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Numerical algorithms HW 1: Some basic calculations Winter 2018

(1) Please take time to write clear and concise solutions. (2) Collaboration is OK, but please write your answers
yourself, and include in your answers the names of people you collaborated with and any references you consulted.

1. (4 points) Consider the Laplacian L of a weighted undirected simple graph G, as defined in the
lecture. Show that if the dimension of the null space of L is k, then G has exactly k maximal
connected components.

2. (6 points) Let A be an n× n symmetric, real, positive definite matrix. Show that the quadratic form
〈u, v〉A as defined in the lecture defines a valid inner product on Rn, and that ‖v‖A ··=

√
〈v, v〉A

defines a valid norm on Rn.

3. (2 points). Let f : Rn → R be a differentiatable function, and let ∇ ( f ) : Rn → Rn be its gradient.
Let a, b ∈ Rn and define g : R→ R as g(t) ··= f (a + tb). Show that g′(t) = ∇ ( f ) (x + ty)Ty.

4. (8 points) One of the question we discussed in class was about the performance of gradient descent
for minimizing g(x) ··= 1

2 xT Ax− bTx when the matrix A is not positive definite but only positive
semidefinite, so that it has a non-trivial null-space (as is the case for Laplacians). Assuming that
Ax = b actually has a solution, this problem shows that this difficulty is easily resolved.

Let A 6= O be an n× n symmetric PSD matrix, with eigenvalues λ1 ≥ λ2, · · · ≥ λn−1 ≥ λn = 0.
Let y be a vector chosen so that Ay 6= 0. Set x0 = Ay.

(a) (0 points) How does one choose y such that Ay 6= 0 given A?

(b) (1 point) Show that for any vector v such that Av = 0, vTx0 = 0.

(c) (3 points) For k ≥ 0, let xk and rk be as defined in the steepest descent algorithm for min-
imizing g. We terminate the algorithm at the kth iteration if rT

k Ark = 0. Show that when
the algorithm is started with an initial vector x0 as defined above, we have vTxk = 0 for any
v such that Av = 0. Show also that if the algorithm terminates at the kth iteration because
rT

k Ark = 0, then the corresponding xk is a minimizer of g.

(d) (4 points) Show that the error analysis for gradient descent (done in the class in the case
where A is strictly positive) also goes through in this case, with a slightly modified definition
of the condition number. What is this modified definition?

(e) (0 points) What can go wrong when Ax = b has no solutions to begin with? (What is the
“minimum” value of g in this case?) In such a case, what might be a reasonable notion of
“solving” Ax = b?


