
Markov chains Spring 2020

HW 1

Out: March 8 Due: April 1, in class

Please take time to write clear and concise solutions. Collaboration is OK, but please include in your answers the
names of people you collaborated with and any references you consulted.

1. (a) (2 points) Let X and Y be random variables such that X ∼ Bernoulli(p) and Y ∼ Bernoulli(q),
with 0 < p < q < 1. Find a coupling C of X and Y such that if (X, Y) ∼ C then Pr(X ≤ Y) =
1.

(b) (3 points) Let X and Y be random variables such that X ∼ Geometric(p) and Y ∼ Geometric(q),
with 0 < p < q < 1. Find a coupling C of X and Y such that if (X, Y) ∼ C then Pr(X ≥ Y) =
1.

2. (4 points) Consider a Markov chain with transition matrix P′ and mixing time τmix(1/4) = t0 ≥ 1.
Let P = I+P′

2 be a lazy version of P′. Show that the mixing time τmix(1/4) of P is at most 10t0. (It
does not matter if you can only prove this with a constant larger than 10).

3. (8 points) Consider the lazy uniform random walk on a cycle of n vertices, where at each step,
the walk does nothing with probability 1/3, and moves to one of the immediate neighbors with
probability 1/3 for each neighbor. Show that the mixing time for this random walk is O(n2 log n).
(Hint: Try to find the spectral gap of the chain. It might be easier to start with a candidate form
for the eigenvectors: one should expect the entries of any eigenvector of this random walk to be
“periodic”). Note: It can be shown that via a coupling argument that the mixing time is actually
O(n2) in this setting

4. (8 points) Consider the following lazy random walk on [n]d. At each step, with probability 1/2,
the walk does nothing. Else, it chooses one of the d coordinates uniformly at random, and goes
to an uniform random nearest neighbor along the chosen direction. Show that the spectral gap of
this chain is Ω(1/(dn2)).
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