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Abstract 

Fluctuations and order are key concepts in statistical physics, generally thought to be antagonistic to each other, as strong 

fluctuations often tend to destroy order. However, this is not always so. Some systems show enormous fluctuations, despite 

which long-range order stays intact. In this article, notions of fluctuations and order in statistical physics are reviewed briefly, 

recalling definitions and connections, and their behaviour in the limit of large system size.  This is followed by a discussion of 

a state with fluctuation-dominated order, and its chief characteristics. These include scaled two-point correlation functions 

which show a cusp singularity (the Porod Law for coarsening breaks down) and multiple order parameters (just one does not 

suffice).  In conclusion, a discussion of several physical systems which show fluctuation-dominated order is presented.

Introduction1  

Fluctuations and order are two fundamental attributes of a 

statistical state, often thought to be in conflict with each other. 

Consider a familiar example to see why: a ferromagnet has an 

ordered state at low temperature, but loses order above the 

critical point or Curie temperature. Fluctuations refer to 

deviations from the average. They are small at low 

temperature  𝑇, and increase as  𝑇 increases, becoming 

extremely large at the critical temperature, where order is just 

lost. Fluctuations and order thus seem to describe opposing 

tendencies. In such systems, increasing the level of 

fluctuations weakens order, and finally succeeds in destroying 

it. 

While this is valid for the large majority of systems that show 

ordered states in equilibrium, it turns out that the 

“fluctuations-versus-order” point of view is not universally 

valid. There is a set of systems, whose number has been 

increasing over the past couple of decades, each of which 

shows giant fluctuations, much larger than encountered in 

usual statistical systems. Despite this, such systems manage to 

keep long-range order intact: fluctuations induce very large 

changes of the magnitude of order, but do not wipe it out. 

Indeed, long-range order, the technical measure that 

characterizes an ordered state, is never lost although its 

magnitude fluctuates strongly. One then says that such a state 

 

1 This article is based on a lecture given at the presentation of the 

IPA R.D. Birla Award-2018 (at TIFR, Nov. 2019) 

exhibits “fluctuation-dominated order”. From the statistical 

physics point of view, this state is very interesting as it has 

many unusual aspects.  Equally important is the fact that an 

increasing number of diverse systems have been found to 

exhibit fluctuation-dominated order.  

In this short article, we will first review the notions of 

fluctuations and order in statistical physics, recalling 

definitions and connections, and their behaviour in the limit of 

very large system size. We then discuss a state with 

fluctuation-dominated order, and its chief characteristics. 

These include two-point correlation functions (which 

encompass a breakdown of the Porod Law for coarsening) and 

multiple order parameters (just one does not suffice). We 

conclude with a discussion of physical systems which show 

fluctuation-dominated order. 

Fluctuations 

Statistical physics deals with large systems made of many 

smaller entities which interact with each other. As the size of 

the system increases, macroscopically defined quantities such 

as the overall density in a fluid system or the magnetization in 

a magnetic system are described by averages over microscopic 

configurations. Nevertheless, every such system exhibits 

fluctuations or deviations from an average value [1,2].  
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The question arises: How large are the fluctuations? As the 

system size increases, does the magnitude of fluctuations grow 

as fast as the corresponding mean value of the quantity? For 

instance, consider the number 𝑁 of molecules in a fixed sub-

volume 𝑉 of a fluid. Clearly 𝑁 fluctuates in time as molecules 

move in and out of 𝑉. If the mean value is < 𝑁 >, then a good 

measure of fluctuations is provided by the mean squared 

deviation from the average, namely  

            < ∆𝑁2 >=< 𝑁2 > −< 𝑁 >2                                (1) 

Likewise, for a magnetic system, fluctuations of the 

magnetization 𝑀 in sub-volume 𝑉 are captured by 

             < ∆𝑀2 >=< 𝑀2 > −< 𝑀 >2                               (2) 

In equilibrium systems, quantities like < ∆𝑁2 > and 

<  ∆𝑀2 > are normally proportional to 𝑉. Thus typical 

fluctuations, given by the root mean squared (RMS) values 

√< ∆𝑁2 >  and √< ∆𝑀2 >, scale as √𝑉 . Since the mean 

value  < 𝑁 > is proportional to 𝑉, the ratio 

√< ∆𝑁2 > / <  𝑁 > , of a typical fluctuation to the mean, 

scales as √1/𝑉, and thus vanishes in the thermodynamic limit 

𝑉 → ∞. 

At a critical point, fluctuations are very large. The RMS values 

√< ∆𝑁2 >  and √< ∆𝑀2 >, scale as 𝑉𝑏 where 𝑏 lies between  
1

2
 and 1. Fluctuations are much larger than normal, but 

evidently the ratio √< ∆𝑁2 > /< 𝑁 > still vanishes as 𝑉 →
∞. 

In equilibrium statistical systems, there is a remarkable 

relationship between fluctuations and response. This has a 

striking consequence: By studying the fluctuations of a 

statistical system in the absence of an applied field, we can 

predict quantitatively how the system will respond, when a 

field is applied.  

Later we will see that in a certain class of nonequilibrium 

systems, the fluctuations are anomalously large and the ratio 

√< ∆𝑁2 > /< 𝑁 > remains of the order of unity even as 𝑉 →
∞. The nature of fluctuations in such circumstances and their 

relationship with order, lead to the concept of fluctuation-

dominated order. 

Correlation Functions 

Let us turn to a microscopic description to see how 

fluctuations and order manifest themselves through 

correlations at different points in space. Consider the case of a 

magnetic system where the spin 𝑆𝑖  at site 𝑖 takes on values ±1. 

Suppose there is no applied magnetic field, but there are 

interactions between pairs of close-by spins which favour 

parallel alignment of the spins. Then the values of 𝑆𝑖 and 𝑆𝑗 at 

distant lattice sites 𝑖  and 𝑗 are not independent. We quantify 

their inter-dependence through the two-point correlation 

function [2], defined as 

                         𝐺𝑟 = < 𝑆𝑖  𝑆𝑖+𝑟 >                                             (3) 

In the next section, we will see how  𝐺𝑟  is used to define long- 

range order, a quantitative characterization of order. 

Let us turn to a description of fluctuations at a local level. For 

instance the fluctuation of the magnetic moment at site 𝑖 is 

𝛿𝑆𝑖  ≡  𝑆𝑖− < 𝑆𝑖 > .  In the disordered phase, the average 

value vanishes, < 𝑆𝑖 > = 0. A nonzero value of < 𝑆𝑖 > 

indicates that the system is in the ordered phase. Correlations 

between fluctuations are of great physical interest. Thus we 

define the two-point correlation function 

Γ𝑟 = < 𝛿𝑆𝑖  𝛿𝑆𝑖+𝑟 >  ≡  < 𝑆𝑖𝑆𝑖+𝑟 >  − < 𝑆𝑖 >< 𝑆𝑖+𝑟 >   (4) 

to quantify the degree of correlation of fluctuations. Evidently 

both 𝐺𝑟  and Γ𝑟  depend only on the vector separation 𝑟 of the 

two sites, provided we are dealing with a system described by 

a translationally invariant Hamiltonian.  

Correlation functions such as Γ𝑟  tell us a lot about the spatial 

extent of fluctuations. Typically, Γ𝑟  decays exponentially for 

large separations:                           

                                Γ𝑟 ~ exp(−
𝑟

𝜉
)                                           (5) 

where  𝜉 is known as the correlation length. There are 

multiplicative power-law correction factors ~ 𝑟−𝜆 which 

modify Eq. (5) but the exponential decay dominates. This 

form holds as long as both 𝑟 and 𝜉  are much smaller than the 

system size 𝐿.  Physically, 𝜉 indicates the size of a typical 

fluctuation. It can be measured through scattering 

experiments, as the scattering cross section is related to the 

Fourier transform of Γ𝑟 . As 𝑇 is increased, 𝜉 increases, and in 

fact tends to diverge (become infinite) at the critical 

temperature 𝑇𝑐 [2]. For instance, fluctuations of the density 

become very large in binary liquid mixtures near the critical 

point, leading to scattering of light so that the mixture appears 

milky to the eye. Since the wavelength of light is about a 

thousand times the mean spacing between molecules, it shows 

that fluctuation sizes 𝜉 become ~ 1000 in these units. 

Likewise, neutron scattering experiments in magnetic systems 

reveal the extent of correlations in such systems, and indicate 

a diverging correlation length as the magnetic critical point 

(the Curie temperature in a ferromagnet, or the Neel 

temperature in an antiferromagnet) is approached. As 𝑇 

increases beyond 𝑇𝑐, the correlation length 𝜉 falls, 

approaching zero as 𝑇 approaches infinity. 

Order 

What do we mean by an ordered state? Intuitively, we 

associate order with a pattern, and would have no difficulty in 

distinguishing the ordered states in Fig. 1 from the one which 

is disordered.  

Figure 1:  Ordered states of different sorts (a) Alternating 

arrangement (b) Single ordered phase with a simple majority 

(c) Phase coexistence with two ordered phases (d) Disordered 

state. 

Thus, in Fig. 1a the order is associated with an alternating 

pattern of colours, while Fig. 1b shows an ordered state with a 

simple majority of one colour.  In Fig. 1c the pattern is 
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associated with phase separation, which leads to the 

preponderance of one colour each on the left and right side of 

the system. Fig. 1d shows a disordered state, where no pattern 

is evident.  

Notice that when we talk about an ordered state, we do not 

insist that the order be perfect. The state of perfect order 

merely provides a template to compare our configurations 

with. Thus the first three panels in Fig. 1 depict typical states 

which are ordered, but not perfectly so.     

Long-range Order and Spontaneous Magnetization 

There are two ways in which we may approach the question 

of whether we have an ordered state or not. Below we discuss 

each in turn.  

The criterion of long-range order (LRO) relies on the intuitive 

notion that if two sites 𝑖 and 𝑖 + 𝑟 are separated by a very large 

distance 𝑟, much larger than the correlation length, then 𝐺𝑟   

defined in Eq. 1 should approach a nonzero value if we have 

order, and zero otherwise.   

 lim
𝑟→∞

lim
𝐿→∞

𝐺𝑟 →  𝑚0
2    ⇒  Long − range Order                (6a)     

 lim
𝑟→∞

lim
𝐿→∞

𝐺𝑟 →  0         ⇒  No order                                      (6b)           

Notice that the limit 𝑟 → ∞ is to be taken after the 

thermodynamic limit 𝐿 → ∞ has been taken. Figure 2, which 

depicts the decay of 𝐺𝑟 , brings out the differences in 

asymptotic values in different phases. The existence of LRO 

is associated with the occurrence of a nonzero value 𝑚0 of the 

magnetization in the system.  

 

Figure 2: The spin-spin correlation function falls rapidly to 

zero in the disordered phase above  𝑇𝐶  . At criticality the fall 

is slower. In the ordered phase below 𝑇𝐶 , it falls to a nonzero 

constant, whose value defines long-range order.  

While the disordered state is unique, the ordered phase is not. 

For the magnetic system described above there are two 

possible low-temperature phases, one with positive 

magnetization 𝑚 in which the majority of spins point up ( 𝑆𝑖 =
1 ) and the other with 𝑚 < 0, in which the majority of spins 

point down. If a magnetic field ℎ is added to the Hamiltonian, 

it favours one phase or the other. Positive ℎ favours the phase 

with 𝑚 > 0, while negative ℎ favours  𝑚 < 0.  

We define the spontaneous magnetization as 

                          𝑚𝑆 =  lim
ℎ→0+

lim
𝑁→∞

𝑚(ℎ)                                  (7) 

On physical grounds, we expect that 𝑚𝑆 should equal the 

LRO-defined 𝑚0, although a rigorous proof of this point is 

lacking [3]. It is then evident that 𝑚(ℎ) would show a jump 

from + 𝑚0 to −𝑚0 as the field ℎ crosses zero from the positive 

to the negative side (Fig. 3).  

 

Figure 3: For 𝑇 < 𝑇𝐶 , when the sign of the magnetic field ℎ 

is reversed, the magnetization 𝑚 shows a jump. The value just 

before the jump is the spontaneous magnetization. 

Phase Coexistence 

The coexistence of phases is a familiar phenomenon in 

equilibrium systems at a first order phase transition. Two 

phases which are in contact with each other each occupy a 

finite fraction of the total volume of a closed container, for 

instance the liquid and vapour phase in a fluid system, or two 

magnetically ordered phases (majority up spins and majority 

down spins) in a ferromagnetic system. Figure 1c is an 

illustration of a majority-green phase coexisting with a 

majority-red phase in a box, where green and red may indicate 

different magnetic phases or different fluid phases, depending 

on the context. 

In a three-dimensional system, the two coexisting phases are 

in contact with each other along a surface. This surface, or 

interface as it is called, has a finite width which is of the order 

of the correlation length 𝜉. Compared to the system size 𝐿 

(which is typically very large in microscopic units), the ratio 
𝜉

𝐿
 

is close to zero, implying that on the scale of system size we 

can ignore the width of the interface. Further, there is a free 

energy cost associated with the formation of the interface, and 

this is given by 𝜎𝐴, where A is the surface area of the interface 

and 𝜎 is the surface tension, which is the free energy cost per 

unit area. Two points follow immediately (i) In the total free 

energy budget, the interfacial contribution is a negligible 

fraction (of order Area/Volume) of the total, as the free energy 

of the two phases is proportional to the volume (ii) The 

interfacial free energy is minimized by minimizing the area of 

the interface. This explains why in the equilibrium state, each 

phase collects together to form a large single whole, rather 

than several pieces. 

If the variable that is ordering is conserved, then the ordered 

state is necessarily phase separated. What is the order 

parameter in this case?  Consider the Fourier transform of the 

up-spin profile 

                𝑄𝑚 = |
1

𝐿
∑

1

2
(1 + 𝑆𝑗) exp (𝑖

2𝜋𝑚𝑗

𝐿
)𝐿

𝑗=1 |                (8) 
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where 𝑚 labels the Fourier mode number, with low values of 

𝑚 labelling the longest wavelengths. Evidently, 𝑄𝑚=0 is a 

constant if ∑ 𝑆𝑗𝑗  is conserved and has the same value in all 

phases, and so will not serve the purpose. But the next mode 

𝑚 = 1 correctly senses phase separation, and thus the value of 

< 𝑄1 > serves as the order parameter.  < 𝑄1 > vanishes in the 

disordered phase, and has the value 
1

𝜋
≅ 0.318 for a 

maximally phase separated state, with all up spins in one half 

of the system and all down spins in the other half. 

Growth of Order in Time 

So far we have discussed the occurrence of ordered states in 

an equilibrium system, including the possibility of phase 

coexistence. Now let us ask for the time dependence of the 

system as it approaches an equilibrium ordered state, starting 

from a non-equilibrium disordered state. 

Consider an example: Suppose we start with a magnetic 

system at very high temperature 𝑇 ≫  𝑇𝑐 implying it is 

completely disordered, and then suddenly immerse it in a very 

low temperature environment with 𝑇 ≪  𝑇𝑐 . (This process is 

called quenching, a name that is derived from protocols used 

in the preparation of alloys.) At long times 𝑡 → ∞, the system 

heads towards the equilibrium phase-separated state, with 

long-range order in each phase. The question is: Is there a 

simple description of how order develops as a function of 𝑡? 

This question, which is central in the study of phase ordering 

kinetics [4], has an answer in the affirmative, which we sketch 

below. 

As time passes, the system passes through a sequence of states, 

depicted in Fig. 4. Ordered regions (droplets) of the target 

phases form, with the number of regions falling as 𝑡 increases, 

and the mean linear radius ℒ(𝑡) increasing, so as to conserve 

the total amount of each phase. Typically, the droplet size 

grows as a power law, ℒ(𝑡)~𝑡𝜑.  

The sequence of patterns in Fig. 4 has an interesting property, 

namely scaling.  The pattern at time 𝑡1 is related to that at a 

later time 𝑡2 by a scale factor, given by ℒ(𝑡2)/ℒ(𝑡1). Thus, if 

we were to shrink the pattern at time 𝑡2 by this scale factor, 

then the result would resemble the pattern at time 𝑡1 in a 

statistical sense, even though it is microscopically different. 

To see the effect of scaling on correlation functions, we define  

                          𝐺(𝑟, 𝑡) ≡ < 𝑆𝑖  𝑆𝑖+𝑟 >𝑡                                (9) 

where the right hand side is evaluated at time 𝑡 and < ⋯ >𝑡 

denotes an average over different evolutions up to time 𝑡 . In 

the limit  𝑡 → ∞, the system reaches the equilibrium state 

provided its size 𝐿 is finite, at which point 𝐺(𝑟, 𝑡) would 

reduce to 𝐺𝑟 . At intermediate stages, 𝐺(𝑟, 𝑡) exhibits an 

interesting scaling property [4], for large values of 𝑟 and  : 

                       𝐺(𝑟, 𝑡) ≈  𝑔0 (
𝑟

ℒ(𝑡)
 )                                       (10) 

Thus the decay of correlations as a function of spatial 

separation 𝑟 is governed by a scaling function 𝑔0(𝑦) which 

depends not on 𝑟 alone, but rather on the ratio 𝑦 = 𝑟/ℒ(𝑡), as 

illustrated in Fig. 5. The different curves in the left hand panel 

of Fig. 5 all collapse onto a single function (right panel of 

Fig. 5) of the rescaled distance 𝑦 = 𝑟/ℒ(𝑡) .This is the 

mathematical expression of the fact that the patterns at 

different times 𝑡 are similar to each other, provided we scale 

distances by the 𝑡-dependent scale factor ℒ(𝑡).   

 

Figure 4: Under a rapid quench from a disordered state, 

regions of each phase form. As time increases from (a) to (b) 

to (c), the pattern of ordered regions becomes coarser. 

Rescaling lengths by a time-dependent factor makes the 

patterns similar to each other. 

Consider two points a large distance 𝑟 apart, where 𝑟 ≫ 𝜉. 

Now let 𝑡 increase to very large values, so that ℒ(𝑡) ≫ 𝑟 holds. 

At such times, 𝐺(𝑟, 𝑡) would reach the value of long-range 

order 𝑚0
2, as at such large times, the system would have 

equilibrated over the length scale ℒ(𝑡) and 𝐺(𝑟, 𝑡) would 

follow 𝐺𝑟  in Eq. (6a). At the same time, the ratio 𝑟/ℒ(𝑡) 

approaches zero. Thus we must have 𝑔0(𝑦) → 𝑚0
2 as 𝑦 → 0. 

A nonzero value of the intercept of the scaling function 𝑔0(𝑦) 

implies and is implied by long-range order in the system. 

The sketch of the scaling function 𝑔0(𝑦) shows that the 

function falls linearly from its 𝑦 → 0 value  𝑚0
2 . This linear 

drop is significant, and embodies the Porod Law [4,5], which 

originates from the observation that the chance that the line 

joining two points a distance 𝑟 apart is cut by an interface is 

proportional to 𝑟/ℒ(𝑡). It rests on the fact that the thickness 𝜉 

of the interface is finite, and thus negligible if 𝑟 is large 

enough. This linear dependence on |𝑟/ℒ(𝑡)| translates into a 

structure factor variation  ~[𝑞ℒ(𝑡)]−(𝑑+1) where 𝑑 is the 

spatial dimension and 𝑞  is the magnitude of the wave-vector. 

This form, which holds for large values of 𝑞ℒ(𝑡), is sometimes 

referred to as the Porod tail. 

 

Figure 5: The two-point correlation function during 

coarsening.  The left panel shows the decay at different times 

On rescaling the separation 𝑟 by a time-dependent length 

ℒ(𝑡), all the curves collapse onto a single master curve (right 

panel), which defines the scaling function. 

Eventually, when 𝑡 is very large,  ℒ(𝑡) becomes of the order 

of the system size 𝐿, and cannot grow any more. At this point, 

the system reaches its equilibrium state with two phases in 

coexistence, and the pattern does not evolve further. 
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Fluctuation-Dominated Phase Ordering (FDPO) 

We now turn to a discussion of an ordered state of an unusual 

sort -- one that exhibits long-range order, but is accompanied 

by extraordinarily large fluctuations [6]. The phase ordering 

dynamics that describes the approach to this state is again 

described by the scaling form Eq. (10), but the scaling function 

𝑔0(𝑦) now shows a cusp singularity, implying a breakdown of 

the Porod Law. Finally, we will see that a single order 

parameter does not suffice to characterize the state, and a 

family of order parameters is required. 

 

Figure 6: In a thought experiment, particles (sugar granules) 

are sprinkled randomly on a fluctuating surface (a gently 

shaken handkerchief).  The steady state reached eventually 

has large regions which are granule-rich and others that are 

granule-poor, but these regions move dynamically and also 

break off and re-join. 

To start with, let us discuss these points with the help of a 

simple model system which shows FDPO. Consider a system 

of particles sliding down a fluctuating surface, in which the 

surface dynamics proceeds on its own but influences the 

particles. As an example, imagine sugar granules sprinkled all 

over a large handkerchief, which is shaken randomly and 

gently enough that granules do not fly off the surface (Fig. 6). 

Individual granules would tend to slide downward under the 

influence of gravity, but are light enough that they would not 

influence the movement of the handkerchief. This 

metaphorical example is put forward as it allows clear 

visualization of the process, yet brings out the salient new 

points of fluctuation-dominated phase ordering. This is an 

example of the passive scalar problem [7] in which a scalar 

quantity (here the density of granules) is driven by a 

fluctuating field (here the height field of the surface of the 

handkerchief). The question is how the system evolves in 

time, and what the evolution does to the density of granules in 

different regions of space. 

 

Figure 7: One-dimensional model with particles on a 

fluctuating lattice. The particles slide stochastically down 

lattice slopes, while the lattice evolves by small hills going to 

valleys and vice versa. 

In order to understand the phenomenon in the simplest 

possible model, we consider a set of particles on a one-

dimensional flexible lattice (Fig. 7) with small hills evolving 

into small valleys and vice versa, while particles attempt to 

move to a downward neighbouring site, and succeeding if the 

site is not already occupied [6]. This system is easy to study 

via Monte Carlo simulations, which show that the result is that 

particles tend to come together, although there is no direct 

attraction between them. Inter-particle correlations arise since 

the particles share a common history (that of the fluctuating 

interface), and not because of direct inter-particle interactions. 

The question is whether this tendency leads to a phase 

separated state (result: it does!), and how different this is from 

normal phase separation (result: it is very different!). 

Nature of the State 

Let us imagine the course of a thought experiment in which 

sugar granules (particles) slide on the handkerchief 

(fluctuating surface). Small hills and valleys are formed on the 

surface, and the particles tend to collect in the valleys so that 

after some time we would have small puddles of sugar 

dispersed over the surface. As time passes, the number of 

puddles falls, and the size ℒ(𝑡) of each puddle increases as a 

power of time ℒ(𝑡)~𝑡𝜑. The phenomenological description 

thus far parallels the development of order in equilibrium 

systems discussed above.  

But there are important differences. For instance, once 𝑡 is 

large enough that ℒ(𝑡) is of the order of the system size 𝐿, the 

steady state reached has quite a different character. The large 

conglomerate of particles which forms here is very dynamic, 

in contrast to the equilibrium phase-separated state, which is 

quite static. Here, the large cluster continually changes shape, 

and sometimes even sheds parts of itself, so that occasionally 

there is more than one macroscopic cluster in the system. 

There is a large scale separation of regions with high density 

and low density, so the state is indeed phase separated, and has 

long-range order. An important point is that the interfacial 

region between phases is extremely broad. However, never in 

the course of evolution does the state lapse into a disordered 

configuration with mixing at a microscopic level. It is evident 

that this ordered state is very different from that describing 

phase coexistence in equilibrium systems, in that there are 

enormous fluctuations in the shapes and even the numbers of 

the ordered regions. This is what is meant by fluctuation-

dominated order. 

Cusp Singularity and Breakdown of the Porod Law 

 

Figure 8: Scaling functions in phase ordering towards an 

equilibrium state (left panel) and with FDPO (right panel). 

The cusp in the curve on the right indicates that the Porod Law 

breaks down. 
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To put things on a more quantitative basis, let us ask how the 

two-point correlation function 𝐺(𝑟, 𝑡) behaves in FDPO. 

Monte Carlo simulations performed at different times show 

that as with phase ordering kinetics evolving towards 

equilibrium, when the separation 𝑟 is scaled by ℒ(𝑡), all the 

curves collapse onto a single master curve which defines the 

scaling function 𝑔0(𝑦). The fact that 𝑔0(𝑦 → 0) is finite 

implies that the system exhibits LRO. 

Figure 8 contrasts the scaling functions observed in phase 

ordering towards an equilibrium state (left panel) and with 

FDPO (right panel).  The unanticipated and most significant 

difference between the two is the extremely rapid drop of 

𝑔0(𝑦) as y increases from 0 in the case of FDPO; in fact, a 

quantitative analysis indicates that there is a cusp singularity 

of the form [6] 

              𝑔0(𝑦) ≈  𝑚0
2 − 𝐴 |𝑦|𝛼 , as 𝑦 → 0 .                     (11) 

The exponent 𝛼 < 1 indicates there is a cusp, in contrast to the 

linear drop seen in the case of phase ordering towards an 

equilibrium state. 

This cusp singularity is a hallmark of FDPO and marks a 

breakdown of the Porod Law. Recall that this law rests only 

on the natural-sounding assumption that the interface between 

two phases has a finite thickness. This is precisely the 

assumption that breaks down in FDPO, as the interfaces 

between phases are extremely broad, and in typical 

configurations, the interfacial region covers a finite fraction of 

the system size. This key feature of FDPO leads to the cusp in 

the scaled correlation function. Going to Fourier space, we see 

that the Porod tail in the structure factor for large values of the 

wave-vector is now replaced by ~[𝑞ℒ(𝑡)]−(𝑑+𝛼). 

The numerical results which point to a cusp singularity are 

supported by an analytic calculation for a closely related 

coarse-grained depth model of the fluctuating interface [6], 

which shows that Eq. (11) holds, with 𝛼 = 1/2. The 

numerically determined values of 𝛼 depend on details of the 

surface dynamics, but for the model pictured in Fig. 7 the 

value is indeed close to 0.5. 

Multiple Order Parameters 

In the discussion on phase-separated states in equilibrium, we 

saw that the expectation value of the magnitude of the first 

Fourier mode  < 𝑄1 > serves as the order parameter.  In the 

FDPO steady state, however, a single Fourier mode does not 

suffice to properly characterize the order [6,8], as explained 

below. 

In a Monte Carlo study of the evolution of the system in steady 

state, the time series of the first few Fourier modes 𝑄𝑚(𝑡) for  

𝑚 = 1,2,3 … were monitored together, and interesting 

correlations were observed: 

(i) For most values of the time 𝑡, it was found that  𝑄1(𝑡) has 

a substantial value, while 𝑄2(𝑡), 𝑄3(𝑡) … are much 

smaller.  

(ii)  It is seen that the system occasionally passes through sets 

of configurations in which   𝑄1(𝑡) is very close to zero. 

Examination reveals that at these times, the next Fourier 

mode 𝑄2(𝑡) usually picks up in value. 

(iii) Less frequently, both 𝑄1(𝑡) and 𝑄2(𝑡) are found to be 

small, but in that case, 𝑄3(𝑡) usually picks up, and so on. 

This indicates that for a complete description of the system, it 

does not suffice to specify just < 𝑄1(𝑡) >, as 𝑚 = 1 is not the 

only Fourier mode of importance. For a fuller description, we 

need to specify the multiple order parameters < 𝑄𝑚(𝑡) > for 

𝑚 = 1,2,3 … Our simulations indicate that for hard core 

particles sliding on a fluctuating line, the values of < 𝑄𝑚(𝑡) >  

are ≅ 0.18, 0.09, 0.07 for 𝑚 = 1,2,3 respectively [8]. In 

principle, an infinite set of order parameters is required, but 

the falling amplitudes indicate that larger values of 𝑚 are 

relatively infrequent, and hence less important. 

What is the meaning of these multiple order parameters? As 

discussed earlier, the largest cluster of particles that forms is 

macroscopic in size, but it is highly dynamic and occasionally 

breaks into a small number of macroscopic clusters which are 

smaller. It is evident that when this happens, Fourier modes 

with higher values of 𝑚 pick up in value. The multiple order 

parameters that we have identified thus relate to interesting 

“make and break” aspects of the FDPO cluster dynamics in 

steady state. It is important to underscore that the broken 

clusters are still macroscopic, so that the dynamics keeps the 

system within the subspace of ordered configurations. 

Systems which exhibit FDPO 

We have illustrated the occurrence and properties of FDPO 

with the help of a single model, namely particles driven by a 

fluctuating surface. However, it is clear that the concept of 

FDPO as a type of ordered state with very large fluctuations, 

is much broader and might be expected to arise in other 

contexts as well. This is indeed the case. Systems in quite 

diverse physical settings do seem to display FDPO-like 

signatures, and we give a brief account of these below.  

Particles sliding down a fluctuating potential: FDPO is found 

to be robust with respect to changes in the model, such as the 

ratio of the sliding rate to the lattice fluctuation rate [6]. 

Moreover, the cusp exponent 𝛼 is unaffected by such changes. 

However, if the surface fluctuations break up-down 

symmetry, the universality class changes: FDPO stays, but the 

value of 𝛼 changes. Further, the occurrence of FDPO is robust 

with respect to change of spatial dimension, and is observed 

with sliding particles on two-dimensional fluctuating surfaces 

too [9]. 

Passive particles carried by a highly compressible fluid: There 

is an exact mapping between this problem (with the fluid 

represented through a noisy Burgers equation) and that of 

particles sliding on a stochastically growing surface, where 

fluctuations break up-down symmetry. Hence results obtained 

for the latter can be translated to the fluid context. 

Active nematics: This system is of great interest in the field of 

active matter. A model of passive particles which are advected 

by fluctuations of a nematic field shows that FDPO prevails 

[10]. A great deal of work has been done on a model of apolar 

rods whose movement depends on the orientation [11]. A 

Monte Carlo study suggests that the density of rods exhibits 

FDPO [12] in a certain range of parameter values. On the other 

hand, a recent coarse-grained hydrodynamic study of the 
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problem concludes that active currents lead to power-law 

correlations in the density field, preventing phase separation 

[13]. 

Vibrated rods: Experiments on a tray full of rods vibrated over 

long times reveal giant density fluctuations which grow faster 

than the square root of the number [14]. The analysis carried 

out in [12] shows that the data is consistent with a leading 

linear dependence of fluctuations on number, with subleading 

corrections that come from FDPO-like correlations in the 

density. 

Actin-stirred membrane: In the context of phenomena at the 

surface of a cell, collective dynamics of active polar filaments 

can lead to the formation of asters, which form and disappear 

at a certain rate, but survive long enough to cause molecular 

clustering [15]. The mechanism: Molecules are drawn in 

towards the centre of the aster, much as particles fall into 

valleys in the model considered above. A study of the 

molecules-in-aster model shows that a large region of 

parameter space shows FDPO, manifested through violation 

of Porod behaviour and macroscopic fluctuations in steady 

state. 

Inelastically colliding particles:  When particles collide 

inelastically, the coefficient of restitution depends on their 

velocity of approach. Incorporating this physical effect, the 

free collapse of a system of particles in one dimension was 

studied in [16], showing that the density structure function as 

well as velocity structure function show a violation of the 

Porod law. 

Equilibrium Ising model with long-range interactions: A one-

dimensional nearest-neighbour Ising model with additional 

truncated long-range interactions falling as 1/𝑟2, has a line of 

transitions in the temperature-coupling plane. In [17] it was 

shown that along a portion of the transition line, normal 

critical behaviour is replaced by FDPO. The scaled order 

parameter correlation function is shown to exhibit a cusp 

singularity, with the cusp exponent 𝛼 varying continuously 

along the line. 

In conclusion, FDPO embodies the idea of a type of ordered 

state whose dynamics is dominated by very large fluctuations. 

A key signature of the state is the cusp singularity in the scaled 

two-point correlation function, which signals a violation of the 

Porod Law. FDPO has proved to be a concept of genuinely 

wide applicability, as evidenced by the wide variety of 

systems which carry signatures of such a state.  
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