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Abstract. In this article, we describe an approach to the Cramer’s conjecture
using the criterion for primality described in [1].

We survey some previous work on the asymptotic gap between consecutive
primes, and then describe some observations about our approach, along with the
relation of this problem to the problem of deterministic prime picking. We give two
conjectures based on the approach, which if true would imply Cramer’s conjecture,
and describe our attempts towards them.

We also employ Cramer’s probabilistic model of the primes, on the basis of which
Cramer posed his conjecture, to other number theoretic problems, and describe
these results.

Notation. In this article, the notation ra, bs, where a, b P N always denotes the
set S � tx P N|a ¤ x ¤ bu.

1. Introduction

The study of the distribution of prime numbers has a long and interesting history.
Early efforts in this direction by Riemann[8] led to the still unresolved Riemann
hypothesis. Further work on this hypothesis by le Poussin and Hadamard led to a
proof of the prime number theorem, which states that

π pnq � n

log n
,

where π pnq is the number of prime numbers less than or equal to n P N. These
asymptotic results however do not necessarily imply asymptotic bounds on the dif-
ference between two consecutive primes. In this light the function gpnq which is the
difference pn�1 � pn between the nth pair of consecutive primes, also assumes fur-
ther importance. Probably the most famous conjecture regarding g is the so called
twin-prime conjecture which states that gpnq � 2 for infinitely many values of n.
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It is however, the asymptotic behavior of gpnq which is computationally important.
For example, Cramer’s conjecture states that

lim sup
nÑ8

gpnq
log2 pn

¤ c,(1)

for some constant c1. It is clear that if this conjecture is true, then we have a
deterministic polynomial time algorithm, which given n P N returns a prime p ¥ n.
To see this, we just have to note that we only need to test about c log2 n consecutive
integers for primality in order to find the required prime, using the AKS primality
test[2]. However, the best known results in this direction are far from obtaining this
bound. Also, these results usually employ the methods of analytical number theory.
It is also interesting to note that Cramer based his conjecture upon a probabilistic
model of the primes, which is of interest in itself.

In this article we describe our attempts at an elementary number theoretic ap-
proach to the problem, and present two conjectures based on the approach which if
true would imply Cramer’s conjecture. As described later, this approach is based
on the Agrawal-Biswas primality criterion. We also discuss applications of Cramer’s
heuristic probabilistic arguments to other number-theoretic conjectures. The rest of
this report is organised as follows: in section 2 we describe some of the known results
in this field, including Cramer’s heuristic arguments. In section 3 the approach using
the Agrawal-Biswas primality criterion is described. In 4 we describe its relation-
ship with deterministic prime picking. In section 5 we describe certain observations
about the approach. Section 6 describes the conjectures and our attempts at proving
them, and section 7 describes analyses of other number-theoretic conjectures based
on Cramer’s probabilistic model. Finally, in section 8 we present our conclusions and
describe directions for further progress.

2. Known Results

Cramer proposed his conjecture in [4], on the basis of a probabilistic argument
over a class of sequences which includes the sequence of primes. More specifically,
he showed that with respect to a chosen distribution over this class of sequences,
a sequence drawn at random would satisfy the relation 1 with probability 1. We
describe Cramer’s probabilistic model, and some of its applications, in section 7.

In [4] itself, Cramer also showed that gpnq P O
�?

pn log pn
	
, under the Riemann

hypothesis. He also gave some evidence for why the relation 1 should also be true
under the Riemann Hypothesis. He showed that the series

¸ ppn�1 � pnq2
pnplog pnqλ(2)

1Cramer originally conjectured that c � 1.
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which converges for λ ¡ 4, if relation 1 is true, also converges for the same range of
λ under the Riemann Hypothesis.

However, as of now no proof for relation 1 is known even under the Riemann
Hypothesis. Also, most of the progress in the direction of Cramer’s conjecture has
been achieved through the techniques of analytical number theory. For example,
Ingham[7] showed that estimates on the number of zeroes of the Riemann zeta func-
tion in a rectangle of the form rα, 1s � r�T, T s � C, denoted Npα, T q, could be used
to show such asymptotic bounds. Specifically, it is known that if

Npα, T q P o
�
T λp1�αq plog T qB

	
where B is constant, 1

2
¤ α ¤ 1, then gpnq P Oppδnq for δ ¡ 1� 1

λ
. Such bounds have

been improved upon, and Huxley[6] showed that δ ¡ 7
12

also works. It must be noted
here that the best known unconditional bound for gpnq is due to Baker et al.[3], and

in contrast to relation 1, guarantees only that gpnq P Opn 1
2
� 1

40 q.

3. The Approach

Our approach is based on the following criterion for primality, first described in
[1].

Theorem 3.1. If m,n are any two natural numbers, then

pX � Y qn �Xn � Y n � 0 mod pmq(3)

if and only if m is prime and n � mk for some positive integer k.

Proof. We begin by noting that the binomial coefficient
�
pkt
pk

	
� 0 mod ppq whenever

p is a prime number and t, k ¥ 1, p � t. Thus if m is prime p, then the only case
in which equation 3 holds is when n � pkt where t � 1, k ¥ 1. Similarly, if m is
not prime, then let p, q be any two distinct primes such that p|m, q|m. If p � n,

then
�
n
1

	
� 0 mod pmq, and we are done. Otherwise, let pl be the highest power of

p dividing n, so that n � pls, where p � s. If s � 1, then q � n, and we are done.

Otherwise, we note that p �
�
pls
pl

	
, and we are done. �

We can now use this primality criterion to get a criterion for the existence of a
prime power in the interval ra� 1, bs2. We describe this in the following theorem.

Theorem 3.2. Consider the polynomial

P pX, Y ; a, bq � b

Π
n�a�1

ppX � Y qn �Xn � Y nq(4)

2For notational convenience, we take the left end-point to be a� 1, rather than a.
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If there exists an m P N, m ¥ 1 such that P pX, Y ; a, bq � 0 mod pmq then pk P
ra� 1, bs, for some prime p and some positive integer k. Moreover, the converse of
this statement is also true.

Proof. Suppose P pX, Y ; a, bq � 0 mod pmq for some m P N , m ¡ 1. Let p be a prime
such that p|m. We know that Fp rX, Y s is an integral domain.

Let us consider P pX, Y ; a, bq as an element of Fp rX, Y s, where it is the 0 element.
Since Fp rX, Y s is an integral domain, this means that pX � Y qn �Xn � Y n � 0 for
some n P ra� 1, bs.

So, we have a n P ra� 1, bs such that pX � Y qn � Xn � Y n � 0 mod ppq. From
theorem 3.1, we can now conclude that n � pk, for some positive integer k. The
converse follows because n � pk for a prime p and k ¥ 1 implies that the polynomial
P is 0 modulo p. �

From theorem 3.2, it is clear that to show the that there is a prime power between
ra� 1, bs, it is sufficient to show that the coefficients of P pX, Y ; a, bq have GCD
greater than 1. We now proceed to show that it is sufficient to consider prime
powers in order to achieve a polynomial time algorithm for prime picking.

4. Relationship with deterministic prime picking

It is easy to see that if Cramer’s conjecture is true, there is a deterministic polyno-
mial time algorithm for picking a prime larger than a given integer n. The algorithm
proceeds simply by checking integers in the range rn,8q for primality, in an in-
creasing order. The promise of Cramer’s Conjecture then guarantees a polynomial

running time. The running time guarantee is Õ
�
plog nq9.5

	
.

However, the approach suggested above can only lead to a proof that there is a
prime power in the range ra � 1, bs. Nevertheless, we can show that the guarantee

that there is a prime power in the range ra � 1, bs where b � a P O
�
plog nqOp1q

	
, is

sufficient to allow deterministic prime picking.

Theorem 4.1. If there exists N such that for every a ¡ N , there exists a prime p,
and a positive integer k such that pk P ra� 1, a� plog aq2s, then there exists N1 such
that for every b ¡ N1, there exists a prime q P rb� 1, b� plog 2bq3s.
Proof. The proof is essentially a counting of the numbers of the form pk that can lie
in the interval I � ra � 1, a � plog 2aq3s. We fix a k ¥ 2 and note that for positive
integers s and t, with s   t, tk � sk ¡ tk�1. Now, suppose sk P ra � 1, a � plog 2aqs.
From the above observation, we see that for t ¡ s, tk�1 ¡ ?

a, and hence tk R
ra � 1, a � plog 2aq3s, provided we choose a ¡ N1, where N1 is large enough. So we
see that for k ¥ 2, at most one kth power may lie in the interval I. Since k   logp2aq,
we can therefore have at most logp2aq � 1 kth powers in I for k ¥ 2.
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However, the promise in the statement of the theorem implies that the number of
prime powers in I must be at least logp2aq, and hence, there must be at least one
prime power with exponent 1, and we are done. �

We now consider some properties of the polynomials defined in section 3 in some
detail.

5. Properties of the polynomial P pX, Y ; a, bq
In this section we look at the structure of the coefficients of the polynomial

P pX, Y ; a, bq. Writing Z � pX � Y q, we can expand the P pX, Y ; a, bq as

P pX, Y ; a, bq �
b¹

n�a�1

pZn �Xn � Y nq(5)

� ¸
α,β,γPra�1,bsα�β�γ� sumra�1,bs

ca,bα,βZ
αXβY γ(6)

Here, we have arbitrarily chosen the coefficients as ca,bα,β. However, in our case of

interest, that is, when b � a P op?aq these coefficients can be interpreted as a new
kind of partition functions. We now proceed to establish this property.

Lemma 5.1. If b� a P op?aq then there exists N such that for any a ¡ N and any
α P N, the size of all subsets S � ra� 1, bs such that sum(S) = α depends only on
α.

Proof. Given α ¡ 0, let S � ra� 1, bs be a subset such that sumpSq � α. Let
|S| � k. So, we have

ka   α ¤ kb(7)

Now consider a set S 1 of size k1   k. Now we have, sumpS 1q   pk � 1qb. Now, we
cannot have sumpS 1q � α if we take a large enough such that

a ¡ pb� aq2(8)

ùñ b ¡ kpb� aq
ùñ ka ¡ pk � 1qb, as required.

(9)

As we have b � a P op?aq, we can choose N such that a ¡ N implies that equation
8 holds. The proof for the case when |S 1| ¡ |S| is similar. �
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Lemma 5.2. If b� a P op?aq then there exists N such that for any a ¡ N , we have

Q pX, Y ; a, bq �
b¹

n�a�1

ppX � Y qn �Xn � Y nq(10)

� ¸
α,β,γ Pra�1,bsα�β�γ� sumra�1,bs

���ca,bα,β
��� pX � Y qαXβY γ(11)

Proof. Let pA,Bq be an ordered pair of disjoint subsets of ra � 1, bs, such that
sumpAq � α and sumpBq � β, and γ � b � a � |A| � |B|. Each such pair con-
tributes the term

p�1qb�a�|A|pX � Y qαXβY γ(12)

to the polynomial P pX, Y ; a, bq, and the term

pX � Y qαXβY γ(13)

to the polynomial Q pX, Y ; a, bq.
Now from lemma 5.1, we know that the sizes of all subsets A such sumpAq � α is

the same. Hence, the sign of all terms of the form 12 for given values of α and β is the
same. Hence the absolute values of the coefficients of pX�Y qαXβY γ in P pX, Y ; a, bq
and Q pX, Y ; a, bq are the same. The claim of the lemma therefore follows. �

In the light of the above lemmas, one can consider the following definition of
|ca,bα,β|: it is the number of ordered pairs pA,Bq, where A,B � ra� 1, bs, AX B � φ,
sumpAq � α sumpBq � β. In other words, they represent the number of disjoint
partitions of α and β over the set ra, bs.

It is not clear that these partition functions are helpful in estimating the GCD
of the coefficients of the fully expanded polynomial. In fact, it is easy to see that
their GCD is indeed 1. However they are still interesting since it appears that such
partition functions have not been studied before. It would be interesting to explore
whether the methods which are used in the study of the usual partition functions may
be used to get modular relations for these functions. Such relations may be useful
in dealing with the actual coefficients. However, in the next section, we change our
point of view, and concentrate on the binomial coefficients which come up in the
expansion of the polynomials.

6. The Coefficient Matrix

We recall the expansion of the polynomial P pX, Y ; a, bq given in equation 4:

P pX, Y ; a, bq � b

Π
n�a�1

ppX � Y qn �Xn � Y nq
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Instead of concentrating on the partition numbers ca,bα,β, as outlined in section 5,
we now now expand the polynomial P pX, Y ; a, bq in a different manner which does
not neglect the effect of the binomial coefficients altogether. In what follows, we
set b � a � cplog aq2, where c is some constant, and we write ca,bα,β as cα,β. We set
sum ra� 1, bs � s, and consider the following expansion:

P pX, Y ; a, bq � ¸
α,β,γPra�1,bsα�β�γ�s

ca,bα,βpX � Y qαXβY γ

� ¸
α,β,k

cα,β

�
α

k

�
Xk�βY γ�α�k

� ¸
α,β,µ

cα,β

�
α

µ� β

�
XµY s�µ(14)

� ¸
µ

CµX
µY s�µ

From the above it is clear that the coefficients Cµ of the terms XµY s�µ can be
expressed as a product of a matrix M with a column vector v of partition coefficients,
as shown below �

����������

�
a�1
0

	
. . . . . . . . . . . .

...
. . . . . . . . .

...�
a�1
µ

	 ...
�

α
µ�β

	 ...
...

... . . . . . .
. . .

...
. . . . . . . . . . . . . . .

�
���������

�
����������

...

...
cα,β

...

...

�
���������
�

�
����������

...

...
Cµ
...
...

�
���������

Here the rows are indexed by µ, while the columns are indexed by ordered pairs
pα, βq. By the observations made in section 3, Cramer’s conjecture is true if and only
if the column on the right is O, modulo some prime p   a. This means that we need
to show that modulo some prime p   a, the vector v is a linear dependence between
the columns of M. Before stating our conjectures, we first estimate the dimensions
of the matrix M. It is easy to see from the expansion in 15 that µ can take integral
values up to

°b
i�a�1 i = Θ paplog aq2q. Thus the number of rows in M is Θ paplog aq2q.

We now estimate the number of columns in the matrix. We have the following
observation:

Observation 6.1. The number of columns in the matrix M is O pplog aq12q.
Proof. By definition, pα, βq are sums of disjoint subsets of the interval ra� 1, bs. For
a large enough, the number of values of α which corresponds to subsets of size i is
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less than ciplog aq2 � 1. Thus the number of such pairs and the number of columns

in M is O
��°cplog aq2

i�1 ciplog aq2
	2



which is O
�
plog aq12

	
. �

From the above observations, it is clear that the number of rows in M is much
larger than the number of columns. This along with the fact that the elements are
binomial coefficients leads us to the following two conjectures which if true, imply
the truth of Cramer’s conjecture.

Conjecture 6.1. Let f be the number of columns in the matrix M. For large enough
a, rankpMq = f - 1

Conjecture 6.2. Given conjecture 6.1, the only permissible linear dependence be-
tween the columns of M(modulo the prime p) is the vector v.

We now describe our attempts(so far unsuccessful) towards conjecture 6.1. We
first note the following fact:

Fact 6.1. Given a matrix M over integers, its rank r over Q is at least as large as
its rank over any prime field Fp.

In view of the above fact, we need to show that over Q, the rank of the matrix M
is at least f � 1. To get some lower bounds on the rank, we use the following simple
lemma:

Lemma 6.1. Let U be the following matrix over integers:�
�����������

�
n1

1

	
. . .

�
nl

1

	
...

...
...

...
�
nj

i

	 ...
...

...
...�

n1

m

	
. . .

�
nl

m

	

�
����������

where l ¤ m   n, and the ni’s are distinct. Then over Q, the matrix U is of rank l.

Proof. It is easy to see that through a sequence of elementary row transformations
this matrix can be transformed into the following matrix V:�

���������

n1 . . . nl
...

...
...

... nij
...

...
...

...
nm1 . . . nml

�
��������
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which contains a l� l Vandermonde matrix as a submatrix(by the distinctness of the
ni’s). Thus V, and hence U has rank at least l. �

Using this fact, and after arranging the columns of M carefully, we can show full
rank for a submatrix of M. To do this, we first need to note some properties of the
pairs pα, βq for which cα,β is not a priori 0. Clearly, the smallest possible value of β
in such a pair is 0, however, the next value possible is a � 1. Also, when β � 0, α
can take all possible values in the set S � tsum rSs |S � ra� 1, bsu. We now consider
the submatrix of M corresponding to β � 0, and µ ¤ a. We now show that this
submatrix is full rank.

Theorem 6.1. Let S � tsum rSs |S � ra� 1, bsu. Then the rank of the submatrix of
M corresponding to β � 0, and µ ¤ a is |S|.
Proof. Using the observations we made above about the admissible pairs of pα, βq,
and the lemma 6.1, this is direct. We only need to note that the allowed α values are
distinct, and that this submatrix is therefore of the form of the matrix U in lemma
6.1. The result then follows. �

However, this method does not seem to be directly applicable for higher values of
β. The reason essentially is that for β ¡ 0, the possible values of β “interfere” with
the possible values of α, as they together represent sums of subsets of disjoint subsets
of ra� 1, bs. For example, when µ � a � 1, β can take the value a � 1, and in that
case the values of α corresponding to subsets containing a� 1 would not be allowed.
However, in the next row, when β is also allowed to take the value a� 2, the values
of α not allowed would be those corresponding to subsets containing a � 2. Thus,
roughly stated, there are two problems: firstly, where as in the β � 0 case, only one
value of β was allowed in the whole submatrix, several β values may be allowed now,
and secondly, as we saw, the values of α allowed for different β values are different.
These problems make it difficult to allow an argument using Vandermonde matrices,
as in theorem 6.1.

7. A probabilistic view of some other number theoretic problems

In this section, we describe and then employ Cramer’s probabilistic model to
analyse other number theoretic problems such as the Goldbach conjecture, the twin
prime conjecture and gaps between square-free integers.

Cramer’s model considers the following random experiment: for a sequence tUiu8i�1

of urns, let the probability of drawing a red ball from the urn Ui, for i ¥ 2 be

min
�
1, 1

log i

	
. From such a random experiment, let P be the sequence of indices of

urns from which a red ball is drawn. It is clear that the sequence of primes would
belong to the set of such sequences. Intuitively, the model attempts to capture
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the properties that a sequence can be expected to have just by virtue of having a
distribution similar to that of the primes.

To begin with, we describe the two Borel-Cantelli lemmas which would be used at
many places throughout this section.

Theorem 7.1. [9]Let tEnu8n�1 be a sequence of events, such that Pr rEis � pi. If the
series

°8
i�1 pi is convergent, then the probability that infinitely many of the events

tEnu8n�1 occur is 0.

Theorem 7.2. [9]Let tEnu8n�1 be a sequence of independent events, such that
Pr rEis � pi. If the series

°8
i�1 pi is divergent, then the probability that infinitely

many of the events tEnu8n�1 occur is 1.

7.1. Gaps between square-free integers. It is well known[5] that the Qpnq, the
number of square free integers less than n is bounded as

Qpnq � 6

π2
n�Op?nq(15)

Following equation 15, and Cramer’s model we can now construct the following
random experiment: consider a sequence of urns tUiu8i�1, such that on randomly
picking a ball from urn Ui, the chance of picking a black ball is 6

π2 . Now in the
experiment of picking a ball from each urn, let tUni

u8i�1 be the subsequence from
urns from which a red ball is drawn. This induces a probability distribution D on
the set S of sequences tniu8i�1 in N, and clearly the sequence of square-free integers
belongs to S. Intuitively, this is an attempt to capture properties that any sequence
with a distribution similar to the square-free numbers must have, essentially by virtue
of just following that distribution. We can now claim the following:

Theorem 7.3. Let c be a constant, and let P be a sequence s chosen from S ac-
cording to the distribution D. With probability 1, there are infinitely many pairs of
consecutive elements pPn, Pn�1q of P such that Pn�1 � Pn ¡ c.

Proof. Let us define En as the event Pn�1 � Pn ¥ c. Now, Pr rEns ¥ p1 � 6
π2 qc. As

the events En are independent, and the series
°

Pr rEns is clearly divergent, using
theorem 7.2, we get the desired result. �

Theorem 7.4. Let c be a constant, and let P be a sequence s chosen from S according
to the distribution D. With probability 1, we have,

lim sup
Pn�1 � Pn

logPn
� � 1

log
�
1� 6

π2

	

Proof. We now define En as the event that none of the numbers n� 1, . . . n� c log n
belong to P . Then infinitely many of the events En occur if and only if infinitely
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many of the events Pm�1 � Pm ¡ c logPm occur. If we set t � 1� 6
π2 , then for large

enough n, we have

Pr rEns � tc logn � 1

nc log 1
t

Now for c ¡ 1
log 1

t

, the series Pr rEns converges, and hence by 7.1 we get that the

probability of only finitely many of the events Pm�1 � Pm ¡ c logPm occurring is 1.
On the other hands, when c   1

log 1
t

, we consider the sequence of independent events

tEnru8r�1 where n1 � 2, and nr�1 � nr � c log nr � 1. For large enough r, clearly
nr   kr log r for some constant k, and hence the series

°
Pr rEmrs diverges for c   1.

Thus with probability 1, infinitely many of the events Pm�1 � Pm ¡ c logPm occur.
So we get the required limit:

lim sup
Pn�1 � Pn

logPn
� � 1

log
�
1� 6

π2

	

�

7.2. The Goldbach Conjecture. The Goldbach conjecture states that every even
number greater than 2 can be expressed as the sum of two primes. To analyse this
in Cramer’s probabilistic setting, we use Cramer’s model for the primes as described

above, but set the probability of drawing a red ball from the urn Ui if min
�
1, 2

log i

	
whenever i is odd and greater than 1, and is 0 otherwise. As before, let tPnu8n�1

be the sequence of integers resulting from the random experiment of drawing balls
from the urns Ui, and let D be the induced distribution. We then have the following
result:

Theorem 7.5. For n even, let En be the event that there do not exist Pi, Pj such
that Pi � Pj � n. With probability 1(according to the distribution D), only finitely
many of the events En occur.
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Proof. The probability of the event En, n ¡ 7 is given by

Pr rEns ¤
k�n�1¹
k�7,kodd

�
1� 4

log k logpn� kq

�

¤
k�n�1¹
k�7,kodd

�
1� 4

plogpn
2
qq2
�

�
�

1� 4

plogpn
2
qq2
�n�7

�
�
��
�

1� 4

plogpn
2
qq2
� plog n{2q2

4

�
�
pn�7q 4

plog n{2q2

¤
�

1

e


4
?
n

, for large enough n.(16)

Using the inequality 16, and the comparison test we see that the series
°
PrEn is

convergent. Thus using theorem 7.1, we get our desired result. �

7.3. The distribution of twin primes. The twin primes conjecture states that
there are infinitely many pairs of primes (called twin primes) pp, qq such that p�q � 2.
We again employ Cramer’s model as described in the last subsection, with tPnu8n�1

as the sequence drawn from the induced distribution D in the random distribution.
Let En for n ¡ 5 be the event that n and n� 2 are both in the sequence P . Now we
have the following result:

Theorem 7.6. With probability 1, infinitely many of the events En occur.

Proof. Let us consider the subsequence of independent events tE4k�1u8k�1. The prob-
ability of the event Ek occurring for k odd, and k ¡ 7 is pk � 4

log k logpk�2q . Clearly,

pk ¡ 4
plog k�2q2 , and hence the series

°
k¡2 Pr rE4k�1s � °

k¡2 p4k�1 diverges. As the

events E4k�1 are independent, we can use theorem 7.2 to conclude that with proba-
bility 1 infinitely many of them occur. �

In fact, it is easy to see that the expected number of such pairs in the interval

r1, ns is O
�

n
plognq2



. We can in fact make a stronger claim:

Theorem 7.7. Let Em be the event no pairs of the type pn, n� 2q from the sequence
P occur between m and 2m. With probability 1, only finitely many of the events Em
occur.
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Proof. For m ¡ 7, we have

Pr rEms ¤
�

4

plogmq2
�tm

2 u�1

This implies that
°

Pr rEms is clearly convergent, and hence the probability that
infinitely many of the events Em occur is 0, as required. �

8. Conclusion

The reason behind considering the partition coefficients instead of the actual co-
efficients was that the actual coefficients are linear combinations of opaq partition
coefficients, with the binomial coefficients as the coefficients, and hence it might be
reasonable to expect that the GCDs of the actual coefficients might depend upon the
GCD of the partition coefficients. However, as described in the section 5, it is not
immediately clear whether the partition functions defined above would be actually
helpful in getting a handle on the GCD of the actual coefficients. As far as the GCD
of these coefficients is concerned, it is easy to see that it is in fact 1, since |ca,ba�1,b| � 1,

whenever b� a P op?aq. As we show in the appendix, an approach to deal with the
actual coefficients directly does not seem to very helpful either.

In a different direction, our approach involving the binomial coefficients, as de-
scribed in 6, has also so far not been successful. However, considering that the
number of rows in the matrix M is much larger than the number of columns, and its
entries are binomial coefficients, it seems plausible that conjecture 6.1 is true. Trying
to resolve the problems described in section 6 is an interesting direction for future
work. Though not directly related to our approach, we also noted some interesting
consequences of Cramer’s probabilistic model of the primes, in section 7.
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Appendix

If we treat Y as a function of X, we can symbolically differentiate the identity
4, and then match coefficients of X on both sides to get a relation between the
coefficients of P pX, Y ; a, bq. We can choose the form of the symbolic derivative dY

dX
in order to obtain different relations of this form.

However, some very simple choices, like setting Y � X, do not work very well by
themselves,as the obtained identities involve sums of a large number of coefficients.
Let us consider the choice Y � X as an example. We can now write the polynomial
P pX, Y ; a, bq as

P pX, Y ; a, bq � ¸
α�β�sumpra�1,bsq

Cα,βX
αY β(17)

The choice Y � X now just leads to the obvious identity that
b¹

n�a�1

p2n � 2q � ¸
α�β�sumpra�1,bsq

Cα,β,

and hence is not very useful.
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