by solid orange line
in Fig. A.2(j). This bond has zero free pebbles on its ends, so we search for
additional free pebbles. We can recover two pebbles to one site and a single
pebble to the other site as depicted in Fig. A.2(k). Three pebbles can easily
be recovered to any two vertices but this search fails while trying to free
the fourth pebble. Since the fourth pebble could not be found, this bond is
redundant. The failed search region is an overconstrained region (blue filled
region in Fig. A.2(l)) as it is rigid, because it satisfies the Laman’s condition
and stressed because of the presence of a redundant bond. The arrows on
the bond in Fig. A.2(l) show the direction of the bond, i.e., which site has
shared its pebble to the bond. The left subgraph is flexible, since it requires
2(4) − 3 = 5 bonds to be rigid. However, the graph is overall flexible as it
is left with four free pebbles at the end of the pebble game. Also from the
Laman’s theorem, this graph requires 2(6) − 3 = 9 bonds to be rigid and it
has 8 bonds.

128







Bibliography

[1] Chaikin, P. M. and Lubensky, T. C. Principles of Condensed Matter
Physics. Cambridge University Press, (2007).

[2] Sethna, J. P. Statistical Mechanics: Entropy, Order Parameters and
Complexity. Oxford University Press, (2006).

[3] Anderson, P. W. Basic Notions Of Condensed Matter Physics.
Addison-Wesley, (1997).

[4] He, H. and Thorpe, M. F. Elastic properties of glasses. Phys. Rev.
Lett. 54(19), 2107–2110 (1985).

[5] Hentschel, H. G. E., Karmakar, S., Lerner, E., and Procaccia, I. Do
athermal amorphous solids exist? Phys. Rev. E 83(6), 061101 (2011).

[6] Zallen, R. The Physics of Amorphous Solids. Wiley-VCH, (2005).

[7] Klement, W., Willens, R. H., and Duwez, P. Non-crystalline structure
in solidified Gold-Silicon alloys. Nature 187(4740), 869–870 (1960).

[8] Jang, J. S. C. and Koch, C. C. Amorphization and disordering of
the Ni3Al ordered intermetallic by mechanical milling. J. Mater. Res.
5(03), 498–510 (1990).

[9] Han, S., Zhao, L., Jiang, Q., and Lian, J. Deformation-induced local-
ized solid-state amorphization in nanocrystalline nickel. Sci. Rep. 2,
493 (2012).

[10] Yiannourakou, M., Economou, I. G., and Bitsanis, I. A. Structural and
dynamical analysis of monodisperse and polydisperse colloidal systems.
J. Chem. Phys. 133(22), 224901 (2010).

[11] Pusey, P. N., Van Megen, W., Underwood, S. M., Bartlett, P., and
Ottewill, R. H. Colloidal fluids, crystals and glasses. Physica A 176(1),
16–27 (1991).

[12] Phan, S.-E., Russel, W. B., Zhu, J., and Chaikin, P. M. Effects of
polydispersity on hard sphere crystals. J. Chem. Phys. 108(23), 9789–
9795 (1998).

[13] Yethiraj, A. and Blaaderen, A. v. A colloidal model system with
an interaction tunable from hard sphere to soft and dipolar. Nature
421(6922), 513–517 (2003).

131



Bibliography

[14] Pertsinidis, A. and Ling, X. S. Statics and dynamics of 2D colloidal
crystals in a random pinning potential. Phys. Rev. Lett. 100(2), 028303
(2008).

[15] Lu, Z. P. and Liu, C. T. Glass formation criterion for various glass-
forming systems. Phys. Rev. Lett. 91(11), 115505 (2003).

[16] Sun, K.-H. Fundamental condition of glass formation. Journal of the
American Ceramic Society 30(9), 277–281 (1947).

[17] Pusey, P. N. and Megen, W. V. Phase behaviour of concentrated sus-
pensions of nearly hard colloidal spheres. Nature 320(6060), 340–342
(1986).

[18] Rapacchietta, A. V. and Neumann, A. W. Force and free-energy analy-
ses of small particles at fluid interfaces: II. spheres. J. Colloid Interface
Sci. 59(3), 555–567 (1977).

[19] Fournier, J.-B. and Galatola, P. Anisotropic capillary interactions and
jamming of colloidal particles trapped at a liquid-fluid interface. Phys.
Rev. E 65(3), 031601 (2002).

[20] Berhanu, M. and Kudrolli, A. Heterogeneous structure of granular
aggregates with capillary interactions. Phys. Rev. Lett. 105(9), 098002
(2010).

[21] Chan, D. Y. C., Henry jr., J. D., and White, L. R. The interaction of
colloidal particles collected at fluid interfaces. J. Colloid Interface Sci.
79(2), 410–418 (1981).

[22] Kralchevsky, P. A., Denkov, N. D., and Danov, K. D. Particles with
an undulated contact line at a fluid interface: Interaction between cap-
illary quadrupoles and rheology of particulate monolayers. Langmuir
17(24), 7694–7705 (2001).

[23] Landau, L. D., Pitaevskii, L. P., Lifshitz, E. M., and Kosevich, A. M.
Theory of Elasticity: Volume 7. Butterworth-Heinemann, 3 edition,
(1986).

[24] Vella, D., Aussillous, P., and Mahadevan, L. Elasticity of an interfacial
particle raft. Europhysics Letters 68, 212–218 (2004).

[25] Giamarchi, T. Disordered elastic media. In Jamming, Yielding, and Ir-
reversible Deformation in Condensed Matter, Miguel, M. C. and Rubi,
M., editors. Springer (2006).

132



Bibliography

[26] Hasan, F. B. and Huang, D. D. Characterization of colloidal silica and
its adsorption phenomenon with silicon-base surfactants with relation
to film strength. Journal of Colloid and Interface Science 190(1), 161–
170 (1997).

[27] Bevan, M. A. and Prieve, D. C. Forces and hydrodynamic interactions
between polystyrene surfaces with adsorbed PEO-PPO-PEO. Lang-
muir 16(24), 9274–9281 (2000).

[28] Behrens, S. H. and Grier, D. G. The charge of glass and silica surfaces.
J. Chem. Phys. 115(14), 6716–6721 (2001).

[29] Melcher, J. and Taylor, G. Electrohydrodynamics: A review of the
role of interfacial shear stresses. Annu. Rev. Fluid Mech. 1(1), 111–146
(1969).

[30] Saville, D. A. Electrohydrodynamics: The Taylor-Melcher leaky di-
electric model. Annu. Rev. Fluid Mech. 29(1), 27–64 (1997).

[31] Torza, S., Cox, R. G., and Mason, S. G. Electrohydrodynamic deforma-
tion and burst of liquid drops. Phil. Trans. R. Soc. Lond. A 269(1198),
295–319 (1971).

[32] Arora, A. K. and Tata, B. V. R. Interactions, structural ordering
and phase transitions in colloidal dispersions. Advances in Colloid and
Interface Science 78(1), 49–97 (1998).

[33] Macfarlane, A. and Martin, G. A world of glass. Science 305(5689),
1407–1408 (2004).

[34] Mohanty, P. S., Yethiraj, A., and Schurtenberger, P. Deformable par-
ticles with anisotropic interactions: unusual field-induced structural
transitions in ultrasoft ionic microgel colloids. Soft Matter 8(42),
10819–10822 (2012).

[35] Cao, Y. and Li, Q. Dynamics of magnetized colloids on a disor-
dered substrate. Physica A: Statistical Mechanics and its Applications
387(1920), 4755–4759 (2008).

[36] Herrera-Velarde, S. and Grünberg, H. H. v. Disorder-induced vs
temperature-induced melting of two-dimensional colloidal crystals. Soft
Matter 5(2), 391–399 (2009).

133



Bibliography

[37] Pusey, P. N. and van Megen, W. Observation of a glass transition
in suspensions of spherical colloidal particles. Physical Review Letters
59(18), 2083–2086 (1987).

[38] Hunter, G. L. and Weeks, E. R. The physics of the colloidal glass
transition. Reports on Progress in Physics 75(6), 066501 (2012).

[39] Pham, K. N., Puertas, A. M., Bergenholtz, J., Egelhaaf, S. U.,
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[164] Schlapbach, L. and Züttel, A. Hydrogen-storage materials for mobile
applications. Nature 414(6861), 353–358 (2001).
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