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Synopsis

Introduction

Interfaces are abundant in nature. Often the medium in which these inter-
faces are embedded or surrounded by are disordered. For example, water-
solid interface of a water drop lying on a rough substrate, a domain wall of
magnetization inside a crystal with defects and a two-fluid interface in a ran-
dom porous medium. The competition between the elasticity of the interface
and the disorder of the medium, elasticity trying to keep the interface flat and
disorder promoting roughness or deviations, leads to a complicated energy
landscape with many metastable states. Although, the static properties of
such interfaces are often well-understood, little is known about the dynamics
of interfaces in the presence of disorder [1]. A key feature of these systems is
that frictional forces between the interface and the medium result in a finite
critical force that is required to be applied before it can be driven across
the medium. Issues like the dependence of the threshold force on disorder
and the evolution of the interface in response to the drive near and away
from threshold are subjects of active research. Answers to such questions
require making both bulk transport measurements (e.g., flow rate as a func-
tion of pressure in the case of fluid flow) and imaging at microscopic length
scales. While the transport measurement gives information about the macro-
scopic behavior, it is the imaging at microscopic length scales that helps one
to identify elementary processes which collectively or individually determine
the macroscopic behavior of the phenomenon under study [2]. This is the
conceptual as well as operational framework in which the work presented in
the thesis falls. The thesis will present imaging and transport measurements
to understand the dynamics of interfaces in two phenomena: adhesion and
fluid invasion in porous medium. We have designed experiments with high
sensitivity. We have chosen model systems which are complex enough to be
relevant to phenomena in real systems, yet simple enough so that robust,
reliable and fundamental answers can be obtained. Both phenomena are of
great intrinsic interest and considered to be an area of research in themselves.
Therefore, our results are written in a terminology specific to these fields. In
what follows next, I give an overview of each of the problems and the results
obtained.
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Micro-rheology of adhesion of a sphere to a

plate

We usually associate adhesion (more commonly called “sticking”) with the
phenomenon that a finite force is required to either pull two surfaces apart
or slide one over the other. A slightly more refined definition would be to say
that two surfaces adhere to each other if they do not experience any relative
motion under the influence of external forces. The phenomena of adhesion
plays an important role in diverse processes ranging from stability of coatings
like paints on walls, dielectric coatings on mirrors to biological processes like
cell-cell adhesion in tissues. All of these examples are many-body systems
which have many degrees of freedom. We have studied a much simpler,
and therefore a more tractable, problem of adhesion of a micron-sized single
colloidal sphere to a plate. Short range attractive van der Waal’s forces
are the primary cause of adhesion of such a sphere to a plate. Two kinds
of particles differing in their rigidity were used: hard silica and deformable
polystyrene. The deformability of polystyrene sphere arises from the loose
polymeric tethers on its surface.

The interaction forces between two macroscopic surfaces as a function of
the distance between the two have been measured by a number of techniques,
most notable among them being the surface force apparatus [3] which resolves
distances to within 0.1nm, and forces at the 10nN level. The macroscopic
size of the surfaces in this technique result in Brownian motion to be in-
significant. We have developed an alternative technique based on an optical
tweezer to study adhesion of a single colloidal particle to a glass plate. Our
technique differs from surface force apparatus in two important aspects. (1)
The distance and force resolutions were of the order of 20nm and pN, re-
spectively. That is, while the height resolution is still poor compared to the
surface force apparatus, we have been able to increase the force resolution.
(2) A much larger spatial region of the plate is explored by the micron-sized
particle due to Brownian motion. Any technique intended to measure the
adhesion between a particle and a plate has to be able to

• hold the particle at a distance from the plate,

• measure the coupling of the particle with its surroundings,

• change the distance between particle and the plate in a controlled man-
ner and unambiguously establish the position of the plate at which the
two bodies make contact, and
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• analyze the raw data obtained from the experiment within a tractable
theoretical/conceptual framework.

These requirements were met in our technique by

• spatially localizing the particle using an optical trap,

• performing a micro-rheological measurement to characterize the nature
of the coupling between the particle and its surroundings,

• changing the distance between the two bodies by a piezo stage on which
the plate is mounted, establishing the point of contact by measurements
of hindered diffusion,

• and analyzing the raw data through the analog of the Cole-Cole plot
widely used in the study of dielectrics.

In what follows next, I elaborate on all of these in greater detail.
Optical trap: An optical trap is a laser beam focused using a high

numerical aperture microscope objective lens. A micron sized dielectric col-
loidal particle is spatially localized at the focal spot of the objective and
experiences a harmonic oscillator potential for small displacements from the
center of the trap. Effectively, a trapped particle is like a mass attached to
a spring with a spring constant kopt. The effect of spatial localization of the
particle due to the trap can be seen in its mean squared displacement (MSD)
which saturates in the long time limit to a length scale equal to KBT/kopt
where T is the temperature and KB is Boltzmann constant. This is in stark
contrast to the MSD of a free colloidal particle which is just a linear func-
tion of time. Therefore, the computation of MSD from the time series of the
position of the trapped particle allowed us to determine kopt. The lateral
and axial coordinates of the position of the particle were determined using a
combination of conventional microscopy and digital holography techniques.
Digital holography is a relatively new technique which involves storing the
interference pattern of the particle as an image and subsequently reconstruct-
ing it numerically on the computer. The process of numerical reconstruction
implemented on an ordinary central processing unit of the computer resulted
in long processing time of the raw data. A significant speed-up was achieved
by implementing it on a Graphic Processing Unit. Note that digital hologra-
phy determines the height of the particle relative to the microscope objective
and not relative to the plate.

Measurement of coupling between the particle and its surround-
ing: The coupling of the particle with its surroundings was characterized by
sinusoidally oscillating the container along a direction in the plane of the
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plate and measuring the resultant displacement of the particle. The motion
of the particle xp = xp0e

i(ωt+ϕ) in response to the oscillation of the container
x = x0e

iωt, was dependent on the trap stiffness kopt, the amplitude x0 and
frequency of the oscillation ω of the container, and an effective viscosity ηeff
(in principle a complex quantity) which mediates the stress between the plate
and the trapped particle. Therefore, measuring the amplitude xp0 and phase
ϕ of the motion of the particle and knowing kopt allowed us to calculate
ηeff. The effective viscosity in a generalized form is given by ηeff = η ′+ iη ′′

where the real part is a measure of the viscous coupling and imaginary part
is a measure of elastic coupling. η ′ and η ′′ can be related to shear moduli
through η ′ = G ′′/ω, η ′′ = G ′/ω where G ′ is known as storage modulus
and G ′′ as loss modulus. When the particle was far away from the plate,
its coupling was purely viscous with G ′ = 0 and G ′′ ̸= 0 reflected in finite
values of the phase. But once the particle was stuck to the plate, all relative
motion ceased resulting in a zero phase so that coupling was purely elastic
with G ′ ̸= 0 and G ′′ = 0. Thus, the process of sticking could be described
in terms of a crossover from viscous to elastic coupling characterized by the
magnitudes of G ′ and G ′′. The protocol of the experiment was, therefore,
to measure the amplitude and phase of the particle as a function of the sep-
aration between the particle and the plate, and as a function of time once
contact between the particle and plate was made.

Hindered Diffusion near a wall: establishment of the contact
between the particle and the plate: The separation between the par-
ticle and the plate was changed by moving the plate towards the particle
in known steps using a piezo stage. Since, we did not know the height of
the particle from the plate using digital holography, we required another
method to establish the fact that the plate had made contact with the parti-
cle and need not be moved upwards any further. The method to implement
this relied on the fact that when a colloidal particle suspended in a purely
viscous liquid approaches a wall (plate), the drag force Fdrag acting on it in-
creases due to hydrodynamic interactions with the wall. The drag coefficient,
Cd =

Fdrag
(1/2)ρπa2 where a is the radius of the particle and ρ is the density of the

fluid, increases to about three times of its value in the bulk when the particle
is in contact with the wall. As a result, the measured diffusion coefficient de-
creases as the plate is brought closer. Therefore, by measuring the variation
of diffusion coefficient of the particle as the plate is moved towards it from an
initially large distance between the two (to get the bulk behavior), one can
determine when the contact between particle and plate is made. The theoret-
ical prediction for this variation was given by Faxen and is known as Faxen’s
law [4]. Faxen’s law has been verified extensively [5, 6, 7, 8] and found to
hold well. Most of these studies have measured the diffusion coefficient of the
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particle using temperature induced fluctuations in its position. Before using
this law as the guiding principle of the experiment, we tested it using our
technique which offered better resolution due to the active phase sensitive
detection method discussed before. Our measurements confirmed the purely
hydrodynamic nature of the predicted results of Faxen’s law. Therefore, it
was used to establish whether the contact between the plate and the optically
trapped particle had been made or not.

Results
1. Phase Diagram of sticking: The results were dependent crucially on

the rigidity or deformability of the particle. For the rigid silica particle, the
coupling typically changed abruptly from viscous to elastic, on contact. For
a deformable polystyrene particle, on the other hand, response was complex
and depended on the particle-plate interaction potential U (varied by salt
concentration(c)), trap stiffness kopt (varied by the intensity of the laser
beam) and the nature of the external drive (varied by the amplitude and
frequency of the external sinusoidal oscillation). Three different types of be-
havior were observed for different values of the parameters mentioned above
which we refer to as (A) stuck, (B) non-stuck and (C) aging, respectively. In
(A) the phase dropped abruptly to zero and the amplitude increased abruptly
to nearly equal the amplitude of the plate. In (B), the phase dropped but
did not become zero at long times. In (C) the phase dropped gradually to
zero over a long period of time of the order of minutes. The rheological char-
acterization of the three regimes was done by computing G ′ and G ′′ from the
raw data as shown in Fig. 1 (a)-(c). In the final steady state, stuck regime
had G ′ >> G ′′ (Fig. 1(a)); for the unstuck state the two were compara-
ble but G ′′ > G ′ (Fig. 1(b)). For the aging state, the system crossed over
from G ′′ > G ′ to G ′′ < G ′ (Fig. 1(c)). The rheological study of sticking
thus enabled us to quantitatively describe both the notion and the degree of
“sticking” in terms of a crossover of the frictional coupling from viscous to
elastic and by the relative strengths of the viscous and elastic components
of the transmitted stress between the two sticking objects, respectively. The
complex aging behavior observed in the experiment was likely due to evo-
lution of conformational states of the polymeric tethers of the polystyrene
micro-sphere. The nomenclature of regime C as ‘aging’ was motivated by
the observation of a similar behavior in the response function of glasses.
The non-invariance of response function of glasses under time translation is
referred to as aging. The response is either to a magnetic field in case of
disordered magnets, to an electric field in case of dipolar glasses, or to an
applied stress in the case of glassy polymers or dense emulsions. Some of the
earliest experimental investigations of aging involved rheological measure-
ments of G ′ and G ′′ of glassy polymers [9]. The basic phenomena is that the
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response depends on the time one has waited in the low temperature glass
phase before applying the perturbation. Longer one waits, the smaller the
response to an external drive, as if the system settled in deeper and deeper
energy valleys as time elapses, similar to what we observe. A phase diagram

(a) (b) (c)

BC

B

C

B
C

(d) (e) (f)

G''

G'
G''

G'

G''

G'
Stuck Non-Stuck Aging

Figure 1: Top Panel: Loss modulus (G ′′ )(stars)and storage modulus (G ′ )(cir-
cles)for (a) Stuck state for c = 30mM , kopt = 50µNm−1, ω = 251rads−1. (b)
Non-stuck state for c = 10mM , kopt = 10µNm−1, ω = 251rads−1 (c) Aging
state for c = 20mM , kopt = 10µNm−1, ω = 251rads−1. The abscissa is divided
into two parts. The left side of the dashed line shows the height (h) of the par-
ticle from the plate on the abscissa; the right side of the dashed line denotes the
time elapsed (t) after the particle makes first contact with the plate, h=0 (in this
region the bottom plate is not moved in z-direction). Bottom Panel: (d) The ab-
scissa plots the strength of the drive, given by the frequency of oscillation at fixed
amplitude of 33 nm and the ordinate shows the inverse of the salt concentration.
Regions A, B, C on this plot have been identified for a fixed kopt = 18µNm−1.
(e) Optical trap stiffness plotted along the abscissa and inverse of the salt con-
centration along the ordinate. Regions A, B, C on this plot have been identified
for a fixed ω = 251rads−1 and x0 = 33nm of oscillation of the container. (f)
Frequency of the oscillation plotted along the abscissa and optical trap stiffness
along the ordinate. Regions A, B, C on this plot have been identified for a fixed
c = 20mM and x0 = 33nm.

of sticking was obtained as shown in Fig. 1 (d)-(f), keeping one of the control
parameters fixed and varying the other two parameters. The data showed
that the system was in the stuck regime A for large interaction, small optical
trap stiffness and small external drive, while it was in the unstuck regime B
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for weak interaction, large optical trap stiffness and large external drive. For
intermediate values of these parameters, the aging regime C was obtained.

2. Cole Plots: A particularly illuminating description of the situation

h>0h>0h>0 0-5min 5-10min 10-15min0-5min 5-10min0-2min

(a) (b) (c)

Figure 2: Cole plots for (a) stuck state (b) non stuck state and (c) aging state.
Experimental parameters and the data used for the Cole plots in this figure are
the same as in Fig. 1 (a)-(c). The black circles in the panels are for the particle
whose height is greater than zero. The time axis of the particle after touching the
plate has been encoded in the red, green and blue circles. The dashed line in all
the panels is G ′ = G ′′.

was obtained by using the generalized Nyquist diagram (better known as the
Cole-Cole plot [10] in the case of the Debye model of dielectric relaxation)
where the real and imaginary parts of the response function, in this case
G ′ and G ′′, were plotted against each other. The plot for the stuck regime
in Fig. 2 (a) collapsed into two clusters on the x- and y-axes with very few
points in between, implying the abruptness of the sticking transition in terms
of the rheological properties of the coupling medium going from viscous to
elastic. Figure 2 (b) shows the other case where the phase decreased sig-
nificantly but still remained large enough that G ′′ > G ′, i.e., the system
was still dominantly viscous and remained on the left part of the separa-
trix demarcating viscous from elastic. In this case also, the data collapsed
into clusters, but both representing viscous states, one more viscous than
the other. However, the transition was once again clearly abrupt. Figure 2
(c) shows the case where the phase decayed to a very small value gradually,
i.e., the aging case. For this case, the plot was less abrupt; nevertheless, the
evolution was through a few clusters. This scheme of representation of data
highlighted that the system resided in one state for a finite time interval rep-
resented by a cluster of points before making a sudden transition to another
cluster. Evidence of such clustering could also be seen in the jerky behavior
of phase as a function of time. It is tempting to speculate that these clusters
reflect the mesoscopic effects present in the system, namely, the existence
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of only a few basins of metastable minima accessible to the system during
sticking, corresponding to specific conformations of the polymeric tethers.
The system relaxes among these few minima rather than an extremely large
number of them in a truly many-body system. Another possibility is that
each cluster of data points signals the attachment of an additional tether to
the plate. Experimental studies that relate structural characterization of the
state of the polymer more directly and specifically to the rheological studies
are needed to test or distinguish between the two hypotheses in much more
detail.

Imaging and transport measurements of two-

fluid interfaces in porous media

A porous medium is a material containing large number of randomly located
voids (pores). Examples include wood, sponge, rocks, sand and randomly
packed spheres in a pipe (bead pack) etc. Motion of fluids in such a random
and disordered medium arises in many processes such as oil recovery, filtra-
tion, packed bed reactors and chromatography. As a result, flow of fluids
through porous media is an extensively studied subject with many different
sub areas of research. Our work was focused on the specific problem of bi-
phasic flow, i.e., displacement of one fluid by another in a porous medium.
This process depends on the properties of both the fluids and the solid ma-
trix. There are three main forces that act on the fluids during displacement.
They are (1) viscous force in the displacing liquid (2) viscous force in the
displaced liquid and (3) the capillary force at the interface between the two
fluids. Therefore, two dimensionless numbers are typically defined to char-
acterize the process, namely capillary number (Ca) and viscosity ratio (M)
which capture the competition among these forces. Ca is equal to the ratio
of viscous pressure drop to the capillary pressure and M is the ratio of the
viscous pressure drops in the two fluids which is equal to the ratio of the vis-
cosity of displaced fluid to that of displacing one. Among the properties of
the solid matrix, its wettability and pore-size distribution play an important
role. Conventionally, the displacement of a wetting fluid by a non-wetting
one is called drainage and the converse as imbibition. The phase diagram
for both drainage and imbibition has three regimes depending on M and Ca

[11]: stable displacement, viscous and capillary fingering described below.
The two-fluid interface is flat for the case of stable displacement resulting
in complete displacement of the fluid with which the porous medium is ini-
tially saturated. However, it becomes ramified for both viscous and capillary
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fingering resulting in incomplete displacement. Although, both viscous and
capillary fingering result in ramified interfaces, the origin of the instabil-
ity is different in the two cases. For the case of viscous fingering regime
(M > 1,Ca > 1), viscous pressure drops are such that the interface is hydro-
dynamically destabilized to form fingers. On the other hand, in the capillary
fingering regime (M < 1,Ca < 1), capillary pressure is comparable to viscous
pressure, so that the displacing fluid can invade a pore only if its pressure
exceeds the capillary pressure at the pore. The heterogeneity in pore sizes
of the medium and consequently that in the capillary pressure results in a
ramified two-fluid interface.

The unstable displacement in viscous and capillary fingering regimes was
experimentally studied using a model system of spheres packed in a pipe.
These experiments mainly differ from the previous problem in two aspects.
We had a greater control over the disorder since it could be tuned by sim-
ply changing the size, packing arrangement and wettability of the spheres
and the interface was subjected to a dynamical instability. Our experiments
were targeted at performing both imaging and transport measurements and
making a connection between the microscopic and the bulk behavior. Ide-
ally, we would have liked to perform both in the same regime. But present
experimental limitations restricted us to image the interface in viscous fin-
gering regime and perform transport measurements in the capillary fingering
regime. The experiments were performed for both drainage and imbibition.

Imaging

Most visualization studies have been performed on two-dimensional (2-D)
porous media using ordinary light microscopy [11, 12, 13, 14]. This technique
had high temporal resolution but was necessarily restricted to provide only
a 2-D projection of the two-fluid interface resulting in inadequate spatial
information. A realistic porous medium is three-dimensional (3-D) which
differs from a 2-D one due to the larger range of accessible pore volumes
and greatly enhanced connectivity of the pore space [15]. The more realistic
3-D system is not a simple extension of the 2-D case, either qualitatively or
quantitatively as is known for analogous systems [16]. With the advent of X-
ray tomography [17] and magnetic resonance imaging [18], three dimensional
(3-D) visualization has become more common. However, these techniques
have been mostly used to image the medium before the beginning of and
after the end of the process of displacement but not during the process itself.

We have developed an alternative technique to perform real time 3-D
imaging of the interface in a model porous medium of randomly packed glass
spheres. Using this technique, we have identified the microscopic mecha-
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nisms, dependent on the nature of disorder, that control the macroscopic
displacement process. Our technique is a modified version of the one, first
demonstrated by Chen and Wada [19] for an optical 3-D imaging. Even
though we have used glass based porous medium, in general, it is opaque to
light due to scattering at each liquid-solid boundary in random directions.
Any technique intended to image the motion of two-fluid interface in a 3-D
porous medium through optical means, therefore, has to be able to

• make the medium transparent to light,

• distinguish all three phases: solid matrix and two fluids from one an-
other in a given 2-D plane,

• map the 3-D medium as a set of 2-D closely spaced planes that are
imaged,

• perform this mapping fast enough to faithfully capture the dynamics
of the interface, and finally

• analyze the raw data in the form of insightful images through image
processing codes.

These requirements were met in our technique by

• using liquids whose refractive indices are the same as that of the glass
resulting in transparency,

• dissolving small amount of different fluorescent dyes in the liquids so
that they appear bright with characteristic color of the dyes and the
solid matrix appears dark in a given 2-D plane illuminated by a light
sheet,

• mapping the medium as set of 2-D planes by fast scanning of the light
sheet across the medium, and

• analyzing the raw data through the development of analysis tools im-
plemented using image processing codes in Matlab.

Experimental details: The model porous medium was made up of
borosilicate glass spheres packed in a rectangular glass pipe (hereafter re-
ferred to as the “plug”) of dimensions 25mm × 25mm × 75mm mounted
vertically. The imaging experiments mainly used mono-disperse packing of
spheres with diameters D0 = 3mm. For all the imaging experiments, an oil
with viscosity η1 = 50mPa.s, surface tension γ1 = 22mN/m and density
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ρ1 = 0.88gcm−3 displaced glycerol (η2 = 780mPas, γ2 = 56mN/m and
ρ2 = 1.23gcm−3). The viscosity ratio of displaced fluid to displacing fluid
was ∼ 15, placing the displacement in the viscous fingering regime. The re-
fractive indices of borosilicate glass spheres and the two liquids used in the
experiments were closely matched and approximately equal to 1.474. Imbi-
bition and drainage experiments were implemented using hydrophobic and
hydrophilic borosilicate glass spheres, respectively. In a typical experiment,
the plug was first flushed with propanol to remove any residual oil. Aqueous
liquid was then made to flow from the bottom of the plug against gravity to
fill the pore space. Oil, the lighter fluid, was subsequently introduced from
the top ensuring an initial condition of a flat oil-aqueous interface being in-
troduced in the plug. As the oil was forced through the plug, the dynamics
of the oil front in the porous medium was imaged by scanning the laser
beam and acquiring the image slices. The 2-D image slices were recorded se-
quentially by a static camera having a lens of large depth of focus to prevent
blurring of images while the sheet was scanned. The high degree of refractive
index matching and the large depth of focus of the lens set the upper limit on
the 3-D volume that can be effectively imaged. The temporal information in
this technique was limited by the speed of the scanner and frame rate of the
camera. A volume of 25mm× 13mm× 45mm, which is equal to half of the
plug, was imaged with spatial resolutions of 35µm/pixel and 500µm/pixel

for directions parallel and perpendicular to the flow, respectively.
Development of analysis tools: Analysis tools were developed to

characterize the morphology of the displacing liquid and its dynamics.
Morphology: The displacing liquid was present in the medium as a singly

connected structure or as several disconnected units (droplets) depending on
the flow rate. The range of volume of the droplets present in the medium was
similar at all flow rates. However, the frequency of occurrence of droplets
with a given volume was dependent on the flow rate. Hence, the fraction
of the total volume of the displacing liquid accounted for by droplets with
a given volume, hereafter referred to as Φ, was considered to be a suitable
quantity for comparison of morphology in drainage and imbibition. One of
the characteristic length scale of the medium was the maximum single pore
volume, Vp. Therefore, to get an estimate of the contribution of pore-scale
structures to the overall volume of the displacing liquid, the fraction of total
volume of the displacing liquid accounted by droplets with volume less than
or equal to Vp was computed. This quantity will be hereafter referred to as
ϕ.

Dynamics: The nature of motion of the displacing liquid was character-
ized using an image subtraction protocol. In this protocol, consecutive time
snapshots of the medium (typically 500ms apart) were subtracted voxel-by
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voxel. For those voxels whose content remained unchanged in a unit time
step, the subtracted image voxels were assigned zero. And for those, whose
content fluctuated either from oil to glycerol or glycerol to oil, were assigned
1 and -1, respectively. If the nature of motion of the interface is piston-
like, then voxels with value -1 would be absent. However, if the motion of
the interface is not piston-like, then voxels of all the three kinds would be
present. Once the system reaches a steady state, i.e., either all of glycerol is
pushed out or becomes immobile in the long time limit, contents of all voxels
will remain unchanged and subtracted image will have zero value for all the
voxels. Velocity-velocity correlation across the interface is another measure
of the dynamics of the interface. But due to the formation of disconnected
structures, the interface itself was ill-defined. Moreover, the finite-size of the
systems made the correlation function of limited utility and hence it was not
computed.

Results:

1. With increasing flow rate, the interface transformed from flat to fingers
and thence to droplets for both drainage and imbibition as shown in
Fig. 3 (a). The existence of a critical flow rate, above which the
interface becomes fingered is to due to the stabilizing effect of gravity
against the viscous fingering instability [20]. The fragmentation of the
interface into droplets at higher flow rates occurred due to a surface
tension driven snap-off instability [21, 22].

2. Role of disorder in the formation of droplets: The process of fragmen-
tation was found to depend on both the geometrical disorder in the
medium and its wettability. It was enhanced in the bi-disperse packing
of 1mm and 3mm spheres over mono-disperse packing and in drainage
over imbibition.

3. Morphology of the displacing liquid in the long time limit: Fig. 3(b)
shows a color-bar encoded Φ for various droplet volumes in imbibition
and drainage at similar flow rates. The non-uniform fragmentation
yielded droplets over a wide range of volumes spanning from single
pore volume (regions marked by the dashed line in Fig. 3(b)) to many
pore volumes. Inset to Fig. 3 (b) shows ϕ which was consistently
higher for drainage than imbibition and increased with the flow rate
implying that imbibition produced relatively more compact structures.

4. Dynamics: The total number of voxels with value 1 and -1 in the
subtracted image stacks (see development of analysis tools for details)
was found to increase upto a characteristic time scale before decaying
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Figure 3: (a) The left, middle and the right panel show the volume rendered
images of oil in the porous plug corresponding to Q = 0.9V0/s, Q = 1.7V0/s

and Q = 3.1V0/s, respectively. Solid black line highlights the interface. (b) The
percentage of total volume (denoted by the color bar on the right) accounted for
by droplets of given volume as a function of flow rate for imbibition (squares) and
drainage (circles). The data for imbibition has a small offset on the x-axis for
clarity. The dashed line denotes the maximum single pore volume of 0.4V0. The
inset shows the fraction of total volume accounted by droplets with volume less
than 0.4V0 for drainage (circles) and imbibition (squares). (c) Saturation, Soil, as
a function of flow rate for drainage (circles) and imbibition (triangles). The inset
shows the ratio of saturation for drainage and imbibition.

to zero at long time. The time of decay was maximum for the high flow
rates where droplets showed individual dynamics.

5. The macroscopic property of saturation, given by the fraction of pore
space occupied by the displacing fluid, characterizes the efficiency of
the displacement process. This bulk quantity is usually measured in
transport experiments. The saturation of displacing fluid, computed
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from the images, progressively reduced as the moving interface becomes
more structured as shown in Fig. 3 (c). It was seen that imbibition
aids the displacement only at small velocities where surface tension
(capillary forces) are comparable to the viscous effects. At high flow
rates, where viscous forces dominate, the wettability of the structure
makes little difference in the sweep efficiency. Inset to Fig. 3 (c) plots
the ratio of saturation in imbibition to that in drainage.

Transport

As stated earlier, we would have liked to corroborate transport measure-
ments of volume flow rate and pressure difference (Q − ∆P) characteristics
with imaging. But due to large sizes of spheres used in the imaging experi-
ments, the dynamic range of the transport quantities accessed becomes small.
Moreover, the systems used for the imaging of viscous fingering were homo-
geneous in terms of both the size of the particles and their wettability. We
have measured (Q−∆P) characteristics in the capillary fingering regime for
the displacement of air by water in an inhomogeneous wettable model porous
medium of randomly packed poly-disperse sand particles. The porous plug
was made out of a cylinder of length 6cm and area of cross section 1.54cm2

packed with poly-disperse sand grains of diameter 150− 200µm, thus result-
ing in a system without finite size effects. The inhomogeneity was controlled
by changing the volume fraction of conventional water-wetting ones, ϕ, and
that of silanized non-wetting ones (1-ϕ). Thus, ϕ = 0 and 1 yielded the two
extreme cases of drainage and imbibition, respectively.

Results: 1. We found that for imbibition, the volume flow rate-pressure

(a)

A

B

C

(b)

Figure 4: (a) Q − ∆P curves for ϕ = 0 (red stars) and ϕ = 1 (black circles). (b)
∆Pc as a function of ϕ. Curved line is guide to the eye.

difference (Q−∆P) curves were linear and reversible (curve A in Fig. 4(a)).
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However, for drainage the curves were strongly nonlinear and hysteretic with
a threshold effect, but only on the virgin pressure-increasing cycle (curve B
in Fig. 4(a)). This is because as the pressure was increased from zero, water
invaded pores with capillary entry pressure lower than the applied pressure.
As the pressure was further increased, more and more pores were invaded.
The final breakthrough of water occurred across the plug when a path was
formed on which even the maximum capillary pressure was lower than the
applied pressure. Now, as pressure was decreased (curve C in Fig. 4(a)),
the same paths remained invaded because the interface did not re-enter the
system. Hence, a linear (Q− ∆P) curve was obtained reversibly.

2. The variation of threshold pressure as a function of ϕ is shown in
Fig. 4(b). A rapid drop in the degree of hysteresis and the onset pressure
was observed when the volume fraction of hydrophillic particles exceeded a
critical value close to the percolation threshold for site/bond percolation in
three dimensions. Thus, in addition to the existence of a threshold pressure
for flow in the case of drainage, a crossover from drainage-to-imbibition was
observed as a function of ϕ, consistent with the predictions of deGennes and
Guyon of a percolation like description of the flow dynamics [23].

Conclusion

We have presented measurements on problems of interfaces in disordered me-
dia, namely, motion of a two-fluid interface in a porous medium and adhesion
of a sphere to a plate. A short summary highlighting the key original aspects
of this work is as follows:

• We conceptualized adhesion as a process which results in loss of mo-
bility and hence could draw analogies with a broad class of problems
that involve loss of mobility such as glass transition in viscous liq-
uids, jamming of granular systems and pinning of disordered elastic
media. We modeled adhesion as a rheological property of a stress cou-
pling medium between the two adhering objects. We developed micro-
rheological tools to quantify the complex rheological response function
by the relative strengths of its real(elastic) and imaginary (viscous)
components. The time dependence of the response functions were used
in a Nyquist analysis, for the first time to our knowledge which il-
lustrated the stepwise descent into the deepest free energy minimum
through intermediate metastable states: a phenomenon more generally
known as punctuated equilibrium.
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• We developed a new experimental technique to perform real time three-
dimensional imaging of two-fluid interfaces in porous media. Using
this technique, we investigated the destabilization of viscous fingers
into droplets. This destabilization is not a well-studied problem and
our data has provided some of the relevant information through novel
image processing protocols that we have developed for the first time.
They have allowed us to characterize the complex dynamics in ways
not so far available in literature.

• In both problems, the experimentally observed phenomena were dis-
cussed in a common framework of “dynamical phase diagrams” where
the control parameters included the strength of an externally applied
drive as a function of which the system evolved from one “phase” to
another.

xx
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1
Introduction

Interfaces are abundant in nature. Often the medium in which these inter-
faces are embedded or surrounded by are disordered such as the air-water
interface of a drop of water on a rough substrate, the domain wall of mag-
netization inside a crystal with defects and a two-fluid interface in a porous
medium. The competition between the elasticity of the interface and the
disorder of the surrounding medium, elasticity trying to keep the interface
flat and disorder promoting roughness or deviations, leads to a complicated
energy landscape with many metastable states. Compared to the static prop-
erties of such interfaces much less is understood about the dynamics of inter-
faces in the presence of disorder [1]. A key feature of these systems is that
the frictional forces between the interface and the embedding medium result
in a finite critical or “threshold” force that is needed in order to drive the in-
terface across the medium. Issues like the dependence of this threshold force
on disorder and the evolution of the interface in response to the drive close to
and far away from the threshold are subjects of active research [24, 2]. An-
swers to such questions involve making both bulk transport measurements
(e.g., the flow velocity as a function of an applied pressure) and imaging at
relevant mesoscopic length scales. While the transport measurement gives
information about the overall macroscopic behavior, imaging at mesoscopic
length scales helps one to identify elementary processes which collectively
or individually determine the macroscopic behavior of the phenomenon un-
der study. This is the conceptual as well as operational framework in which
the work presented in the thesis falls. The thesis will present imaging and
transport measurements to understand the dynamics of interfaces in two
phenomena: (1) adhesion of a sphere to a plate, and (2) invasion of fluids
in porous media. Both are of great intrinsic interest and considered to be
distinct areas of research. Therefore, the thesis is written in terminologies
specific to these fields. In what follows next, I present background ideas of
each of the two problems.
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1.1 Adhesion

Whenever two solid bodies touch each other so that contact forces of action
and reaction are brought into play, the solids can be considered to undergo a
surface interaction. We consider a hypothetical experiment in which a com-
pact object like a stone or a book is placed on a horizontal extended surface
such as a table-top or ground for a few seconds and then lifted off again. A
cursory look at this experiment will lead us to believe that almost no changes
occurred due to surface interaction. During the interaction the object was at
rest on the surface and total reaction force transmitted across the interface
was equal to the weight of object. To break contact by lifting the object off
the surface it was not necessary to exert any force larger than the weight
of the object itself. Finally, after the object has been lifted off, shape of ei-
ther object or the extended surface has not been changed or deformed or that
bits of matter have not been transferred from one body to another. However,
each of the foregoing observations for surface interactions is, in principle, in-
correct. The object was never perfectly at rest on the extended surface as
contact points between the two bodies were deforming plastically resulting in
surface damage. Moreover, small amount of material was transferred when
the object was lifted off. The magnitude of these interaction effects can be
small. But these interaction effects broadly classified as friction, adhesion
and wear become very large and quite complex in many situations. Conven-
tionally, friction effects are said to be those which arise from the tangential
forces transmitted across the interface of contact, when solids surfaces are
pressed together by a normal force. The wear phenomena consists of the
removal of material from the surfaces of one or both of the contacting bod-
ies, as a result of their mutual interaction. Finally, adhesion is the ability
of contacting bodies to withstand tensile forces after being pressed together.
The forces operating between two bodies in contact are ultimately due to
electromagnetic forces between electrons and nuclei of the bodies. Thus, an
exact microscopic treatment of the surface interaction between two solids
would need to consider the coupling between all the electrons and nuclei us-
ing microscopic equations of motion for them. This approach is difficult in
practice. The concept of friction is a heuristic substitute for this approach
wherein attempts are made to quantify it in terms of fundamental material
properties of the contacting solids so that surface interactions may be reliably
predicted. Prediction and tunability of surface interactions are of immense
technological and economic value in today’s world. Fuel-efficient cars by a
reduction of friction and longer lifetime of disk drives by a careful design of
slider-disk interfaces are some of the obvious applications.
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1.1.1 Microscopic picture of adhesion: Role of friction

A
1 A

2 A
3
Σ Ai =Ar

Aa

Figure 1.1: Schematic of area of contact between two bodies.

When two solid bodies are placed in contact, some regions on their sur-
faces will be closer to each other than others (see Fig. 1.1). The interatomic
forces are usually short ranged, of the order of few Angstroms. Hence, the
problem can be simplified by assuming that all interaction takes place at
regions between the surfaces with atom-to-atom contact. These regions will
be referred to as junctions i with a contact area Ai associated with it. The
sum of the areas of all the junctions constitute the real area of contact Ar.
This real area of contact can be hundred to thousand times smaller than
the apparent area of contact Aa (see Fig. 1.1) in many everyday situations.
Within each junction, the surface atoms are in intimate contact with attrac-
tive forces between them. Therefore, the notion that adhesion is related to
friction seems natural: the same bonding mechanism that makes it difficult
to pull surfaces apart should also make it difficult to slide them over each
other. Bowden and Tabor proposed a model based on this idea [25]. In
this model, when a tangential force is applied to slide one object over the
other, shear stresses develop over the junctions to resist this force. At low
shear stresses, the interaction forces are strong enough to prevent the atoms
from sliding over each other and junctions deform elastically to counter the
tangential force. At some critical shear stress, the applied force acting on
junctions exceeds all the attractive forces between them and they start to
slide over each other. The shear stress needed to start and sustain sliding
is called shear strength s, and the force needed to shear the ith junction
is Fi = Ais. Assuming all junctions have the same shear strength s, the
static friction force required to slide the object by is given by their sum,
Fadh =

∑
Ais = Ars. At first, it may look implausible to have quantitative

estimate of the real area of contact when two surfaces are pressed together by
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a force normal to their interface of contact. But this can be circumvented by
realizing that since the typical area of a junction is very small, even moderate
values of normal force result in local stresses that are large enough to cause
plastic deformation in the junctions. The junctions flow plastically so as to
increase the contact area supporting the load, L, until the mean pressure on
the junctions equals the maximum compressive stress (H) the material can
withstand without plastic yielding. That is, L/Ar = H, resulting in Fadh
being proportional to the load on the object. This is in conformity with our
everyday observation that the force required to slide an object increases with
the increase in the weight of the object. In addition, friction also depends
on the roughness of the surfaces. A typical schematic plot of the variation
of the static frictional force between two solid surfaces as a function of the
surface roughness is shown in Fig. 1.2. With very smooth surfaces, the fric-
tion tends to be large because the real area of contact grows, whereas with
very rough surfaces the friction is large because of the need to lift one sur-
face over the asperities on the other. The weaker friction in the intermediate
roughness is due to the fact that most of the work is done in inducing shear
displacement of the junctions than overcoming the roughness. The nature
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Figure 1.2: Plot of solid on solid friction against surface roughness.

of attractive interatomic/intermolecular forces acting between the junctions
is typically chemical bonds or dispersion type van-der Waal’s forces. The
time scale associated with bond formation or van der Waal’s type of adsorp-
tion is typically picoseconds. Therefore, one would expect that macroscopic
time scales will be irrelevant for the process of adhesion once the two bodies
make contact. However, Coulomb showed that static friction force between
two pieces of oak lubricated with tallow increased with time of stationary
contact [26]. This time-variation was explained by Coulomb by considering
the surface of wood to be covered by flexible, elastic fibers like the hairs on
a brush. Upon contact, the bristles penetrated fully over a finite time (i.e.,
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contact area reached its final value) resulting in the static friction to increase
with time for apparently stationary contacts. Modern day experimental data
with rough acrylic plastic sheets shows that the contact area increases as the
logarithm of the time of contact, resulting in the static friction fs to be
of the form: A + Bln(t) [27] where A and B are constants and t is time,
schematically shown in Fig. 1.3 (a).

So far, we have discussed static friction which is the force required to
set an object into motion. However, friction continues to operate even when
two surfaces slide against each other and hence external work is required to
maintain sliding. The magnitude of this frictional force is typically lower
than the static friction force and is known as kinetic friction. The kinetic
friction force (fv) has a weak dependence on velocity, fv = cv−0.1 where c is a
constant and v is the sliding velocity [28]. It changes by a few percent when
the sliding velocity is raised by a factor of ten. A schematic representation
of kinetic friction-velocity plot is shown in Fig. 1.3(b).
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Figure 1.3: (a) Typical plot of static friction as function of time of contact. (b)
Typical plot of kinetic coefficient of friction as a function of sliding speed.

1.1.2 Lubrication

One of the ways to reduce friction between two sliding surfaces is to intro-
duce a layer of lubricant between them. The lubricant reduces friction by
preventing the solid asperities from coming into direct contact. Modern day
examples of such materials include polymeric liquids, liquid crystals and oils.
The thickness of the lubricant layer between the surfaces depends on the vis-
cosity η, sliding velocity v and the normal pressure P with which the surfaces
are pushed together. Figure 1.4 shows schematically the characteristic varia-
tion of the friction force with the parameter ηv/P. This plot is widely known
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as the Stribeck curve [29]. Moving along the Stribeck curve from right to left,
i.e., progressively lower velocity, three regimes of lubrication are identified

• Hydrodynamic lubrication: Under conditions of high sliding velocities
or light loads, the lubricating fluid is not squeezed out and the two
surfaces are well separated by a relatively thick fluid film usually ex-
ceeding 1µm. The minimum fluid thickness is proportional to

√
ηv/P

[30, 31].

• Elasto-hydrodynamic lubrication: With increasing load or decreasing
sliding speed, the separation between the objects decreases. At small
separation, the hydrodynamic pressure in the lubricant film becomes
high enough to deform elastically the surface asperities, delaying the
onset of solid-solid contact.

• Boundary lubrication: For still higher loads or lower speeds, the fluid is
squeezed out leading to direct contact between the surfaces resulting in
a substantial increase in the friction. The friction becomes nearly inde-
pendent of velocity in this regime. However, it still remains lower than
that for sliding of unlubricated surfaces, if a layer of molecules from
the lubricant bonds to the solid surface as is typical. This boundary
lubrication layer effectively reduces the shear strength for solid-solid
contacts.
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Figure 1.4: Stribeck Curve

Hydrodynamic lubrication is completely determined by the shear viscosity
of the lubricant in the bulk and friction forces can be calculated from the
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Navier-Stokes equation [26]. On the other hand, boundary lubrication regime
has only a few monolayers of lubricant molecules between the sliding surfaces.
Under such spatial confinement, liquids typically exhibit a relaxation time
much larger than that in the bulk [32, 33]. This is reminiscent of the slow
dynamics shown by many other systems such as glasses [34], granular matter
[35], and pinned disordered elastic media [36]. Whether, such diverse systems
can be considered as glasses or not is a matter of details. We now give a
brief overview of glasses with which we shall draw analogies in the study of
adhesion of a sphere which has internal degrees of freedom.

1.1.3 Primer on glasses

Most liquids, on being cooled down to their melting temperature Tm undergo
a first order transition to a crystalline solid phase. However, since the pro-
cess of crystallization depends on the formation of critical nuclei and their
growth, it is possible to cool a liquid fast enough so that crystallization is
avoided. On continued supercooling the liquid viscosity increases dramati-
cally, and the liquid freezes continuously into a non-crystalline solid. The
cooling rate used to achieve this liquid-glass transition is typically faster
than a temperature-dependent internal equilibration time so that the system
is unable to sample all configurations and as a result falls out of equilibrium.
Even though the glass transition is not a true equilibrium phase transition,
a glass transition temperature, Tg, is conventionally defined to be the tem-
perature at which viscosity becomes 1012Pas. Transport quantities such as
the diffusion constant and the relaxation time show similar divergence with
decrease in temperature as that of the viscosity. On the other hand, ther-
modynamic quantities such as the specific heat, or structural quantities such
as the density or the static structure factor show a small change in the same
temperature interval. Therefore, a question arises as to what is the reason for
the dramatic slowing down of the dynamics of supercooled liquids without
an apparent singular behavior of the static quantities? A complete answer
to this question is unknown.

Typically, two kinds of dependence of viscosity on temperature T is ob-
served for T < Tm for the glass forming liquids. Viscosity of many liquids
shows non-Arrhenius dependence on temperature, i.e, log(η) rises faster than
1/T . The common property among such liquids is that they involve van-der
Waal’s or ionic forces. They are conventionally called “fragile glasses”. Few
liquids like SiO2 and P2O5, on the other hand, exhibit Arrhenius dependence
of viscosity on temperature (see Fig. 1.5 (a)). They typically involve strong
covalent interactions and have been given the name “strong glasses”.

Another distinct feature of supercooled liquids is the multi-step decay
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Figure 1.5: (a) Schematic of variation of viscosity as a function of Tg/T . (b)
Schematic of variation of self intermediate scattering function as a function of
time at a temperature close to glass transition temperature.

of the density correlation function, also called self intermediate scattering
function(ISF) given by f(q⃗, τ) = Fs(q⃗,τ)

Fs(q⃗,0)
where

Fs(q⃗, t) =
1

N
<

N∑
j=1

exp[iq⃗.(r⃗j(t) − r⃗j(0))] >

and r⃗j(t) is the position of atom j at time t. This quantity is directly mea-
sured by neutron and light scattering experiments. At high temperatures,
ISF decays rapidly to zero in an exponential manner. However, as temper-
ature is lowered close to Tg, after a fast initial decay due to intermolecular
collisions (see Fig. 1.5(b)), ISF develops a plateau (beta relaxation regime).
At longer times, ISF decays to zero by a stretched exponential form (alpha
relaxation regime), given by Fs ∼ exp[−(t/τ)β] where β < 1.

At present, there is no unified understanding of the mechanisms that
give rise to properties such as a non-Arrhenius dependence of viscosity and
stretched exponential decay of scattering functions in glass forming liquids.
One of the popular approaches to this problem is called the ‘energy landscape’[37,
38] approach. The energy landscape is usually referred to the potential en-
ergy function of an N-body system ϕ(⃗r1, ...., r⃗N) where the vectors r⃗i com-
prise position, orientation and vibrational coordinates. The landscape is a
multidimensional surface schematically illustrated in Fig. 1.6. One of the
major problems with this kind of a formalism is that it is not known a-
priori what the relevant coordinates are for a given system. The important
quantities of the landscape are the number of potential energy minima of a
given depth, and the nature of saddle points separating neighboring minima.
For an N-body system in a volume V, the landscape is fixed. The manner
in which the system samples its landscape as a function of temperature pro-
vides information on its dynamic behavior. At high temperatures, the system
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Figure 1.6: Schematic of an energy landscape. The x-axis represents all configu-
rational coordinates.

has sufficient kinetic energy to sample the entire energy landscape, and the
large number of minima that it samples are shallow. Under these conditions,
the system exhibits a temperature independent activation energy for struc-
tural relaxation. But as the temperature is reduced, the system is unable to
surmount the highest energy barriers and is therefore forced to preferentially
sample much rarer deeper minima. Then the kinetics of structural relaxation
changes from an exponential to a stretched exponential, and the activation
energy associated with structural relaxation becomes non-Arrhenius.

In addition to the non-Arrhenius dependence of viscosity on temperature
and a non-exponential decay of scattering function, glasses show complex
properties like aging and memory. The phenomena of the response function
of glassy systems being non-invariant under time translation is referred to
as aging. The response is either to a magnetic field in case of disordered
magnets, to an electric field in case of dipolar glasses, or to an applied stress
in the case of glassy polymers or dense emulsions. Some of the earliest
experimental investigations of aging involved rheological studies of glassy
polymers [9]. The basic phenomenon is that the response depends on the time
tw one has waited in the low temperature glass phase before applying the
perturbation. Qualitatively, the longer one waits, the smaller is the response
to an external drive, as if the system settles into progressively deeper energy
valleys as time elapses. The memory effect observed in many glassy state
relaxations is that the relaxation from a particular state depends not only
on the state itself, but also on how that state was reached.

Glasses are considered to be a solid for all practical purposes because of
their characteristically divergent relaxation time scales. But this time scale
is considered to be diverging only on comparison with the laboratory time
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scales. If we increase our observational time scale, glass indeed flows. Analo-
gously, almost all materials show solid like or liquid like behavior depending
on the time scale of observation. Such materials are called viscoelastic. The
ratio of the characteristic relaxation time of the system and the characteristic
time scale of an experiment probing the response of the material naturally
becomes an important parameter. This ratio is called the Deborah number.
Rheology is the study of deformation and flow properties of viscoelastic ma-
terials whose Deborah number is less than one. We now first present a brief
overview of rheology and then define aging in terms of rheological response
functions quantitatively. The formalism presented in the next section can be
found in greater details in [39].

1.1.4 Rheology and aging

In general, deformation of a material can comprise volumetric strain, exten-
sional strain, and shear strain. Here we consider shear strains for incom-
pressible materials only. A relation between the shear stress σ and shear
strain γ is called a constitutive equation. We consider suddenly straining
a previously undeformed material by an amount γ0 at time tw. That is,
γ(t) = γ0Θ(t− tw), where Θ is the step function. For now we treat tw as an
arbitrary time label, but later we will take it as the time at which strain is
applied, relative to the preparation of the sample in some prescribed state,
at time zero. In general, the response is

σ(t) = γ0G(t− tw, tw;γ0)

By causality, G vanishes for negative values of its first argument. If the
material properties of the sample are time translationally invariant (TTI),
then the time tw of the initial step strain is irrelevant. The response function
can then be written as G(t − tw;γ0) and depends only on the elapsed time
since the step strain was imposed. If in addition, the response is linear, then
the response function becomes G(t− tw) so that the stress doubles when the
strain is doubled. Therefore, if the response is linear and TTI, then

σ(t) = γ0G(t− tw)

where G(t) is called the time-dependent modulus, or the stress relaxation
function of the material. If such a material is subjected to a small time de-
pendent strain γ(t), then by decomposing it into a sequence of infinitesimally
small step-strains, we get,

σ(t) =

∫ t
−∞G(t− t ′)γ̇(t ′)dt ′ (1.1)
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For a purely Newtonian liquid of viscosity η, the function G(t) approaches a
delta function ηδ(t). On the other hand an ideal Hookean elastic solid has
G(t) = G0Θ(t). Both the Newtonian fluid and Hookean solid are idealized
limiting cases. Many materials display behavior intermediate between these
limits and are called viscoelastic. One of the simplest model of viscoelasticity
is the Maxwell model where G(t) = G0exp(−t/τ). For an oscillatory strain,
σ(t) = Re[G∗(ω)γ(t)] where

G∗(ω) = iω

∫∞
0

e−iωtG(t)dt

which is , to within a factor of iω, the Fourier transform of the stress re-
laxation modulus G(t). Also, G∗(ω) = G ′(ω) + iG ′′(ω) where G ′, G ′′ are
called the storage and loss modulli of the material, and measure the in-phase
(elastic) and out of phase(viscous) response to an applied strain. For the
Maxwell’s model,

G ′′(ω) = G0
ωτ

1+ω2τ2
; G ′(ω) = G0

ω2τ2

1+ω2τ2

Moving along the concepts developed above, one can in general write a con-
stitutive equation between stress and strain rate as,

σ(t) = η∗(ω)γ̇(t)

which on comparison with σ(t) = G∗(ω)γ(t) gives η∗(ω) = G∗(ω)/iω =
(G ′′ − iG ′)/ω.

Equation 1.1 can be easily extended to the case where TTI is absent:

σ(t) =

∫ t
−∞G(t− t ′, t ′)γ̇(t ′)dt ′ (1.2)

TTI can be broken, in a trivial sense, by the transients that any system
exhibits during equilibration. We now consider how such transients can be
distinguished from aging. Consider the response function G(t − tw, tw) for
linear step-strain. In order to see the full stress relaxation, we need to allow
the time t at which we observe the stress to be much larger than the time
tw at which the step strain has been applied. That is, lim

t→∞G(t− tw, tw) at

fixed tw. As long as ∆t = t − tw is large enough, we observe the full stress
relaxation whatever be the age of the system tw at the time when strain is
applied. That is, we can take tw to infinity first, and then make ∆t large,
lim
∆t→∞ lim

tw→∞G(t−tw, tw). In the absence of aging, the two ways of measuring

final extent of stress relaxation are equivalent, and we have

lim
t→∞G(t− tw, tw) = lim

∆t→∞ lim
tw→∞G(t− tw, tw)
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If the system ages, on the other hand, this equality will not hold. That
is, a significant part of the stress relaxation takes place on timescales that
grow with the age tw of the system. We refer to deviations from TTI in
other systems for which all significant relaxation processes can essentially be
observed on finite timescales as transients.

1.1.5 Jamming

Jamming is said to occur when the stress relaxation time of a system in a
disordered state exceeds or becomes comparable to experimental timescales.
Due to the generality of this definition, systems as diverse as foams, emul-
sions, colloids, granular media and glasses exhibit jamming. Glasses unjam
as temperature is increased, foams and emulsions unjam as shear stress is
increased, and colloidal glasses unjam as packing density is decreased. The
control parameters just mentioned are so different from one another that it
might appear that there is nothing common in the different jamming transi-
tions. It was proposed by Liu and Nagel [35] that all three parameters are
important to all systems, but the range over which they are easily varied
might be limited for a given system. In other words, these different param-
eters might be tied together by a “jamming phase diagram”, as shown in
Fig. 1.7. The three axes of this diagram are temperature, density or packing
fraction and the shear stress. Note that temperature and density are tradi-
tional axes for phase diagrams, but shear stress is not. The shear stress is a
non-equilibrium parameter. The ordinary state diagram for the glass tran-
sition would be in the (1/density)-temperature plane of the jamming phase
diagram. The ordinary phase diagram for a foam or emulsion would be in
the (1/density)-load plane of the jamming phase diagram. At fixed density,
one must apply a shear stress higher than the yield stress in order for the
system to flow. Thus, the yield stress as a function of density is the curve
that separates the jammed and unjammed regions in this plane.

One of the most difficult problem in studying any jamming transition
is that the jammed surface shown in Fig. 1.7 is typically not sharp and is
defined by the system’s relaxation time exceeding experimental time scales.
However, there is one point on the jamming phase diagram that is well defined
[40], namely, the point labeled as ‘J’ in Fig. 1.7. The J-point lies on the
1/density axis corresponding to zero temperature and shear stress for systems
with repulsive, frictionless, finite range potentials. At low enough densities
beyond Point J, none of the particles in the system interact. At Point J,
particles just come into contact, and at further compression particles interact
and the pressure and zero-frequency shear modulus are nonzero. J-point has
many of the properties of a critical point. But it also exhibits properties that
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not normally associated with a second-order phase transition. For example,
pressure and shear modulus, scale as power laws with (ϕ−ϕc), but the scaling
exponents depend on the inter-particle potential and not on dimension.

Jamming diagram and its various aspects imply that one can study sys-
tems that explore different states either through thermal fluctuations or
through externally applied stresses, and search for unifying concepts that
describe their slow dynamics as different aspects of a more general jamming
behavior [41]. The relative mobility of two interacting bodies undergoes a
large reduction on sticking to each other resulting in slow dynamics, a phe-
nomenon commonly observed in nature. The phase diagram of this process,
as we present in the next chapter bears similarity to the jamming phase di-
agram. We now discuss the key details of this problem in the next section.

Temperature

Shear stress

1/Density

Jammed

Unjammed

J

Figure 1.7: Jamming phase diagram.

1.1.6 Diffusion of a colloidal sphere

We have studied the process of adhesion of a micron sized colloidal sphere,
suspended in water, to a plate. As long as the particle is not stuck, it
has a finite diffusivity due to random collisions of the particle with the water
molecules. But if the particle is stuck to the plate, it can not have any relative
motion with respect to the plate and hence has zero diffusivity. Therefore,
one can think of the process of adhesion of a colloidal particle to a plate as a
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process which involves loss of mobility or diffusivity. Two kinds of particles
differing in their rigidity were used: hard silica and deformable polystyrene.
The deformable surface of the particle constituted the interface which came
in close proximity to the rough, disordered medium of glass plate during
adhesion. We now briefly overview the phenomenon of diffusion of a colloidal
particle.

Motion of a colloidal particle freely suspended in the liquid is described
by the Langevin equation:

mẍ = −γẋ+ Frandom(t) (1.3)

where m is the mass of the particle, γ is the viscous drag coefficient, and
Frandom is the random, fluctuating force on the particle due to collisions
with molecules in the surrounding fluid. Frandom satisfies two properties:
(1) Its mean value is always zero irrespective of the position or velocity of
the particle, i.e. ⟨Frandom(t) = 0⟩ (2) It is delta correlated in time, i.e.,
⟨Frandom(t)Frandom(t ′)⟩ = 2γKBTδ(t − t ′) where KB is Boltzmann’s con-
stant and T is the temperature. Langevin equation implies that the position
of the particle will be fluctuating as a function of time. The magnitude of
these fluctuations can be estimated by calculating the mean squared displace-
ment (MSD) from it. The MSD is given by,

⟨∆x2(t)⟩ = 2KBT

γ
[t−

m

γ
(1− e−γt/m)] (1.4)

For t >> m
γ
, e−γt/m −→ 0 and MSD becomes simply,

⟨∆x2(t)⟩ = 2KBT

γ
t (1.5)

For a polystyrene colloidal particle of radius 1µm suspended in water, m ∼

10−14Kg and γ = 2 ∗ 10−8, resulting in m/γ ∼ 10−7s. This is much smaller
than the experimental time resolution and hence the MSD of the particle
can be considered to be a linear function of time. The diffusivity D of the
particle is related to the MSD through the relation ⟨∆x2(t)⟩ = 2Dt, i.e. the
slope of MSD vs time is proportional to D. Therefore, D = KBT/γ which is
called Einstein’s relation.

Far away from any boundaries, the viscous drag coefficient of a spherical
particle is given by Stoke’s law γ = 6πηa where η is the viscosity of the fluid
and a is the radius of the particle. But once the particle approaches a wall,
for example in our experiments a glass plate, the viscous drag on it increases
due to hydrodynamic corrections. In addition, the drag becomes anisotropic.
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That is, the drag coefficients in the planes parallel and perpendicular to
the plate become unequal and larger than the bulk value. This increase in
drag is lumped as a correction to the viscosity in the Stoke’s formula and
hence the diffusivity of the particle decreases as it comes closer to the plate.
This phenomena is expressed in literature with the term ‘hindered diffusion’
[7, 42, 43]. The correction to the drag can be computed by solving the Stokes’
equation,

η∇2v⃗ = ∇P (1.6)

where v is the fluid velocity and P is the pressure with the constraint of
∇.⃗v = 0 due to incompressibility of the fluid. The boundary conditions are
that v⃗ = u⃗ where u⃗ is the velocity of the particle and v⃗ → 0 at infinity and
on the surface of the plate. Faxen expressed the solution to this problem as
a series expansion in terms of the ratio of the distance of the particle from
the plate and the radius of the particle [4]. Hindered diffusivity parallel to
the plane of the plate is given by [44],

D∥

D0

= 1−
9

16
Λ+

Λ3

8
−

45

256
Λ4 + .... (1.7)

where Λ = a/(h+a) and h is the height of the particle. Hindered diffusivity
perpendicular to the plane of the plate is given by [44],

D⊥

D0

= 1−
9

8
Λ+

Λ3

2
+ .... (1.8)

1.2 Flow of fluids through porous media

A porous medium is a material containing large number of randomly lo-
cated voids (pores) of sizes greater than the microscopic interatomic scale.
Examples include wood, sponge, rocks etc. We have studied the motion of
two-fluid interfaces in disordered porous media made by packing spheres in
a pipe. These experiments were different from the previous problem at a
broader level in two main aspects. First, we had a greater control over the
disorder since it could be tuned by simply changing the size, packing arrange-
ment and wettability of the spheres. Second, the interface was subjected to
dynamical instabilities which will be discussed ahead.

Flow of fluids through porous media is of interest to a variety of scientific
and engineering disciplines. For example, petroleum engineers study the
flow of water through rocks containing gas and oil [45], chemical engineers
are interested in filtration and packed bed reactors [46], hydrologists are
concerned with flow of water and contaminants through soil [47], geologists
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and geophysicists study the flow of molten magma in the mantle [48], and
physicists who consider it as a source of interesting phenomena such as fractal
growth of interfaces [49]. We now present a general background to the topic
of flow of fluids through porous media and then elaborate on the specific
problem of two-fluid displacement in a porous medium which is also the
problem addressed by our experiments.

1.2.1 Basic concepts

Three important physical characteristics that describe a porous medium are:
1. Porosity: It is the fraction of the bulk volume of the material occupied

by pores. Since, porosity (ϵ) is just one number lying between 0 and 1,
it does not provide information about the connectivity of the pores in the
medium. Therefore, another measure of porosity, called the effective porosity,
is given by the fraction of the bulk volume occupied by interconnected pores
only. Many rocks have high total porosity but low effective porosity. Note
that ϵ has been defined with respect to the bulk macroscopic volume of
the material. The fraction of pores in a volume containing only a single
pore or a few pores is not independent of the volume used for computation
and hence is not unique. Therefore, one can define the minimum volume
of the material above which fraction of pores in a given volume is unique
as the Representative Elementary Volume (REV). That is, the medium can
be considered to be homogenous and uniform for volumes larger than equal
to REV. REV for porous media made by packing spheres of diameter dp is
typically 5− 10dp [50].

2. Permeability: It is that property of a porous material which determines
the ease with which a fluid may be made to flow through the material by an
applied pressure gradient. This characteristic will be quantitatively defined
below.

3. Tortuosity: There may not be a unique path, but many paths through
the pore space that span a system (see Fig. 1.8). One parameter used to
represent this situation is called tortuosity. It is equal to the ratio of the
average length of all the paths between two points (usually extremities of the
medium) and the shortest geometrical distance between the two points.

Flow of a fluid through a porous medium is complex because of its tortu-
ous nature. Let us contrast the movement of a fluid element through a hollow
tube and a porous medium. Inside a tube, it has a unique steady state ve-
locity throughout, while in the medium its velocity continuously changes
direction and magnitude. Further, fluid motion is affected by the in general
heterogeneous distribution of the properties described above and at first it
may seem improbable that any progress can be made. However, we know
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Figure 1.8: Schematic representation of a two dimensional bead pack. Red, green
and blue lines denote three of the several paths possible between the top and
bottom edge of the medium. Tortuosity is given by the ratio of average length of
all the paths between top and bottom edges and L0, shortest distance between the
two edges.

that the medium has at least two spatial scales, macroscopic (there can be
more than one, depending on the shape and size of the system) and pore scale
whose difference is very large. Therefore, macroscopic constitutive equations
are typically obtained by starting from the flow at the microscopic level,
then formulating approximations at various orders using the fact that the
ratio between characteristic lengths is small and finally performing a suit-
able averaging process. This process is conventionally called upscaling or
homogenization. However, since a complex multiply connected pore-space is
represented by so few quantities such as those described above, upscaling of-
ten does not provide accurate results. On the other hand, phenomenological
laws such as Darcy’s law have been proposed and found to hold true for flow
of a single liquid. We shall first discuss the exact results obtainable for flow
in a pipe and then elaborate on Darcy’s Law.
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1.2.1.1 Flow in a pipe: Poiseuille’s law

The Navier-Stokes equation [51] describing the isothermal flow of an incom-
pressible Newtonian fluid is given by,

∂U

∂t
+ (U.∇)U = −∇ϕ+ ν∇2U (1.9)

where U is the flow velocity, t is time, ν is the kinematic viscosity, and ϕ is
the potential defined by

ϕ = P/ρ+ Π; ν = η/ρ

where P is the fluid pressure, ρ is the density of the fluid, Π is the potential
of the external or body forces, and η is the viscosity of the fluid. Incompress-
ibility of the fluid yields

∇.U = 0 (1.10)

In the low Reynolds number (ignore (U.∇)U term) limit for the steady flow
(∂U
∂t

= 0), Eq. 1.9 becomes,

ν∇2U = ∇ϕ (1.11)

The solution to this equation for the case of steady laminar flow of a fluid in
a straight circular cylindrical tube, subject to the incompressibility equation
and no-slip boundary conditions on the surface of the tube, is

Ū = −
a2

8ν

dϕ

dx

where Ū is the mean flow velocity, a is the radius of the tube, and dϕ/dx is
the potential gradient. In the absence external or body forces,

Ū = −
a2

8η

dP

dx
(1.12)

This solution is called Poiseuille’s law which states that flow rate of a fluid
through a pipe is proportional to the pressure gradient across it, similar to
Ohm’s law which relates the electrical current to the voltage difference.

1.2.1.2 Darcy’s Law

Darcy’s experiments on flow of water through filter-beds [52] showed that

V = −
K

η
∇P̄ (1.13)
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where V is macroscopic vector flow velocity, P̄ is the average of the pressure
over REV and K is the absolute permeability (“absolute” refers to flow of
a single liquid) which is characteristic of the geometry of the medium with
dimensions of length2. The permeability of a simple tube, on comparing
Eq. 1.12 with Eq. 1.13 is given by K = a2/8. Therefore, the permeability
of a porous medium is expected to be proportional to the mean squared
pore radius of the medium. Further, permeability is analogous to electrical
conductance and is a measure of the ease with which a liquid flows through
the porous medium. Carman-Kozeny [53] is an empirical equation which
relates permeability of a porous medium made by packing spherical particles
of diameter d to its porosity ϵ through the relation, K = ϵ3d2/(180(1−ϵ)2).
However, there is no general expression for permeability as a function of the
geometrical properties of an arbitrary porous medium, though some recent
numerical studies have addressed this question [54].

While the nature of K and its relation to microscopic structure of the
porous medium is still a subject of research, the basic linear pressure difference-
velocity relationship has been established both experimentally and theoret-
ically for flow of a single liquid through it [55]. However, there is no well-
established macroscopic theory for the simultaneous flow of two immiscible
fluids through a porous medium. Conventionally, for such a flow problem
Darcy’s law has been modified to a form given by [56],

Vi = −
KKi

ηi
∇P̄i (1.14)

where Ki is the relative permeability of the liquid i and K is the absolute
permeability. The relative permeability, Ki, is a dimensionless number less
than one and depends on the fraction of pore space occupied by the fluid.
The validity of this equation has been questioned for two reasons. First,
it assumes that each fluid flows in a fictitious porous medium consisting
of the solid matrix plus the other fluid with no viscous coupling between
the two fluids. Second, it does not take into account the capillary force at
the two-fluid interface. The first of these assumptions has been investigated
theoretically [57], experimentally [58] and numerically [59]. The results show
that two-phase flow is better described by a further modification of Darcy’s
law that includes coupling terms between the two fluids. The effects of
capillary pressure on the flow characteristics has been investigated by fewer
studies [60, 55]. The studies indicate that flow characteristics become non-
linear when capillary effects are significant.
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Figure 1.9: Liquid drop on a substrate.

1.2.1.3 Wettability

In a multiphase flow, the wettability of the medium plays an important role,
i.e., how a liquid deposited on a solid substrate spreads. We consider a drop of
liquid placed on a substrate (see Fig. 1.9). Using the force balance condition
in the horizontal direction, we get, the famous Young-Laplace equation,

γSG = γ cos(θ) + γSL (1.15)

where θ is the contact angle, γSG, γSL and γ are the solid-gas, solid-liquid
and liquid-gas surface tensions, respectively. The vertical component of the
net force due to surface tension is balanced by the elastic force of deformation
of the solid. When γSG > γSL, the system will minimize energy by spreading
the liquid on the surface resulting in a contact angle less than 900. However,
if γSG < γSL, the liquid will not spread and the contact angle will be larger
than 900. The surfaces are called hydrophilic or hydrophobic depending upon
whether the contact angle of water on them is less than 900 or greater than
900, respectively.

The finite curvature of the two-fluid interface (air-water interface in Fig.
1.9) results in a discontinuity in pressure across it. The magnitude of this
pressure difference, called capillary pressure Pc, is given by

Pc = γ(
1

r1
+

1

r2
) (1.16)

where r1 and r2 are the two principal radii of curvature of the interface and
the pressure is higher in the fluid on the concave side of the interface. This
equation is referred to as Laplace’s law.

1.2.1.4 Capillarity

When a narrow tube of radius R is placed inside a container filled with a
liquid, the liquid rises in the tube if its contact angle with the tube is less
than 900, that is, it wets the tube (see Fig. 1.10(a)). The principal radii
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Figure 1.10: (a) Capillary rise of a wetting liquid (b) Capillary fall of a non-wetting
liquid. The radii of curvature of the interface are equal and given by R/ cos(θ).

of curvature of the interface are equal and given by R/ cos(θ). The pressure
immediately underneath the interface, at point A in Fig. 1.10(a), using
Laplace’s law (Eq. 1.16) is given by,

Pc = P0 − PA = 2γ
cos(θ)

R

This implies,

PA = P0 − 2γ
cos(θ)

R
(1.17)

where P0 is the external (atmospheric) pressure. Since cos(θ) > 0, the neg-
ative sign in Eq. 1.17 signifies that the interface is subjected to an under-
pressure or a suction pressure which acts like a pump on the bath and causes
the liquid to rise. The liquid continues to rise to a height h above the level of
the liquid in the container until the hydrostatic pressure of the liquid column
balances this suction pressure. The height h given by,

h = (
1

ρg
)(
2γ cos(θ)

R
) (1.18)

where ρ is the density of the liquid and g is the acceleration due to gravity.
If the liquid does not wet the tube (see Fig. 1.10(b)), that is, θ > 90 and

cos(θ) < 0, then Eq. 1.17 predicts that the pressure at A would be higher
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than the atmospheric pressure and therefore, liquid will be pushed out of the
tube. The level of the liquid in the tube will now fall by an amount given by
Eq. 1.18.

Two conclusions can be drawn from this phenomena.

• Capillary suction pressure causes spontaneous movement of the wetting
liquid (θ < 900) into a tube and is larger for narrower tubes.

• External pressure larger than 2γ cos(θ)/R is required to be applied
in order to force a non-wetting liquid (θ > 900) to move into the
tube. Appropriately, the quantity 2γ cos(θ)/R is called the capillary
entry/breakthrough pressure, Pc, of the tube which is smaller for wider
tubes.

These two facts play an important role in the two-fluid displacement dis-
cussed in next section in greater details.

1.2.2 Displacement of one fluid by another: A moving
boundary problem

The problem of displacement of one fluid by another in a porous medium
has been extensively studied due to its importance in tertiary oil recovery.
The recovery process is carried out by digging two wells in the rocks and
injecting water under pressure into the first one and retrieving oil out of the
second one. However, this technique has remained inefficient, due partly to
an inadequate understanding of the complexity of the problem which stems
from the fact that a large number of parameters affect it. The control param-
eters are the quenched structural disorder of the medium and its wettability,
the viscosity and the surface tension of the two liquids and the flow rates
of the liquids. The displacement of a wetting fluid by a non-wetting fluid is
referred to as drainage and its converse as imbibition. The primary distinc-
tion between drainage and imbibition is that for imbibition, the wetting fluid
spontaneously displaces the non-wetting fluid by moving into the smallest of
the pores (see section 1.2.1.4). However, for drainage, an external pressure
has to be applied and as the pressure is increased from zero, the displacing
fluid enters the largest pores first.

The efficiency of the two fluid displacement is measured by defining a
quantity called saturation which is equal to the fraction of pore volume oc-
cupied by the displacing liquid. Most petroleum reservoirs are not strongly
wetting to water in the presence of oil, even though most of minerals making
up soils and rock are naturally water-wet. This is likely due to the fact that
on geological time scales the rocks undergo local chemical changes. Therefore,
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we will mainly focus on drainage and discuss imbibition wherever possible.
In what follows next, we elaborate on the problem of two-fluid displacement
in porous media through a discussion on the present-day knowledge.

1.2.2.1 Phase diagram of drainage

There are three main forces that act in any two-fluid displacement. They
are (1) the viscous force in the displacing liquid with viscosity η1, (2) the
viscous force in the displaced liquid with viscosity η2, and (3) the capillary
force at the interface between the two fluids with surface tension γ. Two
dimensionless numbers can be defined to characterize the process, namely
the capillary number (Ca) and the viscosity ratio (M). To motivate their
definitions, we consider a pore of size equal to the average pore size, a, of the
medium. The viscous pressure drop across this pore as given by Darcy’s law
is ∆Pv = ηivia/K where vi is the flow velocity of the liquid through the pore,
K is the local permeability and ηi is the viscosity of the fluid. Since K ∼ a2,
∆Pv ∼ ηivi/a. The capillary pressure due to the surface tension is ∆Pc ∼ γ/a.
The competition between capillary and viscous forces is captured by defining
the dimensionless number Ca equal to the ratio of viscous pressure drop to
the capillary pressure.

Ca =
∆Pv

∆Pc
=

ηv

γ
(1.19)

Ca is conventionally defined for the displacing liquid.
M is the ratio of the viscous pressure drops in the two fluids and is equal

to η1/η2. Note that these two numbers do not capture any detail of the
disorder such as pore-size distribution which is of importance in the two-
fluid displacement [61].

Lenormand [62] in his landmark experiments with two-dimensional model
porous medium of etched channels constructed the phase diagram of drainage.
The phase diagram had three regimes depending on M and Ca. The three
regimes, as shown in Fig. 1.11, are:

1. Stable Displacement: A high viscosity fluid displaces a low viscosity
fluid (M > 1) at a high injection pressure (Ca > 1) in this regime. The two-
fluid interface remains flat and the movement of the interface is “piston-like”
resulting in saturation approaching unity.

2. Viscous fingering: A low viscosity fluid displaces a high viscosity fluid
(M < 1) at a high injection pressure in this regime(Ca > 1). The two-fluid
interface no longer remains flat but develops “finger”-like protrusions of the
displacing fluid into the displaced fluid.

3. Capillary fingering: This regime is observed for displacement of a
low viscosity fluid by a high viscosity fluid (M > 1) at very low injection
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pressures (Ca < 1). A ramified or rough interface is observed and clusters of
displaced fluid are left behind the interface.

The boundaries of the regions were qualitatively discussed in [62] and it
was concluded that the drainage displacements were fully characterized by
Ca and M. However, it was mentioned that changing the pore size distri-
bution of the simulation and the experiments resulted in translations of the
boundaries but that the general shape and broad parameter regimes remain
unchanged. Similar phase diagram was also observed for imbibition.

Log(M)

L
o
g
(C

a
)

0

Viscous fingering

Stable

Capillary fingering

Figure 1.11: Schematic representation of phase diagram of drainage. The thick
black lines denote the phase boundaries.

1.2.2.2 Pore-scale Events

The etched channels experiments [62] also showed that the two pore-scale
processes of “snap-off” and “pore-doublet” affected the efficiency of the dis-
placement process.

1. Snap-off:
When a non-wetting fluid emerges from a constriction into a pore con-

taining the wetting fluid, the interfacial forces act in such a way that the
leading portion of the non-wetting fluid may separate into a droplet. This
process is called a snap-off, schematically shown in Fig. 1.12. A similar phe-
nomena that one observes in nature is the spontaneous break-up of a freely
falling fluid stream which arises due to variation in capillary pressure along
the boundaries of the stream, conventionally called the Rayleigh-Plateau in-
stability [63, 64]. The principal mechanism of break-up is exactly the same
for both snap-off and Rayleigh-Plateau instability [63, 64] and is discussed
below.
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(a) (b)

Figure 1.12: Schematic of the process of snap-off.

The geometric criterion for snap-off to occur in a constricted tube was
given by Roof [22]. The details of the analysis for Roof’s snap-off discussed
below can be found in [21]. Consider a sinusoidally constricted tube (see Fig.
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Figure 1.13: Schematic of a sinusoidally constricted tube.

1.13) whose profile is given by

r(z) = rmax[1+
1

2
(
rmin

rmax
− 1)(1+ cosπ

z

L
)] (1.20)

where rmin and rmax are the minimum and the maximum radii, and λ ≡
2L is the spatial period. The tube is filled with a non-wetting fluid, and
we assume that a thin film of wetting fluid separates the non-wetting fluid
from the tube walls. We assume that Ca is small so that viscous forces are
negligible. Consider two-cross sections perpendicular to the axis of the tube,
one at rmax (crest) and another at rmin (trough). The magnitude of two
principle radii of curvature at any point are given by k1(z) = 1

r(z)
√

1+r ′2(z)

and k2(z) = r ′′(z)

(1+r ′2)3/2
. At the crest, both principal radii of curvature are
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positive. The capillary pressure at the crest, therefore, is

Pcrestc = γ[
1

rmax
+

π2rmax

2L2
(1−

rmin

rmax
)] (1.21)

At the trough, one of the curvatures is positive and the other is negative.

Ptroughc = γ[
1

rmin
−

π2rmax

2L2
(1−

rmin

rmax
)] (1.22)

If the pressure at the trough (the neck of the constriction) exceeds that at
the crest, the pressure difference will drive the non-wetting fluid out of the
trough towards the crest of the profile, with an accompanying invasion of the
wetting fluid into the neck which will eventually result in a snap-off (see Fig.
1.12). For Ptroughc > Pcrestc to be true,

λ > 2π
√
rminrmax (1.23)

which is the static criterion for snap-off. In the limiting case of rmin =
rmax ≡ R, the criterion simplifies to λ > 2πR, which is the well known
shortest wavelength to cause break-up of a liquid cylindrical stream into
droplets (Rayleigh-Plateau instability [63, 64])

When viscous pressure come into play, rmin and rmax are no longer gov-
erned by the pore geometry but take on a value dependent on Ca. The time
required for snap-off to occur depends on the resistance to flow in the dis-
placed fluid layer/film which is inversely proportional to the thickness of the
film. The thickness of the displaced fluid-layer, in turn, is directly propor-
tional to Ca. Therefore, if Ca is too small, the film is so thin that flow in
the film is too slow for a collar to grow and as a result snap-off occurs only
above a particular Ca [65].

2. Pore-Doublet/Trapping/By-passing: A pore doublet, as shown in
Fig.1.14, is a flow channel that splits into two channels of different diam-
eters and then rejoins. For the case of drainage, branch 2 (see Fig. 1.14)
has a lower Pc than that of branch 1 (see section 1.2.1.4). Therefore, as the
applied pressure is increased from zero in small steps, the displacing fluid
first moves into branch 2 and not into branch 1. As a result, the two fluid
interface in branch 2 reaches the exit node (see Fig. 1.14) first and cuts-off
the displaced fluid in the branch 1. A further increase in the applied pres-
sure does not cause any movement of the left-over displaced fluid in branch
1 because of the incompressibility of the two fluids. A detailed quantitative
analysis of this phenomenon is presented in [66].

We now discuss the unstable regimes of the phase diagram.
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Figure 1.14: Schematic time sequence of displacement of a wetting fluid (white)
by a non-wetting fluid (red) in a pore doublet.

1.2.2.3 Viscous fingering

Consider a cell of rectangular cross-section, conventionally called a Hele-
Shaw cell, of thickness b and width L >> b filled with a viscous liquid like
glycerol. As a less viscous fluid such as air is injected under pressure to
displace glycerol, an initially flat interface starts to move. With increasing
time, the interface spontaneously develops undulations in the form of fingers.
The fingered interface evolves through the process of shielding wherein an
initially slightly longer finger grows at the expense of others so that a single
finger, called Saffman-Taylor (S-T) finger of a characteristic width and shape,
survives in the long time limit. This process is generic for a low viscosity
fluid displacing a high viscosity fluid and is called viscous fingering.

We first present a simple calculation and intuitive description of the vis-
cous fingering instability [50]. We then discuss a linear stability analysis [67]
of this process in Hele-Shaw cell and the effect of randomness of the porous
medium on viscous fingering.

Simple model for flow instability: Let us assume that the displaced fluid
is a lot more viscous than the displacing liquid which implies that the most
of the viscous pressure drop is across the displaced fluid. Pressure is uniform
along and across the interface, ignoring surface tension. Imagine, that a small
bump (see Fig. 1.15) is formed on the flat interface by a random fluctuation.
This implies that locally the pressure gradient (inversely proportional to the
length) on the displaced fluid in the bump region of the interface is larger
than in other regions, i.e., the velocity of the bump region is larger than that
of the other parts of the interface which results in the growth of the bump.
As the bump grows further and further, this velocity difference continues
to grow due to increasing pressure gradient leading to a runaway effect of
instability. We now analyze this quantitatively. Let ∆P be the constant
pressure drop across the inlet and outlet of the channel with permeability K,
pushing fluid 1 of viscosity η1 to displace fluid 2 of viscosity η2. Considering
the liquids to be incompressible, velocity of liquid 1 is same as that of liquid
2. But the flow velocity uA in section A is different from that in section B
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Figure 1.15: Schematic illustration of a perturbation on the two-fluid interface.

assuming there is no momentum exchange between the two sections. The
flow velocity in section A, using Poiseuille’s law (Eq. 1.12), is

uA =
K

η1

(
Pin − Px

x
) =

K

η2

(
Px − Pout

L− x
) (1.24)

This implies,

∆P = Pin − Pout = (Pin − Px) + (Px − Pout) =
uA

K
[η1x+ η2(L− x)] (1.25)

Similarly in section B,

uB =
K

η1

(
Pin − Px+δx

x+ δx
) =

K

η2

(
Px+δx − Pout

L− x− δx
) (1.26)

which implies,

∆P = Pin−Pout = (Pin−Px+δx)+(Px+δx−Pout) =
uB

K
[η1x+η2(L−x)]+

uB

K
[η1δx−η2δx]

(1.27)
Subtracting Eq. 1.25 from Eq. 1.27, we get

uB − uA =
uB(η2 − η1)δx

η1x+ η2(L− x)
(1.28)

Equation 1.28 shows that if δx is positive and η2 > η1, then the perturbed
section B moves faster than the unperturbed section A and more importantly
difference in the velocities uB−uA continues to become larger as δx increases
leading to an amplification of the perturbation. On the other hand, if δx is
positive and η2 < η1, then the perturbed section moves slower than the
unperturbed one and eventually the unperturbed section catches up with
the perturbed one and restores the interface to a flat one.
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In presence of gravity and a finite density difference for the two liquids,
the pressure in Eq. 1.24 and 1.26 gets modified by an addition/subtraction
of ρg term where ρ is the density of the fluid and g is the acceleration due
to gravity. Accordingly, Eq. 1.28 gets modified to,

uB − uA =
uB(η2 − η1)δx

η1x+ η2(L− x)
± (ρ1 − ρ2)gδx

η1x+ η2(L− x)
(1.29)

where ρ1 and ρ2 are the densities of fluid 1 and 2 respectively. The ±
sign in the above equation depends on direction of flow, + for a downward
vertical flow and − for an upward vertical flow. Equation 1.29 has several
implications. The flow is always stable if η1 > η2, ρ1 < ρ2 for a downward
flow and η1 > η2, ρ1 > ρ2 for an upward flow. Conversely, the flow is always
unstable if η1 < η2, ρ1 > ρ2 for a downward flow and η1 < η2, ρ1 < ρ2 for
upward flow. In all other situations, stability of the flow depends on the
flow velocity. For example, if η1 < eta2 and ρ1 < ρ2 in downward flow, there
exists critical velocity, uc =

Kg(ρ2−ρ1)
η2−η1

below which the flow is stable, i.e., the
stabilizing density difference term overcomes the effect of the destabilizing
viscosity difference term.

Linear Stability analysis in a Hele Shaw cell: Consider a fluid of viscosity
η1 displacing a fluid of viscosity η2 in a Hele Shaw cell of thickness b. The
pressure in fluid 1 and 2 is P1 and P2, respectively. Poiseuille’s law gives,

v⃗1,2 =
−b2

12η
∇P1,2 (1.30)

where v1 and v2 are the velocities of the fluid 1 and 2, respectively. Incom-
pressibility of the two fluids yields

∇.v = 0 (1.31)

The above two equations are required to be solved subject to the following
boundary conditions

v⃗1.n̂ = v⃗2.n̂ = v⃗i.n̂ (1.32)

and
P1 − P2 =

γ

R
(1.33)

where n̂ is the unit vector normal to the interface, pointing from 1 towards
2, and v⃗i is the velocity of the interface, γ is the surface tension between the
two fluids and R is the radius curvature of the interface. Consider a planar
interface, shown in Fig. 1.16, moving in the cell at a velocity V . The two
fluids being incompressible, they flow at the same velocity.
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Figure 1.16: Schematic of the two-fluid interface.

¯⃗v1 = ¯⃗v2 = Vx̂

where the overbar denotes quantities related to an unperturbed base flow.
The pressures in the two fluids are given by

¯P1,2 = P̄0 −
12η1,2Vx

b2

where P0 is the pressure at planar front given by x = ξ(y) = 0. To study
the linear stability of the above solutions, we superimpose on the interface a
perturbation with amplitude ϵ and wave vector k given by

ξ = ϵexp(ωt+ iky)

and calculate the growth rateω. If there are k values for whichω > 0, we say
that the interface is linearly unstable to those k values. On the other hand,
the front is linearly stable if ω < 0 for all values of k. To find the dispersion
relation ω = ω(k), let us first search for non stationary perturbations of the
velocity and pressure fields created by this undulation. We set:

v⃗i = ¯⃗vi + v⃗ ′
i ; Pi = P̄i + P ′

i

Since v⃗i should also satisfy Poiseuille’s law, v⃗ ′
i ∝ ∇P ′

i which along with the
incompressibility condition ∇.v ′

i = 0 yields

∇2P ′
i = 0 (1.34)

A guess solution to this equation is P ′
i = fi(x)exp(ωt + iky). Substituting

in the above equation, we get

fi = c exp(±kx)
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where c is an arbitrary constant to be fixed by boundary conditions. There-
fore,

P ′
1 = Aekxexp(ωt+ iky); v ′

1x =
−b2

12η1

Akekxexp(ωt+ iky) (x < 0)

P ′
2 = Be−kxexp(ωt+ iky); v ′

1x =
b2

12η2

Bke−kxexp(ωt+ iky) (x > 0)

The dispersion relation is obtained by writing that the perturbations also
obey the boundary conditions at the interface,

v⃗1.n̂ = v⃗2.n̂ = v⃗i.n̂ =
∂ξ

∂t

To first order in ϵ

v ′
1x = v ′

2x =
∂ξ

∂t

which implies
−b2

12η1

Ak =
b2

12η2

Bk = ϵω (1.35)

The boundary condition for pressure at the interface is

P1 − P2 =
γ

R
= −γ

∂2ξ

∂y2

which implies
−12η1

b2
Vϵ+A− B+

12η2

b2
Vϵ = γϵk2 (1.36)

Solving for A and B from Eq. 1.35 and substituting in Eq. 1.36, we get

ω = Vk
(η2 − η1)

η2 + η1

−
b2γk3

12(η2 + η1)
(1.37)

Equation 1.37 shows that

• If η1 > η2 then ω < 0 for all values of k. This implies that interface in
the Hele-Shaw cell is linearly stable when the displacing liquid is more
viscous. Note that this parameter regime can become unstable (e. g.
capillary fingering) for the displacement process in a porous medium
due to heterogeneity in the pore-scale capillary entry pressures.

• If η1 < η2, there exists a range of k for which ω > 0. The min-
imum value of k for which the interface becomes unstable is kc =
1
b

√
12V(η2−η1)

γ
. In reality, the fastest growing perturbation dominates,

given by kobs =
2
b

√
V(η2−η1)

γ
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This linear stability analysis describes the behavior of the interface as
the instability appears. It can not, however, predict its subsequent evolution
which is dominated by non-linearities. As Ca increases, the S-T finger shows
fluctuations in the finger width [68] which finally splits into many more fingers
through “tip splitting phenomena”[69, 70, 71, 72, 73] and can even result into
disjoint structures [74] due to “pinch-off” process. The disjoint structures
often reconnect through the process of coalescence [74]. In addition to surface
tension, flow velocity and viscosity contrast, the instability was also found
to strongly depend on the local flaws in the channel [75]. This effect was
therefore studied by many investigators using known external perturbations
such as insertion of a wire between plates of the cell [76], etching of a grid on
one of the plates of the cell [77], introducing a gradient gap in the cell [78]
and so on. Many of these studies showed the emergence of complex patterns
not expected out of simple linear stability analysis of the Hele-Shaw cell.

Viscous fingering in porous media: So far, we have discussed the viscous
fingering instability in the simple geometry of Hele-Shaw cell. The initial
perturbation of the interface in such a cell depended on the noise (random
fluctuations) in the surroundings. In the case of porous media, a system-
atic and quenched noise exists in the form of the spatial heterogeneity in its
permeability. As soon as the displacing fluid encounters a local region of
high permeability, it moves faster in this region and gets ahead of the rest
of the interface. Unfavorable pressure differences further amplify this initial
protrusion and lead to the formation of fingers. The displacing fluid in the
porous medium forms a complex, ramified structure due to the randomness
in the pore-size distribution of the medium. It has been observed that viscous
fingering patterns at large viscosity ratio are fractal with dimension similar
to that observed for diffusion limited aggregation (DLA) [79, 80, 81]. DLA
is a model in which a seed particle is placed on a lattice and aggregate is
grown by launching particles one by one at a faraway location. These par-
ticles move diffusively and are considered to be irreversibly stuck when they
touch the seed particle. The reason DLA and viscous fingering patterns are
expected to look similar is that in both processes the relevant quantities obey
Laplace’s equation, e. g., pressure in viscous fingering and probability den-
sity of random walkers in DLA. However, an important difference between
the two processes is that while in DLA the medium is homogeneous and ran-
domness is present in the motion of the walkers, in porous media the medium
itself has quenched randomness and motion of the interface is deterministic.

The effect of wettability of the porous medium on the process of viscous
fingering was studied by Stokes etal [14]. They showed that pore-scale fingers
were obtained in drainage. In imbibition, however, finger width was many
pore diameters large and was found to scale with the square root of capillary
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number. The difference in finger width in drainage and imbibition can be
understood by the following qualitative argument. In drainage, both viscous
(geometric) and capillary resistances are smaller in the larger pores resulting
in a preferential penetration of displacing fluid in them. In contrast, in
imbibition, capillary suction is stronger in the smaller pores and larger pores
have smaller viscous resistance which results in more compact structures of
the displacing liquid.

1.2.2.4 Capillary fingering

When a more viscous fluid displaces a less viscous fluid (M > 1)at very low
injection pressures (Ca < 1), the two-fluid interface becomes ramified for
both drainage and imbibition. This phenomena is called capillary fingering.
In this regime, viscous pressures are negligible.

For the case of drainage, the capillary entry pressure for the displac-
ing non wetting fluid to enter a pore filled with a wetting fluid is given by
Pc = 2γCos(θ)/r (see section 1.2.1.4). When the applied pressure is less
than the entry pressure of a pore, the fluid can not enter the pore. But
when the applied pressure exceeds this critical value, the fluid enters into it.
This results in a sudden and not gradual movement of the two-fluid interface
as the pressure is increased. Such sudden movements of the interface and
associated fluctuations are called “Haines jumps” [82]. As the applied pres-
sure is increased from zero, the displacing non-wetting fluid moves through
a connected path formed by pores with Pc less than the applied pressure.
For imbibition, the displacing wetting fluid spontaneously moves through a
connected path formed by smaller pores as they have higher suction pres-
sures than the larger ones. Therefore, for both drainage and imbibition, the
interface becomes ramified due to the randomness in the pore-sizes.

A continuum approach based on a macroscopic Darcy’s law cannot de-
scribe the ramified aspect of this regime. Consequently, alternative models
based on microscopic description of the medium have been developed. In-
vasion percolation [83] is one such widely used model to describe capillary
fingering. In this model, the porous medium is modeled as a network of
pores joined by narrower connecting throats. This model assumes that flow
rate and density difference of the two fluids is small so that at pore level the
pressure drops due to viscous and buoyancy effects are small compared to
capillary pressures. It also assumes that the medium is random and the pore
space is multiply connected. The term “invasion percolation” refers to the
fact that the displacing fluid (“invader”) grows in a single connected cluster
along a path of least resistance. The process is modeled as a kinetic growth
phenomena as opposed to an equilibrium process.
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The key ideas of this model are as follows:

• The medium is represented as a regular lattice with sites as pores and
bonds as throats. Randomness is incorporated by assigning random
numbers to the sites and bonds to represent the size of these pores
and throats. Initially, the whole lattice is occupied by the displaced
fluid, except for one face which is occupied by the displacing fluid. The
opposite face is identified as the outlet face from which the displaced
fluid escapes.

• A random number Λ uniformly in the interval [0,1] is assigned to each
site to represent the pressure at which given site will fill with the dis-
placing fluid.

• At each time step, the displacing fluid configuration grows by occupying
the accessible site with the smallest random number(drainage) than the
applied pressure. When no more such sites are available, the applied
pressure is increased again until an accessible site becomes “available”.
If this step uncovers more available sites at the prevailing value of the
pressure, then the sites with the smallest Λ (drainage) are filled first.

• Regions of the displaced fluid which become disconnected from the
outlet face are “trapped”. Since the fluids are incompressible, it is
not possible to mobilize these trapped regions by simply increasing the
pressure. The trapping effect is found to be more significant in two-
dimensions than in three dimensions [84]. This is because 2-D and
3D invasion percolation have a very significant difference. In 2-D, as
soon as the displacing fluid percolates from end to end of the sample,
it also percolates from side to side, thus disconnecting the displaced
fluid. However, in 3-D, this is not true and the displacing fluid must
occupy many more sites before it forms the closed surface necessary to
disconnect the displaced fluid.

• The process ends when none of the displaced fluid is connected to the
outlet face.

The key results of this model are

• When the invader fluid first percolates, i.e., first forms a connected
path across the lattice, N = ALϕ where N is the number of sites
occupied by the invader, L is the linear size of the lattice and ϕ is
a constant less than the Euclidean dimensionality of the space. That
is, the pattern formed by the invader at the percolation threshold is a
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fractal with fractal dimension ϕ = 1.82 in two dimensions, in agreement
with experimental observations of two dimensional model porous media
[85].

• Scaling laws for relevant physical quantities near the percolation thresh-
old were predicted. For example, saturation and relative permeabil-
ity of the displacing fluid scale as S = const(P − Pc)

β and K =
const(P − Pc)

t where β = 0.45 and t = 1.87 for 3-D where P is the
pressure and Pc is the critical pressure. The exponents of such scal-
ing laws are independent of the lattice type and depend only on the
dimensionality, a characteristic called universality.

1.2.2.5 Pore-Network models

So far, we have discussed the problem of flow through porous media using sta-
tistical and phenomenological approaches. Analytical methods were applied
to simple prototypes such as Hele-Shaw cell and constricted tube. However,
it is now clear that approaches more advanced than percolation and simple
pore-network models are required to make reliable predictions of transport
properties of flow through porous media [86]. Simple network models based
on periodic lattices and cylindrical pores, with parameters tuned to match
available experimental data, are likely to have limited predictive abilities
because the data match is not unique and essential features of disordered
pore-space are absent in them. With the advent of high speed computing,
attempts are increasingly being made to have a realistic network model of
a porous medium on which the flow equations are solved to make reliable
predictions [87]. In this approach, a realistic description of the pore space
is obtained by its explicit reconstruction from high resolution 3-D CT scan
images or from statistical reconstruction of 2-D thin sections [88]. An equiva-
lent network is then extracted [89, 90] on which the Navier-Stokes equation is
solved numerically. The Lattice Boltzmann method [91, 92] is one of the com-
monly employed parallel and efficient algorithms to solve the Navier-Stokes
equation and it readily accommodates complex boundaries often encountered
in porous media. The future goals of these models are to identify all struc-
tural descriptors that affect important parameters like relative permeability,
to predict the scale dependence of transport properties and to estimate the
effect of viscous coupling in multi-phase flow.
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2
Micro-rheology of adhesion of a sphere

to a plate

We usually associate adhesion or more commonly called “sticking” with the
phenomenon that a finite force is required to either pull two surfaces apart
or slide one over the other. A slightly more refined definition would be to
say that two surfaces adhere to each other if they do not experience any
relative motion under the influence of external forces. The microscopic cause
of adhesion is short range attractive forces like Van der Waal’s. It plays
an important role in diverse processes ranging from stability of coatings like
paints on walls, dielectric coatings on mirrors to biological processes like
cell-cell adhesion in tissues [93].

Another process significantly affected by adhesion is that of colloidal ag-
gregation [94]. Colloidal solutions are uniform suspensions of micron sized
objects in a solvent like water or oil. They can be seen commonly around
us. For example, fat droplets in water constitute milk, micron sized cells
in aqueous medium makes blood, and colored pigments suspended in water
or oil constitute paints. The micron size of these particle results in thermal
fluctuations being significant enough to prevent their sedimentation. These
particles stick to each other on contact. Therefore, in due course of time
as the particles come close to each other due to thermal fluctuations, larger
and larger aggregates are formed and colloidal particles phase separate from
the solvent in the form of large aggregates. This process is called colloidal
aggregation and is an unwanted process because most applications require
uniform suspensions. Therefore, it becomes imperative to know the nature of
adhesion between the particles and control parameters that affect the prop-
erties of adhesion so that aggregation can be controlled. This chapter studies
a much simpler and therefore more tractable problem of adhesion of a single
colloidal sphere to a plate.

The interaction potential between two surfaces has been measured by
a number of techniques, most notable among them being surface force ap-
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paratus [3]. The surface force apparatus measures the force between two
macroscopic atomically flat surfaces as a function of the separation between
them. In this technique, one surface is mounted on a spring of known stiffness
and the other surface is displaced towards it by a known amount. If there
is any attractive (repulsive) force between the two, the surface attached to
the spring will move towards (away from) the surface and the change in the
distance between the two surfaces will be larger (smaller) than the movement
given to the second surface. Knowing the stiffness of the spring, the magni-
tude of the force between the two surfaces can be then easily determined. The
important characteristics of this kind of apparatus are the distance and force
resolutions, the choice of solid surfaces, and the dynamics of the measure-
ments. A typical apparatus resolves distances to within 0.1nm, and forces
at the 10nN level.

We present an alternative technique based on an optical tweezer to study
adhesion of a single colloidal particle to a flat surface of a glass plate. The
technique operates at scales different from that of the surface force apparatus.
One of the surfaces in this technique is micron sized and not macroscopic
which results in Brownian motion to be of significance. The distance between
the particle and the plate can be established to within a resolution of 20nm.
Since the trap stiffness is of the order of few µNm−1 the force resolution is at
least of the order of pN. The measurements in our technique typically average
the data over the roughness of the surface of the particle which can range
from anywhere between few nanometer to tens of nanometers depending on
the nature of the particle.

Any technique intended to measure the adhesion between a particle and
a plate has to be able to

• hold the particle at a distance from the plate.

• measure the coupling of the particle with its surroundings.

• change the distance between particle and the plate in a controlled man-
ner and unambiguously establish the position of the plate at which the
two bodies make contact.

• analyze the raw data obtained from the experiment.

These requirements are met in our technique by spatially localizing the
particle using an optical trap (section 2.1), measuring the nature of coupling
between the particle and its surroundings by a micro-rheological measure-
ment (section 2.2), changing the distance between the two bodies by a piezo
stage (section 2.1) on which the plate is mounted, establishing the point of
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contact by measurement of hindered diffusion (section 2.3) and analyzing the
data through a Nyquist plot (section 2.4).

2.1 Optical trap: Holding the particle

An optical trap is formed by focusing a laser beam with a microscope ob-
jective lens of high numerical aperture (NA). At the focused beam spot, a
spatial three dimensional harmonic oscillator like potential is created. A col-
loidal particle on coming in close vicinity of this spot falls into the minima
of the potential (center of the spot) and remains confined in it unless taken
out by some external force.

We briefly discuss the models used to explain the mechanism of optical
trapping in subsection 2.1.1. The details of the experimental set-up and its
characterization are provided in subsections 2.1.2 and 2.1.3, respectively.

2.1.1 Trapping theory

Although the physics behind optical trapping is complex, its behavior can be
explained using two different approaches. For a trapped particle with radius
a much larger than the wavelength λ of the trapping laser (a >> λ), a simple
ray optics model shows good agreement with measured results, whereas for a
particle with diameter much smaller than the trapping wavelength (a << λ),
an electromagnetic field model provides a good explanation. In the interme-
diate size regime(a ∼ λ), neither model is satisfactory [95].

Ray optics Model: In the ray optics regime, we decompose the total
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Figure 2.1: The particle is illuminated by a focused beam of light. Two represen-
tative rays a and b are refracted by the sphere and the change in momentum leads
to a net force towards the focus. If the particle moves in the focused beam, the
imbalance of the optical forces will draw it back to the equilibrium position.
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light beam into individual rays which propagate in straight lines in media
of uniform refractive index. Each ray changes direction when it refracts at
dielectric interfaces. Figure 2.1(I)-(III) show the refraction of a typical pair
of incident rays of the converging beam by a dielectric sphere with index
of refraction greater than that of the surrounding medium. The bending of
rays causes a change in the momentum of the light. By Newton’s third law,
an equal and opposite momentum is imparted to the particle. The force on
the particle, given by the rate of momentum change, is thus proportional to
the light intensity and acts in the direction of momentum change. Fig. 2.1
(I)-(III) also show that for arbitrary displacement of the center of sphere O

from the focus f, the vector sum of the individual forces gives a net restoring
force directed back to the focus. Note that when the index of refraction of
the particle is lower than that of the medium, the force is directed away
from the focus. The scattering component of the force arising from both the
absorption and specular reflection (not shown in Fig. 2.1) of light by the
trapped particle has been ignored in this simplified picture. This component
acts in direction of light propagation. As a result, in reality, the particle
gets trapped slightly off the focus of the trapping laser. A more quantitative
analysis in the ray-optics regime is given in [96].

Electromagnetic field model (Rayleigh regime): Consider a dielectric spher-
ical particle illuminated by a light beam with wavelength much larger than
the particle radius. The particle becomes polarized in the electromagnetic
field due to the displacement of the electrons with respect to the nuclei. Since
the particle is small compared to the wavelength of light, the instantaneous
field experienced by it due to the electromagnetic wave is uniform over its
extent and therefore the particle can be treated as induced point dipole with
dipole moment [97],

p⃗ = 4πn2
ma

3[(m2 − 1)/(m2 + 2)]E⃗

where nm is the refractive index of the external medium, m is the ratio of the
refractive index of the particle to that of the medium, and E⃗ is the incident
uniform electric field. If the incident field oscillates harmonically, then to a
close approximation the induced dipole will follow synchronously so that

p⃗eiωt = 4πn2
ma

3[(m2 − 1)/(m2 + 2)]E⃗eiωt

Thus, the spherical particle acts as an oscillating electric dipole which now
radiates secondary or scattered wave in all directions such that the total
scattering cross section given by [98],

σ =
8

3
π(ka)4a2(

m2 − 1

m2 + 2
)2
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where k = 2πnm/λ is the wave number of the light field. The scattering
force acting on the particle is then given by,

F⃗scatt = nm
< S⃗ > σ

c

where < S⃗ > is the time averaged Poynting vector. This force is proportional
to the intensity and points along the direction of propagation of the incident
light. It leads to a pressure on the particle commonly known as radiation
pressure in the literature. In addition, a second kind of force called Lorentz
force acts on the particle due to the interaction between the dipole moment
of the particle and the electric field. It is given by,

Fg = ∇(p⃗.E⃗) = 4πn2
ma

3[(m2 − 1)/(m2 + 2)]∇E2

Since, Fg is proportional to the gradient in the intensity, it is also called
gradient force. The gradient force is proportional and parallel to the gradient
in intensity for m > 1.

For stable trapping in all three dimensions, the axial gradient component
of the force pulling the particle towards the focal region must exceed the
scattering component of the force pushing it away from that region. This
condition necessitates a very steep gradient in the light, produced by sharply
focusing the trapping laser beam to a diffraction limited spot using an objec-
tive of high NA. Note that for the case of m < 1, the particle is repelled away
from the focus due to the opposite sign of the gradient force and therefore
trapping becomes impossible.

2.1.2 Experimental set up

A schematic of the experimental set up is shown in Fig. 2.2. Desirable
requirements of each of the components are explained below.

Trapping Laser: The basic requirement of the trapping laser is that it
should deliver a single mode output (typically gaussian TEM00 mode) with
low power fluctuations and high pointing stability. We have used a 1064nm
Nd:YAG laser (Coherent Vector 1064-4000M) in our set-up. The maximum
attainable trap stiffness in an optical tweezer set-up depends on the output
power of the trapping laser and the throughput of the optical system.

Microscope objective: An optical tweezer can be built with both conven-
tional and inverted microscopes. The objective used to focus the trapping
laser is a key component because the overall efficiency of the set-up, deter-
mined by the largest trapping force for a given input power, depends on its
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Figure 2.2: Schematic of the experimental set-up.

numerical aperture and the transmittance. Additionally, the working dis-
tance and the immersion medium of the objective set the practical limit
on the depth to which the objects can be trapped. We have used a Carl
Zeiss Axiovert 200 inverted microscope with a 100X, NA 1.3, oil immersion
objective in our set-up.

Quadrant Photodiode: A sensitive position detection method is required
to quantitatively measure forces at the nanoscale. Our position detection
system uses a quadrant photodiode(QPD). A QPD is basically four pho-
todiodes arranged in a circular manner (see inset to Fig. 2.3 (a)). Each
photodiode gives a current proportional to the light intensity incident on it.
Let the output of each be A, B, C and D. The trapped particle is imaged in
a bright-field mode on to the photodiode using a separate position detection
He-Ne laser (see Fig. 2.2). The x-position of the trapped particle is then
given by,

X =
(A+D) − (B+ C)

A+ B+ C+D

where A,B,C,D are the outputs of the four quadrants of the QPD. Similarly,
the y-position of the trapped particle is given by

Y =
(A+ B) − (D+ C)

A+ B+ C+D

The difference signals are normalized by the sum signal from the four quad-
rants to reduce the dependence of the output on the total light intensity.
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Figure 2.3: The voltage output of the QPD corresponding to the position of a
stuck particle moved by the piezo stage. The solid line is a linear fit with slope
0.19Vµm−1. Inset shows a schematic diagram of QPD.

QPD is calibrated by giving the plate a known displacement using the
piezo stage and measuring the voltage given by the QPD in response to
the movement of a colloidal particle stuck on the plate. We have used a
UDT instruments amplifier in conjunction with the photodiode. It has a
bandwidth of 1KHz. Figure 2.3 shows the QPD calibration curve which has
a linear regime for maximum displacements upto ±0.4µm. The solid line is
a linear fit with the slope 0.19Vµm−1 resulting in the QPD sensitivity to be
5.26µmV−1.

CCD: The three-dimensional coordinates of the particle can also be de-
termined by digital holography. Digital holography involves recording the
interference pattern of the particle, illuminated from above by a parallel
beam of position detection laser, on a CCD camera. The resolution of the
camera governs the quality of the hologram recorded and its subsequent nu-
merical reconstruction. The details of this technique are discussed in section
2.1.3.

Dichroic Mirror: The dichroic mirror in the set-up had more than 90%
reflectance for the trapping laser of wavelength 1064nm and more than 90%
transmittance for all other wavelengths. That is, the position detection laser
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of 632 nm was transmitted to the QPD and the trapping laser was reflected
into the objective with minimal attenuation.

Piezo Stage: Typically, the sample chamber is placed on a piezo stage.
A piezo stage experiences a displacement in response to an applied voltage
and has response coefficients of the order of few microns per volts. In our
experiments, we have extensively driven the stage with sinusoidal ac voltages.
Such stages, however, have a finite and non-negligible frequency response.
We have used Physik Instruments (P-517.3CL) three-axis piezo stage which
has a resonance at 423 Hz as shown in Fig 2.4. The piezoelectric material
used in this stage is lead zirconium titanate. We choose to operate the
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Figure 2.4: Open circles joined by a line show the frequency response of piezo for
a fixed driving amplitude of 0.28µm. The peak in the response at 423Hz shows
that it is the resonance frequency of the piezo stage used in the set-up.

piezo at frequencies upto 60Hz. The frequency response of the stage in this
range is shown in Fig. 2.5(a) with open circles joined by line. A feedback
mechanism is employed to correct for this frequency response. Instead of
applying a constant voltage at each frequency, an appropriate voltage is
applied at each frequency so that the displacement of the piezo is independent
of the frequency of the signal. The response of the piezo with the feedback
mechanism is shown in Fig. 2.5(a) with solid circles joined by a line. In
addition to the displacement of piezo being a function of the frequency of
driving signal for a fixed driving amplitude, piezo also responds with a phase
difference with respect to the drive shown in Fig. 2.5(b) with open circles.
The corrected response is shown in Fig. 2.5(b) with solid circles. The data
presented in all the sections ahead was taken with the piezo response being
corrected for.
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(a) (b)

Figure 2.5: (a) The displacement and (b) phase difference of the piezo as a func-
tion of frequency for a fixed driving amplitude shown by open circles. Solids
circles joined by a line in (a) and (b) show the corrected response with feedback
mechanism.

2.1.3 Measurement of trap stiffness

Trap stiffness can be measured by two methods. One, where fluctuations in
the position of the trapped particle due to Brownian motion are measured.
Two, where an external force is applied on the particle and its displacement
from the center of the trap is measured.

Power Spectral Density: In a single beam gaussian optical trap, a particle
experiences a potential which is approximated by a harmonic potential if the
displacements of the particle from the center of the trap are not too large.
The motion of a particle in such a harmonic potential is given by the Langevin
equation,

mẍ(t) + γẋ(t) + koptx(t) = frandom(t) (2.1)

with m the mass of the particle, x(t) its position in time, γ the viscous
drag coefficient, −koptx(t) the harmonic force from the trap, and frandom(t)
represents the random, fluctuating force on the particle due to collisions with
molecules in the surrounding fluid. Stoke’s law [51] for a spherical particle
gives γ = 6πηa where η is viscosity, and a is the radius of the particle. With
the experimental time resolution long in comparison with typical time scale
of loss of kinetic energy through friction, tinert = m/γ ∼ 10−7s, the inertial
term can be dropped. We can then rewrite Eq. 2.1 as,

γẋ(t) + koptx(t) = frandom(t) (2.2)

Writing x(t) and frandom(t) in terms of their Fourier transforms X(f) and
Frandom(f), respectively, in Eq. 2.2 we get,

(kopt − 2πifγ)X(f) = Frandom(f) (2.3)
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Taking the square modulus of both sides of Eq. 2.3 we get,

|X(f)|
2
=

|Frandom(f)|
2

4π2γ2(f2c + f2)
(2.4)

where fc is called the ‘ corner frequency’ and is equal to kopt/2πγ. The
quantity |X(f)|

2 is called the two sided power spectrum.
It can be shown that |Frandom(f)|

2
= 2γKBT , [99] where KB is the Boltz-

mann constant and T is the temperature. Since x(t) is real, X∗(f) = X(−f).
In our experiments the distinction between positive and negative frequencies
is not made: we merely consider frequency components ranging from zero to
+∞. We measure the one-sided power spectrum or PSD, S(f), defined as

S(f) ≡ |X(f)|
2
+ |X(−f)|

2
= 2 |X(f)|2 =

KBT

γπ2(f2 + f2c)
0 6 f 6 ∞ (2.5)

It is this one-sided PSD to which we fit a lorentzian given by Eq. 2.5 to
determine the corner frequency and hence the trap stiffness.

Note that power spectral density and mean squared displacement of a
particle are related by a Fourier transform. Mean squared displacement of a
trapped particle is given by,⟨

∆x2(t)
⟩
= 2

KBT

kopt
− 2

∫∞
0

ei2πftS(f)df = 2
KBT

kopt
(1− e−t/τk) (2.6)

Equation 2.6 implies that the mean squared displacement of a colloidal par-
ticle in an optical trap saturates to a value of 2KBT

kopt
at times much larger

than the characteristic time scale τk = γ

kopt
. This is in contrast to motion

of a colloidal particle in absence of any external potential like optical trap
wherein the mean squared displacement is a linear function of time with a
slope proportional to its diffusion coefficient.

Figure 2.6 shows power spectral density of the motion of a trapped particle
along x-direction as a function of frequency. SR785 signal analyzer was used
for this measurement and the data was averaged 500 times.

Drag Force Method/ Phase sensitive detection: The measurement of PSD
as explained above suffers from a drawback. It is impractical to record PSD
corresponding to a continuous variable like the height of the particle from
the plate. Moreover, electronic and vibrational noise in the surroundings
further interferes with the real data and at times large averaging is required to
obtain noise free PSD. These shortcoming can be overcome by using a phase
sensitive lock-in technique. In this technique, a colloidal particle is trapped
inside a cylindrical container (completely filled with liquid and sealed at the
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Figure 2.6: Power spectral density of motion of a trapped particle along x-direction
shown with circles. Solid line is the lorentzian fit with corner frequency of 25.3Hz

corresponding to trap stiffness of 2.9µN/m.

top) which is oscillated sinusoidally in a lateral direction, xp = xp0e
iωt, by

applying the sine output of a S830 DSP lock-in amplifier to the piezo stage.
The positional response of the trapped particle as given by QPD is locked on
to the drive signal of the piezo to measure the amplitude of the motion of the
particle and the phase difference between the particle and the drive. This
lock-in measurement greatly enhances the sensitivity as quick averaging is
possible and noise is removed by measuring the response only at the driving
frequency.

The equation of the motion of the trapped particle is given by,

6πηa(ẋ− ẋp) + koptx = 0 (2.7)

Substituting xp = xp0e
iωt, x = x0e

i(ωt+ϕ) where x0 is the amplitude of the
motion of the particle and ϕ is the phase difference between the particle and
the cylinder in Eq. 2.7, we get

kopt = 6πηaω

√
x2p0

x20
− 1 (2.8)

and

tan(ϕ) =
kopt

6πηaω
(2.9)

Therefore, if the viscosity of the liquid and radius of the particle is known,
measurement of the amplitude of the motion of the particle and its phase
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difference with that of the cylinder results in measurement of the optical
trap stiffness through Eq. 2.8 and Eq. 2.9.

Figure 2.7 shows the maximum displacement of the trapped particle as
given by Lock-in amplifier shown by circles as a function of driving amplitude
of the piezo for a fixed frequency of oscillation of 10Hz. The linear fit to the
curve shown by solid line gives a trap stiffness of 12.96µN/m using Eq. 2.8.
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Figure 2.7: Circles show the maximum displacement of trapped particle as a func-
tion of amplitude of the oscillation of the container, for a fixed frequency of oscil-
lation of 10Hz. The solid line is a linear fit with slope 0.09.

So far, as an illustration of the above two methods to measure trap stiff-
ness, we have presented data only for the lateral stiffness (along a direc-
tion perpendicular to the propagation of trapping laser) by measuring the
x-position of the particle as a function of time using QPD. However, nothing
in the framework of the methods restrict their use to measurement of lateral
trap stiffness only. They will work equally well for determination of axial
stiffness (along the direction parallel to the propagation of trapping laser)
if time series of the z-position is used in the analysis. QPD measurements
are usually limited to detect the lateral motion of the trapped particle in
the specimen plane. However, motion of the particle in the axial direction
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(z-coordinate) can also be inferred by analyzing the total intensity of light
incident on QPD [100, 101]. Measurement of axial trap stiffness will lead
to quantification of maximum fluctuation in the z-position of the trapped
particle and hence will allow us to know the size of the volume over which
our measurements gets averaged over.

Digital Holography: Holography [102] is an alternative technique to locate
the particle in three dimensions. It involves two steps: (1) recording of a
hologram and (2) optical reconstruction. When a light beam illuminates an
object, interference takes place between the light scattered by the object and
the original unscattered light beam. This interference pattern recorded on a
photographic plate is called a hologram. The reconstruction of the hologram
involves illuminating the hologram with the original light beam with which
the hologram was recorded. Such an illumination results in generation of an
image of the object at the same position relative to the photographic plate as
the original position of the object. With the advent of CCD cameras, it has
now become possible to store holograms in the form of a digital image and
the reconstruction is instead performed numerically. This method is called
“digital holography”.

We first quantitatively discuss the conventional holography using the for-
malism presented in [103]. Consider a plane wave (reference wave), given
by A = |A|eiψ, incident on an object. Light scattered by an object (object
wave) can be in general written as, a(x,y) = |a(x,y)|eiϕ(x,y). In the far field
region of the object, interference between the reference wave and object wave
takes place and the resultant intensity at any point is given by

I(x,y) = |A+ a(x,y)|2 = |A|2 + |a(x,y)|2 +A∗a(x,y) +Aa∗(x,y) (2.10)

This interference pattern is recorded on a photographic plate whose ampli-
tude transmittance on being developed is given by,

tA(x,y) = tb + β ′(|a(x,y)|2 +A∗a(x,y) +Aa∗(x,y))

where tb is the constant reference wave exposure (|A|2) and β ′ is dependent
on the characteristics of the photographic plate. Now, let us consider the
illumination of the developed hologram by the reference wave A. The light
transmitted by the transparency is then given by a sum of four terms,

AtA(x,y) = tbA+ β ′(|a(x,y)|2A+ |A|2a(x,y) + |A|2ei2ψa∗(x,y))

The first term is just the reference wave multiplied by a constant |A|2. The
second term also represents the reference wave whose amplitude is modified
by the multiplicative term |a(x,y)2|. However, this term is negligible if the
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object is weakly scattering, that is, |a(x,y)| << |A|. The third term is upto a
multiplicative constant, an exact duplication of the original wavefront a(x,y)
and forms a virtual image of the object. The fourth term is proportional to
the conjugate of the object wavefront a∗(x,y) and forms a real image of the
object even though the object is not actually present.

The hologram is reconstructed in the conventional holography by optical
diffraction of reference wave at the hologram. In digital holography, the
reconstruction is performed numerically where the hologram in the form of
digital image is treated as an aperture through which diffraction of reference
wave is computed. Consider an aperture lying in ξ−η plane being illuminated
from the back as shown in Fig. 2.8. Fresnel Kirchhoff diffraction formula

Illumination

ξ

η

x

y

z

Aperture/Hologram Plane
Observation plane

θ

Figure 2.8: Schematic of reconstruction geometry.

gives the electric field in the observation plane to be,

E(x,y, z) =
1

iλ

∫∞
−∞

∫∞
−∞U(ξ,η)

eikρ

ρ
Cos(θ)dξdη

whereU(ξ,η) is the field in the aperture plane, ρ =
√

(ξ− x)2 + (η− y)2 + z2,
and Cos(θ) = z

ρ
. For z >> (ξ− x), (η− y), Cos(θ) ∼ 1.

For the case of numerical reconstruction of the hologram, the field at the
aperture plane (hologram plane) is U(ξ,η) = h(ξ,η)r∗(ξ,η) where h(ξ,η)
is the hologram intensity values and r∗(ξ,η) is the numerical model of the
reference field. Using Fresnel-Kirchhoff diffraction formula, field in the ob-
servation plane b ′(x,y) at distance z = d ′ apart from the hologram plane is
given by,

b ′(x,y) =
1

iλ

∫∞
−∞

∫∞
−∞ h(ξ,η)r∗(ξ,η)

eikρ

ρ
dξdη =

∫∞
−∞

∫∞
−∞ h(ξ,η)r∗(ξ,η)g(x−ξ,y−η)dξdη
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where ρ =
√

(ξ− x)2 + (η− y)2 + d ′2 and g(x−ξ,y−η) = 1
iλ

exp[ik((ξ−x)2+(η−y)2+d ′2)1/2]

[(ξ−x)2+(η−y)2+d ′2]1/2

Using convolution theorem, it can be shown that [104]

b ′(x,y) = F−1[F(h.r∗)F(g)]

where F and F−1 denote Fourier and inverse Fourier transforms respectively.
For plane wave illumination, we set r∗ = 1.

Therefore, reconstruction at varying distances from the hologram plane
will give us the three-dimensional location of the particle. The reconstruc-
tion at a given plane, though, requires three fourier transform operations and
hence accurate location of the centroid of an object may require hundreds of
transforms. Numerical Fourier transforms of large images takes a fair amount
of CPU time. With a Matlab code running on Core2duo CPU, reconstruc-
tion at a single plane of a 512 × 512 image takes about 60 sec, making it
impossible to have real time 3-D positional tracking of a colloidal particle.
To circumvent this problem, we executed the numerical reconstruction on
a Graphic processing unit (GPU) which is capable of performing parallel
computing and has a hardware suited for computing Fourier transforms at
high speed. An overview of parallel computing on GPU, its programming
environment and the code for numerical reconstruction is available in Ap-
pendix A. The implementation on GPU resulted in a timing of 0.3 sec for
reconstruction at single plane. Nevertheless, locating the z-position of the
particle involving reconstruction at a number of planes still required a sub-
stantial time. Therefore, a further improvement in timing for locating the
z-position was achieved by using the method of steepest descent. In this
method, if the 3-D coordinates of the particle are known at one time instant,
then we assume that in the next time instant the particle has not moved
significantly and start with a guess z-position same as that at the previous
instant. This assumption holds true if the particle is performing Brownian
motion and holograms are recorded at moderate speeds of 30 frames per
second or higher. The guess z-position is evolved by either incrementing or
decrementing it by a small amount. The choice between incrementing and
decrementing of the guess position is made by choosing the one for which the
intensity in the reconstructed plane increases. The increment or decrement
is continued until the intensity at the reconstructed plane starts to fall and
therefore the new position becomes just the last evolved position minus the
increment or decrement.

Figure 2.9 (a) shows the digitally recorded hologram of a 4µm polystyrene
sphere illuminated with a parallel beam of light (see Fig. 2.2). Figure 2.9 (b),
(c) and (d) show the reconstruction of the particle at d = 1100, 1244, 1400
(in arbitrary units). Figure 2.9 (e) shows the integrated intensity of a square
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Figure 2.9: (a) Hologram of a 4 µm polystyrene sphere. Reconstruction of the
hologram at (b) d=1100 arb. units (c) d=1244 arb. units (d) d=1400 arb. units.
(e) Integrated intensity in a region of 4pixels × 4pixels around the center of
the reconstructed image as a function of d. (f) z-pos (filled circles) from the
reconstruction of a stuck sphere as a function of the displacement of the plate in
z-direction and x-pos (open circles) from the reconstruction of a stuck sphere as a
function of the displacement of the plate in x-direction.

region near the center of the reconstructed image as a function of d. It peaks
at the d corresponding to the z coordinate of the center of the particle.
To convert the displacement of the particle from arbitrary units to actual
distances, a calibration curve is obtained by reconstructing the holograms
of a stuck colloidal particle as the plate is moved along the x and z- axes
by the piezo through known displacements as shown in Fig. 2.9 (f). In this
technique the z-position of the particle can be detected to within 50 nm.

Figure 2.10 shows the mean squared displacement(MSD) of a trapped
particle in the lateral (open circles) and axial directions (closed circles) com-
puted from the time series of the three-dimensional coordinates of the particle
measured using digital holography. The long time limit of MSD, as given by
Eq. 2.6, is inversely proportional to the trap stiffness. This implies that
axial trap stiffness is about one half of the lateral stiffness in our set-up.
The typical lateral trap stiffness used in the experiments discussed ahead
was 10µNm−1. This implies that fluctuations of the motion of the trapped
particle in the z-direction were about 30nm over which our measurements
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Figure 2.10: Mean squared displacement as a function of time for a trapped particle
in lateral (open circles) and axial directions (closed circles). Fit to Eq. 2.6 gives
kaxial = 0.32µN/m and klateral = 0.6µN/m.

were averaged over. Even though we have been able to speed up the digital
holography processing, it is still not fast enough that the lock-in technique
operating at tens of hertz can be employed to determine axial trap stiffness.

Note that the z-position of the particle is measured with respect to the
microscope objective and not to that of the plate, limiting the potent uses
of this technique and leading us to mainly rely on the z-calibration of the
piezo stage for determining the height of the particle with respect to the
plate. Consider the displacement of the plate towards a trapped particle
using the z-piezo. As long as plate does not touch the particle, the measured
z-position is expected to remain constant. But after the plate makes contact
with the particle, a further movement of the plate in upward direction will
change the position of the particle with respect to the objective and result
in the measured z-position to increase linearly. Figure 2.11 (a) indeed shows
the aforementioned behavior for an objective with NA 1.3. However, for
an objective with NA 1.4 an optical artifact causes the particle to jump
to the plate as it is brought closer to it as shown in Fig. 2.11 (b) and
a resultant sudden change in the measured z-position. Since the particle
jumps to the plate, as the plate is further moved up the z-position of the
particle again starts to increase. This effect is probably due to the formation
of multiple optical traps due to retro-reflection of the laser from the surface of
the particle. Therefore, when the trapped particle is at a distance of about
a micron from the plate, it experiences a washboard like potential due to
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(a) (b)

Figure 2.11: Height of the trapped particle from the focal plane of the objective
as a function of the displacement of the plate in z-direction for an objective of
numerical aperture equal to (a) 1.3, and (b) 1.4. Inset to (b) shows a cartoon for
retro-reflection of trapping laser.

multiple optical traps and jumps to the plate from the apparent focus of the
laser. Therefore, we chose to perform experiments with microscope objective
of NA 1.3.

2.2 Micro-rheological measurement of the cou-

pling between the particle and its sur-

roundings

Rheology is the study of the deformation and flow of a material in response to
an applied stress. Simple solids store energy and provide a spring-like, elastic
response, whereas simple liquids dissipate energy through viscous flow. How-
ever, complex viscoelastic materials like polymer solutions reflect both the
solid- and fluid-like responses depending on the time scale at which they are
probed. Rheological response of such systems is characterized by measuring
shear modulus as a function of frequency (see section 1.1.4). Conventionally,
these measurements have been performed on several millimeters of material
in a mechanical rheometer by applying a small amplitude oscillatory shear
strain, γ(t) = γ0 cos(ωt) where γ0 is the amplitude and ω is the frequency
of oscillation, and measuring the resultant shear stress. Alternatively, it is
possible to apply stress and measure strain and obtain equivalent material
properties. Conventional rheometers provide an average measurement of the
bulk response and are incapable of performing local measurements in inho-
mogeneous systems. Micro-rheology relates to the phenomenon involved in
the storage and dissipation of energy in fluids at the micrometer or sub mi-
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crometer level and hence measures their local properties. It uses a micron
sized colloidal particle as a probe whose motion is related to its coupling with
the surrounding fluid. A conventional microrheology experiment records a
time series of Brownian motion of the colloidal particle and relates it to the
frictional coupling between the particle and the fluid. For a simple liquid,
particle is viscously coupled to the liquid and the coupling is proportional to
the viscosity of the liquid. In general, however the coupling is not restricted
to be viscous only. For example, a colloidal particle in a polymer solution ex-
periences elastic coupling at short time scales due to the elasticity of polymer
network and a viscous coupling at longer time scales due to the flow proper-
ties of the solution. This section presents a method to measure viscoelastic
coupling between the particle and its surroundings using a micro-rheological
technique based on an optical trap.

We first discuss the method of analysis using an optical tweezer based
phase sensitive technique and then present the results of the measurements
of coupling between a colloidal particle suspended in water and aqueous
polyacrylamide solutions.

Following the protocol described for the measurement of drag force in
2.1.3, motion of the colloidal particle is measured in response to the sinu-
soidal oscillation of the container. Note that this is an active microrheo-
logical technique in which we are measuring the response of the particle to
an externally applied force instead of the conventional passive measurement
where thermal fluctuations driven motion of the particle is recorded.

The equation of the motion of the trapped particle is given by,

6πηa(ẋ− ẋp) + koptx = 0 (2.11)

where x is the displacement of the particle from its equilibrium position
and xp is the motion of the container. Substituting xp = xp0e

iωt, x =
x0e

(iωt+ϕ), where ϕ is the phase difference between the motion of the particle
and the cylinder in Eq. 2.11, we get

i6πηaω(xres − xp0) + koptxres = 0 (2.12)

where xres = x0e
iϕ. Writing η = (G ′′ − iG ′)/ω for, in general, a linear

viscoelastic liquid, we get

G ′ = (
kopt

6πa
)

(Re(xres)xp0 − |xres|
2
)

(xp0 − Re(xres))2 + Im(xres)2
(2.13)

G ′′ = (
kopt

6πa
)

xp0Im(xres)

(xp0 − Re(xres))2 + Im(xres)2
(2.14)
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where Re(xres) = x0cos(ϕ) and Im(xres) = x0sin(ϕ) Therefore, storage
modulus G ′ and loss modulus G ′′ of a viscoelastic material can be computed
from the in-phase and the out of phase motion of the trapped particle with
respect to that of the cylinder using Eq. 2.13 and 2.14.

Figure 2.12(a) shows G ′ and G ′′ computed using Eq. 2.13 and 2.14 as a
function of frequency for water. Water has negligible value of G ′. The linear
fit to G ′′ as function of frequency for water gives the viscosity of water to
be 0.98mPas which agrees standard value of 1 mPa s[105]. Figure 2.12(b)
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Figure 2.12: (a) Experimentally obtained G ′′(open circles) and G ′(solid circles)
for water. The solid line is a linear fit with slope 0.0063 Pa/Hz. (b) G ′ as a
function of frequency for water (solid circles) and 8ppm Polyacrylamide solution
(open circles).

shows G ′ as a function of frequency for water and 8 ppm Polyacrylamide
solution shown by solid circles and open circles, respectively. Both of these
test data were taken when the particle was far away from the plate. As
expected, water has negligible storage modulus as compared to that of 8ppm
polyacrylamide solution.

In conclusion, we have devised a method to determine the nature of cou-
pling between the particle and its surrounding in terms of storage and loss
modulli. Based on this methodology, we shall characterize the process of
sticking in terms of a crossover of the frictional coupling from viscous to
elastic as a function of distance between the particle and the plate in section
2.4.
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2.3 Hindered Diffusion near a wall: establish-

ment of the contact between the particle

and the plate

As discussed before, we study the process of sticking by moving the plate
in known steps towards a particle spatially localized by the optical trap,
initially at a finite distance from the plate. Since, we do not know the height
of the particle from the plate using digital holography, we require another
method to establish the fact that the plate has made contact with the particle
and need not be moved upwards any further. The proposed method in this
section relies on the fact that when a colloidal particle suspended in a purely
viscous liquid approaches a wall (plate), its diffusion coefficient decreases
due to hydrodynamic interactions with the wall and becomes one-third of
the bulk diffusion coefficient on contact with the wall (see section 1.1.6).
Therefore, by measuring the variation of diffusion coefficient of the particle
as the plate is moved towards it from an initially large distance between the
two (to get the bulk behavior), one can determine when the contact between
particle and plate is made.

The diffusion coefficient (D0) of a Brownian colloidal particle of radius a
away from any interface is isotropic and a constant given by D0 = KBT/6πηa
where KB is Boltzmann constant, T is the temperature and η is the viscosity
of the liquid. However, when the particle is close to an interface, within a dis-
tance h comparable to its radius, its diffusion coefficients become anisotropic:
diffusion in a plane parallel (D∥) and perpendicular (D⊥) to the interface be-
come less than their bulk isotropic value of D0 and furthermore, functions
of h. This phenomenon is referred to as ‘hindered diffusion’. With QPD
based phase sensitive detection, we are limited to measure only the in-plane
diffusion coefficient whose variation was theoretically predicted by Faxen [4]

to be,DH
D0

= 1− 9
16
γ+ γ3

8
− 45

256
γ4+ .... where γ = a/(h+a) and h is the height

of the particle. From now onwards, DH and D∥ will be used interchange-
ably. This expression for DH/D0 as a function of h/a accounts only for the
hydrodynamic interactions between the particle and the plate and predicts
that it approaches a value of 0.3 as h goes to zero.

Before, we use this law as the guiding principle of the experiment, it is of
interest to see if the law correctly predicts the variation of diffusion coefficient
as a function of the height of the particle. The validity of Faxen’s law has
been studied extensively in recent years [5, 6, 7, 8, 42, 106, 107, 108]. Most
experiments which study D∥ use a combination of an optical tweezer and
video microscopy [8] while those which study D⊥ use total internal reflection
microscopy [7, 42, 106]. In both techniques the diffusion coefficient of the
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sphere is calculated by studying the temperature induced fluctuations of the
particle. This is a passive technique and hence has limited resolution. We
test this law with a better resolution using the optical tweezer based active
phase-sensitive detection technique described in subsections 2.1.3 and 2.2.

2.3.1 Micro-rheological measurements of hindered dif-
fusion

The experimental set-up involving the optical tweezer and the imaging optics
is the same as described in section 2.1.2. The diffusion coefficient is measured
using the phase sensitive detection method described in details in subsection
2.1.3. Briefly, when the container is oscillated sinusoidally, i.e., xp = xp0e

iωt

the motion of the trapped particle is given by x = x0e
i(ωt+ϕ) with tan(ϕ) =

kopt
6πηaω

= kD
KBTω

where D is the Stokes-Einstein diffusion coefficient. Thus,

tan(ϕ) is directly proportional to the diffusion coefficient of the particle.
The hindered diffusion coefficient, DH, of a particle at a height h normalized
by the bulk diffusion coefficient, D0, is given by the ratio of tan(ϕ) and
tan(ϕ0) where ϕ and ϕ0 are the phase difference between the motion of the
particle and that of the container at height h and in the bulk, respectively.
The lateral trap stiffness typically used in our experiments was 10µNm−1.
The axial trap stiffness was about half of that of lateral; the fluctuations ∆h
in the height of the particle during the course of the measurement was about
30nm. Thus the measured DH is averaged over this ∆h.

2.3.2 Experimental data

Both silica and polystyrene particles carry a net charge on their surface due to
dissociation of surface groups. To screen the electrostatic interaction between
the charged glass plate and the particles, these particles were suspended in
solutions of various concentrations of NaCl.

Figure 2.13 (a), (b) show the real part, Re(x) = x0cos(ϕ) and the imag-
inary part, Im(x) = x0sin(ϕ), respectively, of the motion of a 4µm silica
sphere suspended in a 200mM NaCl solution in response to the sinusoidal
motion of the container. Figure 2.13(c) shows tan(ϕ) of the particle as a
function of h/a. The hindered diffusion coefficient, DH, of a particle at a
height h normalized by the bulk diffusion coefficient, D0, is shown in Fig.
2.13(d). particle and the container)

Figure 2.14(a) shows the measured in-plane hindered diffusion coefficient
of silica and polystyrene particles of same diameter of 4µm suspended in
a solution of 25mM NaCl solution. Figure 2.15 shows DH/D0 for silica
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Figure 2.13: (a) Real (in-phase) part (b) Imaginary (out-of phase) part (c) tan(ϕ)
of the motion of a 4 µm silica sphere suspended in 200mM NaCl solution. (d)
DH/D0 (circles) given by the ratio of tan(ϕ) and tan(ϕ0) where ϕ and ϕ0 are
the phase difference between motion of the particle and that of the container at
height h and in bulk respectively. Solid line is theoretically predicted variation of
DH/D0.

and polystyrene particles suspended in solutions of various concentrations
of NaCl. Finally, Fig. 2.16 shows DH/D0 for silica and polystyrene parti-
cles of two different diameters of 2µm and 4µm suspended in 50mM NaCl
solution. The solid lines in the Fig. 2.14, 2.15 and 2.16 correspond to the
theoretically predicted Faxen’s law. The experimental data are in excellent
agreement with Faxen’s law in all cases, irrespective of the size and type
of the particle, and the strength of the electrostatic interaction between the
particle and the plate used for the measurements. This confirms the purely
hydrodynamic nature of the predicted results of Faxen’s law and therefore
can be safely used to establish whether the contact between the plate and
the optically trapped particle has been made or not. Note that the drag on
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the sphere in our experiments is not simply given by Stokes law but has cor-
rection terms corresponding to oscillatory boundary layer [51]. But within
our experimental resolution, we could not detect this correction and hence
uncorrected Faxen’s law was used for the comparison.

(a)

h

3 Axis Piezo Stage

LIQUIDh

2a

(b)

Figure 2.14: DH/D0 for (a) silica (open circles)and polystyrene(closed circles)
spheres of diameter 4 µm suspended in 25mM NaCl solution. (b) 5-point moving
average of the data shown in (a).

(a) (b)

Figure 2.15: DH/D0 for (a) silica sphere of diameter 4 µm suspended in 25mM
(open circles), 50mM(stars), 200mM(closed circles) NaCl solution(b) polystyrene
sphere of diameter 4 µm suspended in 25mM (open circles), 50mM(stars),
200mM(closed circles) NaCl solution.
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(a) (b)

Figure 2.16: DH/D0 for (a) silica sphere of diameters 2 µm (open circles) and 4
µm (stars) suspended in 50mM NaCl solution (b) polystyrene sphere of diameters
2 µm (open circles) and 4 µm(stars) suspended in 50mM NaCl solution.

2.4 Nyquist analysis of sticking of a colloidal

particle

This section presents experimental results for the process of sticking of two
kinds of particles: rigid silica and deformable polystyrene microspheres. The
polystyrene sphere carries few internal degrees of freedom in the form of
polymeric tethers, whose existence has long been speculated upon [109, 110].
In what follows next, we characterize the nature of these polymeric tethers,
discuss the experimental protocol and finally present the results.

2.4.1 Nature of polymeric tethers of a polystyrene sphere

A polystyrene sphere lying on a plate often gets loosely anchored to the plate
by the polymeric tethers on its surface. Therefore, it performs a constrained
Brownian motion as has been noticed in previous experiments where the ex-
istence of tethers has been postulated [110]. Figure 2.17 shows the mean
squared displacement (MSD) of such a presumably tethered polystyrene par-
ticle as a function of time. The MSD in all three directions saturates in
the long time limit in a manner similar to that of an optically trapped par-
ticle (see section 2.1.3). The average stiffness of the tethers can be calcu-
lated by equating the saturation value of the mean squared displacement to
2KBT/ktether. Using this we find ktether to be equal to 250nN/m. Similar
analysis have earlier been performed on colloidal beads anchored by DNA
strands [111].
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Time(s)

Figure 2.17: Mean squared displacement along x(open circles), y(filled circles) and
z(stars) axes for a tethered 2µm polystyrene sphere (schematically shown in inset)
in 20mM NaCl solution.

2.4.2 Experimental protocol for rheological studies

The experimental set-up to study the process of sticking involving the optical
tweezer and the imaging optics is the same as described in section 2.1.2. For
completeness, we describe it briefly. We imaged the particle in a bright field
transmission mode on to a Quadrant photodiode detector (QPD). The piezo
stage was oscillated sinusoidally in the x-direction by the sine output of the
lock-in amplifier. The output of the QPD was fed to the lock-in amplifier
from which the phase sensitive response, i.e., the signals in-phase and in
quadrature were determined. A phase correction was applied to null the
background phase shift in the electronic circuitry. The time constant was
chosen in order to average the signal over 50 periods of the ac drive. The
relative distance between the trapped particle and the plate (bottom surface
of the container) was changed by moving the latter in the z-direction towards
the trapped particle, using the piezo-stage in steps of 20nm. After every step,
a delay time of 2s was introduced for the electronics to settle before measuring
the in-phase and out of phase motion of the trapped particle. Since the QPD
measures only the motion of the particle in x-y plane (plane of the plate), we
are restricted to determine only the in-plane rheological parameters. Once
the particle touched the plate (see section 2.3), the plate was no longer moved
in the z-direction and rheological parameters were measured as a function of
time.
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2.4.3 Rheological Studies

The general formulation of the experiment and its analysis is the same as
described in section 2.2. Here we summarize the key features alone. The
equation of motion of the center-of-mass of the particle whose displacement,
given by x, is:

6πηeffa(ẋ− ẋp) + koptx = 0 (2.15)

where ηeff is a single lumped parameter viscosity (in principle a complex
quantity) which mediates the stress between the plate and the trapped par-
ticle, kopt is the trap stiffness and xp is the displacement of the plate. When
xp is varied sinusoidally, i.e., xp = xp0e

iωt, the solution for x is given by
x = x0e

i(ωt+ϕ). Assuming that the generalized viscosity is η = η ′+ iη ′′ and
further assuming the standard linear viscoelastic notation; η ′ = G ′′/ω and
η ′′ = G ′/ω, we obtain from Eq. 2.15 the final results for the rheological
parameters, rigidity modulus and loss modulus, G ′ and G ′′ respectively as:

G ′ = (
kopt

6πa
)

(Re(xres)xp0 − |xres|
2)

(xp0 − Re(xres))2 + Im(xres)2
(2.16)

G ′′ = (
kopt

6πa
)

xp0Im(xres)

(xp0 − Re(xres))2 + Im(xres)2
(2.17)

where xres = x0e
iϕ

Within this framework, when the particle is far away from the plate, the
coupling is expected to be purely viscous for an ordinary fluid, with η ′′ = 0
and Im(x) is expected to dominate over Re(x). But once the particle sticks
to the plate, all relative motion ceases and the response of x is in-phase with
that of the plate xp. This implies (a) Im(x) and, therefore tan(ϕ), approach
zero and (b) Re(x) increases to approach the magnitude of the motion of the
plate, i.e., x0 = xp0. The sticking process is thus described quite simply by
the phase, ϕ.

We observe a rich variation of the sticking process of the polystyrene
microsphere depending on experimentally controlled parameters such as the
particle-plate interaction potentialU (varied by salt concentration(c)), particle-
tweezer interaction potential given by the spring constant kopt (varied by the
intensity of the laser beam) and the nature of the external drive F (varied
by the amplitude and frequency of the external sinusoidal oscillation in the
x-direction). Three different types of behavior of phase were observed for
different values of the parameters mentioned above which we refer to as (I)
stuck, (II) non-stuck and (III) aging shown in Fig. 2.18 (a)-(c), respectively.
In (I) the phase drops abruptly to zero and the amplitude rises abruptly to
nearly equal the amplitude xp0 of the plate. In (II), the phase drops but
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does not become zero at long times. In (III) the phase drops gradually to
zero over a long period of time. For each of the three regimes of sticking, we
compute the rheological parameters G ′ and G ′′ as in Eqs. 2.16 , 2.17 and
show them in Figure 2.18, in panels (d) through (f). The three cases can be
described by the relative magnitudes of G ′ and G ′′ in the final steady state.
For the stuck state G ′ >> G ′′ ; for the unstuck state the two are comparable
but G ′′ > G ′. For the aging state, the system crosses over from G ′′ > G ′ to
G ′′ < G ′.

(d) (e) (f)

Stuck Non-Stuck
Aging

G''

G'
G''

G'
G''

G'

(a)
(b) (c)

Figure 2.18: tan(ϕ) for (a) Stuck state for the experimental parameters c = 30mM,
kopt = 50µNm−1, ω = 251rads−1. (b) Non-stuck state for the experimental
parameters c = 10mM , kopt = 10µNm−1, ω = 251rads−1 (c) Aging state for
the experimental parameters c = 20mM , kopt = 10µNm−1, ω = 251rads−1.
The abscissa is divided into two parts. The left side of the dashed line shows
the height (h) of the particle from the plate on the abscissa; the right side of the
dashed line denotes the time elapsed (t) after the particle makes first contact with
the plate, h=0 (in this region the bottom plate is not moved in z-direction). (d)-(f)
show Loss modulus (G ′′ )(stars)and storage modulus (G ′ )(circles) for the panels
(a)-(c) respectively.

In order to relate these observations to the properties of the coupling
medium, we note [112] that for conventional liquids and solids one has: G ′ =
G0 andG ′′ ∼ 0 for an ideal elastic solid with a rigidity modulusG0, andG ′ ∼ 0
and G ′′ = η ′ω for a Newtonian liquid of viscosity η ′ . These two extremes are
interpolated within models of viscoelasticity, the simplest among them being
the Maxwell model in which G ′(ω) = G0

ω2τ2

1+ω2τ2
and G ′′(ω) = G0

ωτ
1+ω2τ2

where τ is a single relaxation time.
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A typical situation where the contact is gradual is shown in Figure 2.18(f).
Note that G ′′ increases upon contact as a function of time, reaches a max-
imum and then decreases gradually with time. G ′ starts from a very small
value on the left, increasing monotonically but gradually with increasing
time, crossing G ′′ at its peak and then saturates at longer times. This be-
havior is strongly reminiscent of the relaxation behavior of a viscoelastic
material as a function of increasing frequency or decreasing temperature in
steady state or of an aging system as at a fixed frequency and temperature
as a function of time.

Within the Maxwell model, for example, G ′ and G ′′ cross at ωτ = 1
which also coincides with the peak in G ′′ . Thus, the time evolution of G ′

and G ′′ in Figure 2.18 (f) can be viewed as a time-dependent enhancement
of the effective relaxation time. We note that while the Maxwell model is
the simplest conceptual framework for linear viscoelasticity, it seldom works
quantitatively for inhomogeneous and highly viscous systems where multi-
ple time scales are usually present [113]. A common generalization of the
Maxwell model is achieved by assuming a distribution of relaxation times
g(τ) and that the Maxwell model corresponds to the simplest case of g(τ)
being a delta function δ(τ− τ0).

Fig. 2.19 (a)-(c) show the phase diagram of sticking experimentally ob-
tained by keeping one of the control parameters fixed and varying the other
two parameters. The data showed that the system was in the stuck regime
A for large interaction, small optical trap stiffness and small external drive,
while it was in the unstuck regime B for weak interaction, large optical trap
stiffness and large external drive. For intermediate values of these parame-
ters, the aging regime C was obtained.

A particularly illuminating description of the situation can be obtained by
using the generalized Nyquist diagram (better known as the Cole-Cole plot
[10] in the case of the Debye model of dielectric relaxation which is formally
identical to the Maxwellian viscoelasticity) where the real and imaginary
parts of the response function are plotted against each other. To motivate
this, we start with the simple freezing of a liquid into a crystalline solid. For
the liquid, G ′ = 0 while for a solid G ′′/ω ∼ 0. Therefore, a measurement
of G ′ and G ′′ across a freezing transition, say, as a function of temperature,
would typically collapse into two blobs, one on the y axis for all liquid-state
data for which G ′′/ω = η and the other for all solid-state data on x axis
around G ′ = G with G ′′ ∼ 0 , on the x-axis, as illustrated in Figure 2.20(a).
On the other hand, if the data represented a glass transition obeying a strictly
Maxwellian relaxation, then the parametric plot would be given by a semi-
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Figure 2.19: (a) The abscissa plots the strength of the drive, given by the frequency
of oscillation at fixed amplitude of 33 nm and the ordinate shows the inverse of the
salt concentration. Regions A, B, C on this plot have been identified for a fixed
kopt = 18µNm−1. (b) Optical trap stiffness plotted along the abscissa and inverse
of the salt concentration along the ordinate. Regions A, B, C on this plot have
been identified for a fixed ω = 251rads−1 and x0 = 33nm of oscillation of the
container. (c) Frequency of the oscillation plotted along the abscissa and optical
trap stiffness along the ordinate. Regions A, B, C on this plot have been identified
for a fixed c = 20mM and x0 = 33nm. (d) Schematic of a 3-D phase diagram of
sticking.

circle, centered at (G0/2, 0) with a radius of G0/2:

(G ′ −G0/2)
2 +G ′′2 = (G0/2)

2 (2.18)

The essential exercise of analyzing viscoelasticity is to vary the quantity
ωτ and measure the resulting changes in the real and imaginary parts of
the response function. This is achieved commonly either by changing the
frequency ω or by changing the temperature which changes τ, typically by
an Arrhenius temperature dependence : τ = τ0exp(∆/KBT) where ∆ is the
energy barrier. If ω increases while T is kept constant or if T decreases while
ω is kept constant, for example, ωτ increases in both cases. These methods
are commonplace in the study of glassy liquids and are known as the time-
temperature superposition scheme [114]. When these results are described
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(a) (b)

Viscous

Elastic

Figure 2.20: Cole plots for (a) Liquid (red circle) to solid (blue circle) transition
(b) Maxwell process. The straight line (G ′ = G ′′) in both the figures notionally
divides the liquid state (G ′′ > G ′) from the solid state (G ′′ << G ′) .The curved
line in (b) is the equation (G ′ −G0/2)

2 +G ′′2 = (G0/2)
2

by a Nyquist plot, as shown in Fig. 2.20(b), the system moves from the left
corner which represents a low viscosity liquid through a highly viscoelastic
regime on the semi-circle in the middle towards a nearly elastic (solid-like)
regime in the right corner, as shown. The straight line drawn through the
middle is the separatrix showing the crossover between the dominantly vis-
cous regime and the dominantly elastic regime, going through the (0, 0) and
the (G0/2,G0/2) points on the semicircle. This semi-circle is the charac-
teristic of a Maxwellian or Debye relaxation with a single relaxation time.
Most real systems, however, show a marked departure from the semi-circle
implying the existence of a distribution of time scales, as mentioned above
[115].

In this context, we emphasize that while a system ages, the relaxation
time τ changes with time and therefore the equivalent of the well-known
“time-temperature superposition” here is an effectively “time-time super-
position”. We analyze our experimental data in Figure 2.21 following this
procedure. In Figure 2.21(a), the phase dropped sharply at contact and the
sticking was abrupt. Just as in the case of typical liquid-solid freezing shown
in Figure 2.20(a), the data in Figure 2.21(a) collapse into two blobs on the
x and y axis with very few points in between, implying the abruptness of
the sticking transition in terms of the rheological properties of the coupling
medium going from viscous to elastic. Figure 2.21(b) shows the other case
where the phase decreases significantly but still remains large enough that
G ′′ > G ′, i.e., the system is still dominantly viscous and remains on the
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left part of the separatrix demarcating viscous from elastic. In this case the
data also collapse into blobs, but both representing viscous states, one more
viscous than the other. However, the transition is once again clearly abrupt.
Figure 2.21(c) shows the case where the phase decays to very small value
gradually, i.e., the so-called aging case as in Figure 2.18(c). For this case,
the Nyquist plot somewhat resembles Figure 2.20(b) in that it is less abrupt;
nevertheless, the evolution is through a few time-dependent blobs. We em-
phasize that the figure is clearly not a semicircle, i.e., the relaxation is not
single valued, nor is the maximum of G ′′ approximately one-half of the max-
imum of G ′ , but rather more akin to Cole-Davidson [116] or other common
empirical forms that represent multiple time scales in a dielectric relaxation
process [115]. This sticking behavior for polystyrene spheres is probably due
to the complex dynamics of polystyrene tethers in the restricted geometry as
the plate approaches the particle.

h>0h>0h>0 0-5min 5-10min 10-15min0-5min 5-10min0-2min

(a) (b) (c)

Figure 2.21: Nyquist plots for (a) stuck state (b) non stuck state and (c) aging
state. Experimental parameters for these plots were correspondingly the same as
in Fig. 2.18. The data used for the Nyquist plots in this figure is from Fig. 2.18.
The black circles in the panels are for the particle whose height is greater than
zero. The time axis of the particle after touching the plate has been encoded in
the red, green and blue circles. The dashed line in all the panels is G ′ = G ′′.

Clearly, one needs to understand the differences between a microsphere
with a few internal degrees of freedom and truly many-body systems. In
what follows we present some speculative answers to this issue. Figures 2.21
shows that the Nyquist plots typically consist of clusters of data points.
In all experiments, especially in the aging cases where one expects much
more continuity in the parametric plots, clusters of data points separated
by sparse regions are ubiquitous. This is further illustrated in Figure 2.22
where Nyquist plots of two different runs with different polystyrene particles
of diameter 2µm are shown. These data show continuous behavior as in
Cole-Cole plots in Figure 2.20(b) even though there are significant deviations
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Figure 2.22: Cole plots for two aging states obtained with the experimental pa-
rameters (a) c = 20mM , kopt = 18µNm−1, ω = 251rads−1(b)c = 10mM ,
kopt = 18µNm−1, ω = 251rads−1. As in Figure 2.21, the black circles are for
the particle whose height is greater than zero. The time axis of the particle after
touching the plate has been encoded in the red, green and blue circles. The dashed
line in (a) and (b) is G ′ = G ′′. Panel (c) shows a schematic illustration of different
conformations of the polymer tethers that presumably form the discrete basins of
attraction and are responsible for the slow and intermittent descent through them
to the potential minimum.

in the shapes of the curves. But in all cases, the data tend to occur in
clusters; even in data containing hundreds of points, one sees only a handful
of dense clusters. For Fig. 2.21 and Fig. 2.22, different time intervals are
represented by colors. This scheme of representation of data highlights that
the system resides in one state (represented by a cluster of points of, typically
but not always, the same color) for a finite time interval before making a
sudden transition to another cluster of a different color. Evidence of such
clustering can also be seen in the jerky behavior of tan(ϕ) as a function of
time. It is tempting to speculate that these clusters reflect the mesoscopic
effects present in the system, namely, the existence of only a few basins of
metastable minima accessible to the system during sticking corresponding
to specific conformations of the polymeric tethers, as shown schematically
in Fig. 2.22 (c). The system relaxes among these few minima rather than
an extremely large number of them in a truly many-body system. Such
observations are found in evolutionary biological systems showing punctuated
equilibrium [117]. Another possibility is that each cluster of data points
signals the attachment of an additional tether to the plate. Experimental
studies which relate structural characterization of the state of the polymer
more directly and specifically to the rheological studies are needed to test or
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distinguish between the two hypotheses in much more detail.

2.5 Conclusions

The rheological study thus establishes a self-consistent and quantitative de-
scription of both the notion and the degree of sticking in terms of a crossover
of the frictional coupling from viscous to elastic and by the relative strengths
of the viscous and elastic components of the transmitted stress between the
two sticking objects, respectively. We showed that the sticking process varies
greatly depending upon whether the particle is hard or soft. A rigid sil-
ica particle sticks quickly and abruptly (on making contact with a plate),
i.e., reaches the deepest potential well, as expected. But the relatively soft
polystyrene sphere, widely used to study a variety of soft matter problems,
shows an unexpected complexity in the form of a slow and gradual stick-
ing after the contact with the plate is made. The introduction of internal
degrees of freedom to the sticking particle results in a complexity in the dy-
namics similar to what is seen in conventional many-body systems. We find
that the transition of frictional coupling is nearly always abrupt, not only
for the sticking case of viscous-to-elastic but also for the non-sticking case
of viscous-to-viscous. For the aging system, the transition is only partially
gradual, and can be partly described by a relaxational model as shown in the
Nyquist plots. But in these cases too, the Nyquist plots also demonstrate a
remarkable clustering phenomena. We interpret this to imply a step-wise de-
scent of the system through a few basins of attraction, corresponding to a few
effective metastable minima in the free-energy landscape. These experiments
illustrate the utility of a polymeric colloid to serve as a minimal system that
demonstrates elements of glassy dynamics with only a few effective degrees
of freedom.
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3
Three-dimensional video imaging of
two-fluid interfaces in porous media

This chapter addresses the problem of displacement of one fluid by another
in a porous medium using a flow visualization technique. In addition to
being a technologically important problem, a moving two-fluid interface in
a porous medium is also an archetype of driven disordered elastic media
which can exhibit both individual and collective dynamics [2], depending on
the competing effects of the elasticity, the randomness due to the disorder
and the strength of the drive. A brief review of the problem and current
knowledge in the area is given in Chapter 1.

Two-dimensional (2-D) porous media serve as model systems which have
been extensively studied using experimental [12, 13, 14, 18, 56, 62], compu-
tational [50, 61] and theoretical methods [20]. However, a realistic porous
medium is three-dimensional (3-D) which differs from a 2-D one due to the
larger range of accessible pore volumes and greatly enhanced connectivity of
the pore space [15]. The more realistic 3-D system is not a simple extension
of the 2-D case, either qualitatively or quantitatively as is known for analo-
gous systems [16]. Most flow visualization studies have been performed on
2-D media using ordinary light microscopy. This technique had high tem-
poral resolution but was necessarily restricted to provide only a projection
of the two-fluid interface resulting in inadequate spatial resolution. As a
result, progress has been limited due to the absence of detailed temporal
and spatial information about pore scale events. With the advent of X-ray
tomography [17] and magnetic resonance imaging [18], three dimensional (3-
D) visualization is being increasingly performed. However, these techniques
have been mostly used to image the medium before and after the process of
displacement has been completed.

We present an alternative technique to perform real time 3-D imaging of
the interface in a model porous medium of randomly packed glass spheres
and identify the microscopic mechanisms, dependent on the nature of disor-
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der, that control the macroscopic displacement process. Our technique is a
modified version of the technique first demonstrated by Chen and Wada [19]
for light based 3-D imaging. Even though we have used glass based porous
medium, in general, it is opaque to light due to scattering at each liquid-solid
boundary in random directions. Any technique intended to image the mo-
tion of two-fluid interface in a 3-D porous medium through optical means,
therefore, has to be able to

• make the medium transparent to light.

• distinguish all three phases: solid matrix and two fluids from one an-
other in a given 2-D plane.

• map the 3-D medium as a set of 2-D closely spaced planes that are
imaged.

• perform this mapping fast enough to faithfully capture the dynamics
of the interface.

• analyze the raw data in the form of images through image processing
codes.

These requirements are met in our technique (section 3.1) by using liquids
whose refractive index is same as that of the glass resulting in transparency,
dissolving small amount of different fluorescent dyes in the liquids so that
they appear bright with characteristic color of the dyes and solid matrix
appears dark in a given 2-D plane illuminated by a light sheet and finally
mapping the medium as set of 2-D planes by fast scanning of the light sheet
across the medium. Image processing codes were written in Matlab to analyze
the raw data and analysis was performed by means of suitable protocols
(section 3.2, 3.3). All the codes used for analysis are available in Appendix
B. Movies obtained in this study and referred ahead are available online at
http://www.tifr.res.in/∼softmatter/porous.html

3.1 Scanning light sheet imaging

The basic principle of this technique [19], is that an opaque porous medium
becomes transparent to light if the pore space is filled with the fluids having
a refractive index similar to that of solid matrix. A 2-D plane of this trans-
parent medium is illuminated with a light sheet and the fluids containing
fluorescent dyes show a characteristic color while the solid matrix appears
dark in the image recorded by a camera. To map the three dimensional
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porous medium as a set of two-dimensional slices, keeping the position of the
sheet fixed, the porous medium can be moved in a direction perpendicular
to the direction of the propagation of light (see Movie S1). Alternatively,
keeping the position of the medium fixed, light sheet can be moved across
the plug along with synchronous movement of camera to prevent blurring
of images. Since the porous medium can be heavy and attached to various
flow pipes, it is impractical to move it at a high speed. We chose to scan
the light sheet in a direction perpendicular to the direction of propagation of
light using a motorized mirror (galvo scanner) and recorded the 2-D image
slices with a static camera having a lens of large depth of focus (∼ 13mm)
to keep the slices in focus. Closeness of refractive index matching and the
depth of focus of the lens set the upper limit on the 3-D volume imaged.
The temporal information in this technique was limited by the speed of the
scanner and frame rate of the camera.

Model porous medium: The model porous medium was made up of
borosilicate glass spheres packed in a rectangular glass pipe (hereafter re-
ferred to as the “plug”) of dimensions 25mm × 25mm × 75mm mounted
vertically. Two meshes with a 0.5mm grid at either end of the plug con-
strained the glass spheres within it. The imaging experiments used either
bi-disperse packing of spheres with diameters D0 = 3mm and D1 = 1mm

or mono-disperse packing of spheres with 3mm diameter. It is desirable for
the dimensions of the plug to be of the order of hundreds of D0 to avoid
finite-size effects. In our experiments, however, we were limited to maxi-
mum of 25D1 × 25D1 and 6D0 × 6D0 in the cross section for mono-disperse
packing of spheres with diameters D1 and D0 respectively. There were sev-
eral practical reasons for choosing spheres as large as 3mm and 1mm for
these experiments. For spheres, smaller than 1mm, the refractive index mis-
match was sufficient to result in blurred images. Thickness of the light sheet
(∼ 100µm) is the final limiting factor to the minimum size of sphere being
used. The size of the plug was limited by the pipe fittings and fabrication
protocol of the rectangular glass pipe. The sides of rectangular pipe were
made by sticking four flat glass slides by adhesive and flow connectors were
fitted into two brass discs glued to the top and bottom of the pipe. Use of
adhesives meant that these pipes were prone to leakages and therefore it was
preferable to have a medium with high permeability achievable with packing
of large spheres.

Fluids: For all the experiments, the displacing liquid was an oil with
viscosity η1 = 50mPa.s, surface tension γ1 = 22mN/m and density ρ1 =
0.88gcm−3. The displaced liquid was glycerol (η2 = 780mPas, γ2 = 56mN/m

and ρ2 = 1.23gcm−3) for the viscous fingering regime and Guanidine Hy-
drochloride (GuHCl)-glycerol mixture (η3 = 34mPas) for the capillary fin-

73



gering regime. The two-fluid interfacial tension between glycerol and oil was
found to be 20mN/m using the pendant drop method (see Fig. 3.1 (a))
[118]. Fluorescein with excitation and emission wavelengths equal to 488nm
and 514nm, respectively, was dissolved in glycerol. Nile blue sulphate, sol-
uble only in non-aqueous oils, had the same excitation wavelength as that
of Fluorescein but a different emission wavelength of 560nm in a lipid-rich
environment. The refractive indices of borosilicate glass spheres and the
two liquids used in the experiments were closely matched and approximately
equal to 1.474.

Surface treatment of spheres: We have performed experiments for
both imbibition, i.e., when a wetting fluid displaces a non-wetting fluid, and
drainage which is its converse. The drainage experiments were performed
with hydrophilic borosilicate glass spheres while imbibition was performed
with hydrophobic glass spheres. The hydrophilic borosilicate glass spheres
(Sigma Aldrich) were made hydrophobic by using the silanization protocol
as given in [119]. In this protocol, the hydrophilic glass spheres were first
baked at 800C for about 12 hours. A solution containing 1 wt% of octade-
cyltrimethoxysilane (Fluka), 2 wt% of water and 0.2 wt% of hydrochloric
acid (37%) in isopropanol was prepared. The baked glass spheres were im-
mersed in the solution and the resultant mixture was continuously stirred for
1 hour. The excess of the solution was removed and the spheres were again
heated at 700 C for 2 hours. The contact angle of glycerol with hydrophobic
and hydrophilic glass spheres was measured to be 920 and 400, respectively,
as shown in Fig. 3.1 (b) and (c).

(b)

(c)

(a)

2.5mm

1.7mm

2
.5
m
m

Figure 3.1: (a) Image of a pendant drop of glycerol in oil. The solid black line
highlights the glycerol and oil interface. Drop of glycerol placed on a 3mm (b)
hydrophobic sphere and (c) hydrophilic sphere. The contact angles in (b) and(c)
are 920 and 400, respectively.

Generation of light sheet: A schematic of the experimental set-up is
shown in Fig. 3.2(a). A light sheet of thickness w0 = 100µm was generated
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by passing a Gaussian beam from an Ar-ion laser through a set of two cylin-
drical lenses of focal lengths 25 mm and 300 mm placed 560 mm apart. Thus,
the Rayleigh length, Ra = πw2

0/λ ∼ 100mm, resulting in a nearly uniform
sheet thickness across the imaging volume. The light sheet illuminated the
plug in a plane parallel to the flow direction. Fig. 3.2(b)-(d) show typical
images of the 2-D slices of the plug obtained by scanning the sheet across
the plug. The spheres were sectioned in a 2-D plane and therefore appear
as black (non-fluorescent) discs of various sizes depending on the distance
between the slicing plane and a parallel plane spanning a great circle of the
sphere. The white and gray pixels correspond to oil and glycerol respectively.
Note the gradual blurring of images from (b)-(d) due to finite depth of focus
of the lens and the presence of streaks in the images. The streaks are an
imaging artifact caused by distortion of the sheet due to the rough surface
of the spheres.

F
lo

w
 D

ir
e
c
ti
o
n

(a)

(b) (c) (d)

Figure 3.2: (a) A schematic of the experimental set-up. (b), (c) and (d) are first,
middle and last slices of a representative image stack.

In a typical experiment, the plug was first flushed with propanol to remove
any residual oil. Aqueous liquid was then made to flow from the bottom of
the plug against gravity to fill the pore space. Oil, the lighter fluid, was
subsequently introduced from the top-end ensuring an initial condition of a
flat oil-aqueous interface being introduced in the plug. As the oil was forced
through the plug, the dynamics of the oil front in the porous medium was
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imaged by scanning the laser beam at 2Hz (triangular waveform) using a
scanning galvo mirror (GI Lumonics Inc.) and acquiring the images at 100
frames per second (PCO.1200hs). The images were sequentially stored by the
monochrome camera on its on-board 4 GB RAM for subsequent processing.
The depth of focus of the imaging lens of the camera was about 13mm which
was large enough to keep the image slices, as shown in Fig. 3.2 (b), (c) and
(d), in good focus during scanning. A volume of 25mm × 13mm × 45mm,
which is equal to half of the plug, was imaged with spatial resolutions of
35µm/pixel and 500µm/pixel for directions parallel and perpendicular to
the flow, respectively.

Timing diagram: The timing diagram used in the experiment is shown

(a)

(b)

(c)

Figure 3.3: Timing diagram: (a) Chopper output voltage (b) Exposure state of
the camera (c) Position of laser sheet inside the plug as a function of time.

in Fig. 3.3 (a), (b) and (c). The laser sheet is required to be placed at closely
spaced discrete positions to map the plug as a set of images. However, if the
spacing between the successive positions is too close, residual fluorescence
from one illuminated plane will leak into the adjacent plane resulting in
blurred images. On the other hand, the spacing between the positions cannot
be so large that interpolation is not possible. To achieve proper imaging and
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appropriate spacing, the input laser beam is chopped. Chopping the laser
beam ensures that residual fluorescence from one plane does not leak into
the next sampled plane. The TTL output of the chopper, operating at the
frequency of 100Hz, was used to trigger the camera whose exposure time was
equal to the pulse width of the chopper. If the frequency of the chopper is
fc and that of scanner is fs, then the spacing between the imaged planes is
given by A/(fc/2fs) where A is the amplitude of the scanner. This spacing
in our experiments was 0.5mm. Since the camera is exposed while the sheet
is being scanned, the recorded image is summed over a small distance of the
plug equal to 0.25mm which is the distance scanned by the sheet before the
chopper blocks it.

3.2 Characterization of scanning light sheet

technique with bi-disperse bead packs

We test the technique for simple bi-disperse bead packs where imaging is
expected to confirm principles discussed in Chapter 1. Two kinds of ar-
rangement were used: “ random close” and “core-shell” for the bi-disperse
packing. In random close arrangement, we used a homogenous mixture of
1mm and 3mm spheres in 45:55 ratio by weight. On the other hand, for the
core-shell geometry, the spheres of diameter 3mm were placed in cylindrical
core with 1mm spheres surrounding this core.

3.2.1 Viscous fingering in core-shell geometry

When a low viscosity fluid displaces a high viscosity fluid, the two-fluid inter-
face no longer remains flat but develops finger-like protrusions. This process
is called viscous fingering. The process of viscous fingering can be quali-
tatively understood by realizing that most of the viscous pressure drop is
across the displaced fluid due to its larger viscosity than the displacing one.
If due to some noise or perturbation in the system, a small bump is formed
on the initially flat interface, then locally the pressure gradient (inversely
proportional to the length) on the displaced fluid in the bumpy region of the
interface is larger than other regions. This means that the velocity of the
bump region is larger than the other parts of the interface which results in
growth of the bump. As the bump grows further and further, this velocity
difference continues to grow due to increasing pressure gradient leading to
a runaway effect of instability. As a test case, we observed this process for
displacement of more viscous glycerol by less viscous oil in a plug with a
cylindrical core of bigger spheres of diameter 3mm surrounded by smaller
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spheres of diameter 1mm (see Fig. 3.4(a)). The step decrease in the per-
meability across the radial direction becomes the systematic source of noise
for the initial protrusion formation. And later on the unfavorable viscous
pressure gradients cause the displacing liquid to preferentially move through
the core resulting in a long ‘finger’ like protrusion shown in Fig. 3.4 (b). The
dynamics of growth of finger will be discussed in subsection 3.3.1.
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Figure 3.4: (a) Schematic of cross section of core-shell packing. (b) Three dimen-
sional rendered image of oil(red) in the porous plug. Glycerol and spheres are set
transparent in this image.

3.2.2 Capillary fingering in random close packing

When a more viscous fluid displaces a less viscous fluid at very low injec-
tion pressures, the two-fluid interface becomes ramified leaving behind the
displaced fluid in several pores. This phenomena is called capillary finger-
ing. In this regime, viscous pressures are negligible and the capillary entry
pressure at the pores Pc = 2γCos(θ)/r becomes significant. As the applied
pressure is increased from zero, the displacing non-wetting fluid in case of
drainage moves through a connected path formed by pores with Pc less than
the applied pressure.

We study this regime for the displacement of a mixture of GuHCl and
glycerol (η3 = 34mPas) by oil η1 = 50mPa.s for drainage. Figure 3.5(a)
shows a representative 2-D image slice of the plug for such a displacement
at an applied pressure head of 2KPa. The image shows that aqueous liquid
is left behind preferentially in the pores formed by the smaller 1mm spheres.
On further increase of flow rate, as expected, all of the aqueous liquid is
displaced out as shown in Fig. 3.5(b). This can be attributed to the fact
that in drainage local capillary entry pressure is higher for smaller spheres
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(b)(a)

Figure 3.5: Image of a 2-D slice of the medium for applied pressure head of (a) 2
KPa and (b) 15 KPa. Black discs are sections of the spheres and green and yellow
correspond to wetting and non-wetting fluids respectively.

which is necessarily required to be overcome before the displacing fluid can
invade the pore.

The quantitative analysis of the distribution of fluids in the pore space
of this heterogenous medium provides an estimate of the dependence of per-
meability on the pore size. Analysis of pore space is a complex problem
because the shape of the pore bodies are not simple and it is not possible
to analytically predict the pore size distribution knowing the coordinates of
each of the spheres. One of the common way to characterize the pore space
is to cover it with spheres of various sizes in a self consistent manner using
algorithms such as Voronoi decomposition [120, 121]. We have used a differ-
ent algorithm, discussed in details in Appendix B, to cover the pore space
in each 2-D slice with circles of different radii. The distribution of radius of
these circles corresponds to the pore-size distribution. Figure 3.6(a) shows

(a) (b)

Figure 3.6: (a) Average fraction of oil in a pore of given radius as a function of
applied pressure. (b) Rate of change of conductance as a function of pore radius.

the average fraction of oil in a pore of given radius as a function of applied
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pressure. Figure 3.6(b) shows the slope of various plots in Fig. 3.6(a) which
is a measure of permeability as a function of the pore radius. This decreases
with increase in pore radius for the case of capillary fingering in drainage,
indicating that smallest pores provide the largest impedance for this case.

3.3 Destabilization of viscous fingers in porous

media

So far, we have presented measurements on simple bi-disperse systems at
moderate Ca. This section presents a detailed study of viscous fingering
where the less viscous oil displaces more viscous glycerol for a wide range
of Ca. The role of geometric disorder was studied by comparison of data
between mono and bi-disperse plugs. All the data presented ahead is mainly
for mono-disperse plug with spheres of diameter 3mm in imbibition unless
otherwise specified.

3.3.1 Growth and destabilization of the viscous finger

The left, middle and right panels of Fig. 3.7(a) show volume-rendered images
of the oil in the plug for imbibition at progressively increasing flow rates (Q).
Due to non-uniform velocity of the interface, it is difficult to specify trust-
worthy figures for Ca. Taking into account this non-uniformity, Ca in the
experiments ranged from 3.5×10−4 and 75×10−4. With increasing flow rates,
the two fluid interface evolves from flat (for Q = 0.9V0/s where V0 = πD3

0/6)
to fingered (for Q = 1.7V0/s, see middle panel of Fig. 3.7(a) and Movie S2)
and finally fragments into droplets (for Q = 3.1V0/s, see right panel of Fig.
3.7(a) and Movies S3, S4). The flat-to-fingered transition at a finite flow
rate is the result of a competition between the viscous fingering instability
[12, 85] and the stabilizing effect of buoyancy [20](see subsection 1.2.2). The
critical velocity below which the interface remains stable is directly propor-
tional to Bond number (∼ 0.5 in the experiments) and inversely related to
difference in the viscosities of the two liquids [20, 122]. Even though our
experimental system is limited by finite size effects due to the small number
of pores in directions perpendicular to the flow, the observed phenomenon
is not merely restricted to pore-scale fingers. Indeed, we observe system size
spanning macroscopic finger which illustrates collective dynamics as shown
in Fig. 3.7 (b).

The primary fingering instability as shown in Fig. 3.7(b) is analyzed
by estimating the time evolution of the oil content in planes perpendicular
to the flow at varying distances from the entry point into the plug. The
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t=18 s t=24 s t=42 s

Tip
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Figure 3.7: (a) The left, middle and the right panel show the volume rendered
images of oil in the porous plug corresponding to Q = 0.9V0/s, Q = 1.7V0/s and
Q = 3.1V0/s, respectively. (b) The left, middle and the right panel shows the
growth of the finger for Q = 1.7V0/s. The respective time instants (t) are marked
in the figure. At t = 0 the interface enters the imaging volume. The interface is
highlighted with a black line in all the panels.

image analysis shows, in Fig. 3.8(a), that the amount of oil in such a plane
increases linearly with time (∼ t) and saturates to a finite value in the long
time limit. Two time scales are relevant for the problem: (i) when the “tip”
of the finger intersects the plane, and (ii) when the plane saturates with oil
as the “rear” of the interface intersects the plane (see Fig. 3.7(b)). The
distances traversed by the tip and the rear, as a function of time, are plotted
in Fig. 3.8(b), from which the corresponding velocities are obtained. The
significantly higher velocity of the tip, Vtip = 0.47D0/s, compared to that of
the rear, Vrear = 0.2D0/s, provides a quantitative estimate of the unstable
growth of the finger.

The images further show that the growth of the displacing fluid in the
direction transverse to the flow is different. It is estimated by analyzing the
perimeter of the interface of oil with glycerol and the glass spheres in the
planes perpendicular to the flow direction, shown in Fig. 3.8(c). In the long
time limit, the perimeter of the interface, which is also a measure of the
surface energy, grows as square root of time (

√
t) in contrast to the linear

t-dependence of the tip. Different growth rates in the lateral and transverse
directions imply that the aspect ratio of the fingers grows monotonically with
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Figure 3.8: (a) The computed volume of oil in planes perpendicular to the flow
direction at distances 5D0 (triangles), 11D0 (open circles), 13D0 (stars), 15D0

(closed circles) from the entry point of the plug as a function of time. (b) The
time instants at which tip (black circles) and rear (red circles) enter a plane as
function of distance of the plane (in units of D0) from the entry point of the
plug for Q = 1.7V0/s. Solid lines are linear fit to the data. (c) The perimeter
of the interface (in units of D0) of oil at different planes perpendicular to the
flow direction at distances 3D0 (closed circles), 5D0 (closed stars), 7D0 (closed
triangles), 9D0 (open circle) as a function of time for Q = 1.7V0/s. Solid black
straight line has a slope equal to 1/2.

time.

3.3.2 Pore-scale events
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Figure 3.9: Images of 2-D slices of the medium for imbibition in (a) and (b). The
flow rates are specified on the images. Black, pink and green pixels correspond
to spheres, displacing oil and displaced glycerol respectively. The thickness of the
glycerol layer between the glass spheres and oil (marked by white arrows) is 0.03
mm in (a) and 0.17mm in (b).

The destabilization of the macroscopic viscous finger also has its signa-
ture at pore scale events. For low flow rates (Q = 1.7V0/s) oil fills almost
the entire pore space leaving behind a very thin layer (0.03mm) of glycerol
covering the glass spheres (see Fig. 3.9 (a)). However, at higher flow rates
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(Q = 3.1V0/s) the oil forms narrow finger like protrusions at the center of
the pore leaving behind a considerably thicker layer (0.17mm) of undisplaced
glycerol (see Fig. 3.9 (b)). These observations are consistent with the ones
reported for viscous finger in Hele-Shaw cells where the width of the vis-
cous finger was found to decrease with increase in Ca [12]. These finger-like
protrusions then destabilize to form pore-scale droplets. Such microscopic
break-up events cause the destabilization of the otherwise compact macro-
scopic finger. For higher flow rates, two distinct pore scale events were dom-
inant, (i) a fragmentation of pore-scale fingers into smaller droplets (shown
as time lapsed images in the top panel of Fig. 3.10) and (ii) a coalescence of
smaller droplets into a larger one (time lapsed images in the bottom panel
of Fig. 3.10). The rates of these two opposite processes govern the final
steady-state distribution of droplet sizes. Since our experiments are in the
viscous fingering regime where the viscous pressures are not negligible we
suspect that viscous stresses associated with flow fields [123, 124, 125] may
be the relevant failure mechanism as compared to the surface tension related
known failure mechanisms, e.g., Roof-snap off [21, 22] for drainage. However,
based on these images alone it is not yet possible to rule out other surface
tension related mechanisms and uniquely identify the break-up mechanism.
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Figure 3.10: Top panel shows time-lapsed volume rendered images of the break-up
of an oil droplet. Bottom panel shows time-lapsed volume rendered images of the
coalescence of two fingers of oil.
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(a) (b)

Figure 3.11: (a) Number of droplets as a function of droplet volume for Q =
1.7V0/s (circles) and Q = 4V0/s (triangles). Solid blue line is a line with slope
of -2. (b) Fraction of net volume of the displacing liquid accounted by various
droplets as function of their volume for Q = 1.7V0/s (circles) and Q = 4V0/s

(triangles) in the long time limit.

3.3.3 Droplet size distribution and their anisotropy

Figure 3.11 (a) shows the size distribution of the droplets in imbibition at long
times. The range of droplet volume in the plug spanned from single pore vol-
ume (Region I) to many pore volumes (Regions II and III). The macroscopic
finger observed for Q = 1.7V0/s (circles) was made up of predominantly
system size spanning droplets (Region III) and pore-scale droplets (Region
I). At the higher flow rate of Q = 4V0/s (triangles), the distribution was
more uniform with droplet volumes lying in all the three regions. Such a
broad distribution of the droplet volumes is likely due to the random nature
of fragmentation of the network of pore-scale fingers and the co-occurring
process of coalescence. The variation of number of droplets N as a function
of droplet volume V can be fitted to N(V) ∼ (V/V0)

−α where α ∼ 2 for
V < 0.4V0. For V > 0.4V0, N(V) is a constant. Even though the system
size spanning droplets are few in number, they are the major contributor
to the total volume of oil because of their large size. This is shown in Fig.
3.11(b) which plots the fraction of net volume of the displacing liquid ac-
counted by various droplets (θ) as function of their volume. By definition,
θi = N(Vi)Vi/

∑
(N(Vi)Vi) resulting in θ ∼ (V/V0)

−1 and θ ∼ (V/V0) for
V < 0.4V0 and V > 0.4V0, respectively. Indeed, θ is largest for the largest
droplet volume. However, it is not a monotonic function of droplet volume
V and has a characteristic minimum at V ∼ 0.4V0, which is close to the
maximum single pore volume Vp in the plug.

Further, the shape of these droplets was found to be anisotropic. This
anisotropy was characterized by diagonalizing the second order central mo-
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ment of inertia matrix of the droplets [17]. The second order central moment
of inertia matrix is given by, Ixx −Ixy −Ixz

−Iyx Iyy −Iyz
−Izx −Izy Izz


where Ixx =

∑
x,y,z(y−ȳ)2+

∑
x,y,z(z−z̄)2, Iyy =

∑
x,y,z(x−x̄)2+

∑
x,y,z(z−

z̄)2, Izz =
∑
x,y,z(x− x̄)2+

∑
x,y,z(y− ȳ)2, Ixy = Iyx =

∑
x,y,z(x− x̄)(y− ȳ),

Iyz = Izy =
∑
x,y,z(y − ȳ)(z − z̄) and Izx = Ixz =

∑
x,y,z(x − x̄)(z − z̄).

The aspect ratio was given by A =
√

Ilarge/
√
Ismall where Ilarge was the

sum of the two largest eigen values and Ismall was the smallest eigen value.
Figure 3.12 shows aspect ratio as a function of droplet volume for Q = 4V0/s

in imbibition. The aspect ratio was found to monotonically increase with
decrease in droplet volume for droplets with volume less than 0.4V0.
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Figure 3.12: Aspect ratio equal to ratio of longest to shortest axes of the droplet
as a function of normalized droplet volume for Q = 4V0/s in imbibition. Solid
green line is a guide to eye. Solid blue lines show spread in the aspect ratio for a
given droplet volume.

3.3.4 Dynamics of droplet motion

The dynamics of the droplet motion was analyzed using an image subtraction
protocol (ISP). It consists of a voxel-by-voxel subtraction of the 3-D image of
the plug at two successive instants of time such as shown in Fig. 3.13(a) and
(b) for a specific 2-D slice. Figure 3.13 (c) shows the subtracted image. The
white (black) pixels in Fig. 3.13 (c) represent the glycerol (oil) displaced by
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Figure 3.13: (a) and (b) show 2-D image slices of a section of the plug at two
successive instants of time. White pixels correspond to oil. Black discs are section
of spheres while grey pixels correspond to glycerol. (c) The image obtained by
the subtraction of image (a) from (b). Glycerol displaced by oil is shown in white
pixels and oil displaced by glycerol is shown in black pixels. Gray pixels have their
content unchanged between the two time instants. (d) Total volume of glycerol
displaced by oil as a function of time for flow rates Q = 1.2V0/s (red circles),
Q = 1.7V0/s (green stars) and Q = 4V0/s (blue triangles). (e) Total volume of oil
displaced by glycerol as a function of time for flow rates Q = 1.2V0/s (red circles),
Q = 1.7V0/s (green stars) and Q = 4V0/s (blue triangles). Inset shows ∆Vb/V0

at t/tb = 1 as a function of flow rate.

oil (glycerol) and the gray ones represent those with an unchanged content.
The magnitude of the net volume of subtracted voxels is governed by the
nature of the motion of the two fluids in the imaging volume and is not a
direct measure of the efficiency of the process of displacement. Figure 3.13(d)
and (e) show the net volume of those voxels in the entire imaging volume
whose content changes from glycerol to oil (∆Vw/V0) in a unit time step
or vice versa (∆Vb/V0), respectively, as a function of t/tb for various flow
rates, where tb which we call the breakthrough time marks the arrival of the
displacing fluid at the bottom of the imaging volume. In the limiting case of
a plug flow at a constant speed, ∆Vw/V0 is a Heaviside step function so that
it is a finite constant for t 6 Tb and zero for all t > Tb; ∆Vb/V0 = 0 for all
t. A finite value of ∆Vb/V0 is a signature of the interface being fragmented.
On the other hand, ∆Vw/V0 will be accounted for by both the connected
growth of the interface and advective motion of fragmented droplets.
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The initial increase in ∆Vw/V0 with time in Fig. 3.13 (d) is reflective of
the tapering shape of the finger (see Fig. 3.7(b)). For the lowest flow rate
of Q = 1.2V0/s (red circles), we observe that the fragmentation is minimal
and ∆Vb/V0 ∼ 0 for all times, as shown in Fig. 3.13 (e). For higher flow
rates, fragmentation occurs and ∆Vb/V0 initially increases with time. But
it does not decay to zero immediately after t/tb = 1. For Q = 1.7V0/s,
∆Vb/V0 → 0 at t = 2tb while for Q = 4V0/s, ∆Vb/V0 does not approach
the value of zero even at t = 3tb. This implies that for lower flow rates the
dominant pore scale breakup events is localized to regions near the leading
edge of the finger. However, at higher flow rates the growth of a compact
finger is suppressed and the interface constantly breaks up into droplets all
along the flow paths including at locations far away from the leading edge.

3.3.5 Relationship of the droplet motion to the mor-
phology of the porous medium

To relate the motion of the droplets to the morphology of the porous medium,
we prepare a time evolved map of an image slice using what we term a “fluc-
tuation update protocol”. Initially, the intensity value of all pixels is set to
zero in the map. As the displacement progresses, the value of unity is added
to each pixel’s intensity each time its fluid content fluctuates, from oil to glyc-
erol or vice versa (Supplemental Material, Movie S5). Thus, the intensity of
the pixels is proportional to the number of fluctuations it undergoes. Figure
3.14 (a) shows a color coded map of the resulting intensity of a representative
2-D slice of the plug. The intensity in the map is non-uniform and positions
of pixels with large fluctuations are spatially correlated. These regions are
paths which provide least hydraulic impedance to the droplet motion. Fig-
ure 3.14 (b) shows a 3-D rendered image of regions where the fluctuation
update protocol scores high (i.e. large occupancy fluctuations). These are
also regions of high permeability and they spatially coincide with the region
through which the leading front of the stable viscous finger grows (see Fig.
3.14(c)). Note that Fig. 3.14 (b) and (c) depict same region of a given plug.
This observation highlights the role played by permeability heterogeneities
in the formation of viscous finger in a porous medium.

3.3.6 Effect of wettability

Figure 3.15 (a) shows the fraction of net volume accounted by droplets with
volume less than the maximum single pore volume Vp in the medium which
is ∼ 0.4V0 for drainage (circles) and imbibition (squares). It was consistently
higher for drainage than imbibition and increased with increasing flow rates
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Figure 3.14: (a) A color coded plot showing the result of the fluctuation update
protocol applied to a representative 2D image slice. (b) A 3-D rendered image
showing regions of large occupancy fluctuations for Q = 3.1V0/s. (c) A 3D ren-
dered image of the leading edge of a viscous finger obtained for Q = 1.7V0/s.

implying that wettability significantly affected the overall morphology of the
displacing fluid. The increase in fragmentation with increase in flow velocity
is in agreement with earlier qualitative studies [15].

(b)

Q(V
0
/s)

Flat

Droplet
Finger

(b)(a)

Figure 3.15: (a) Fraction of total volume of oil accounted by droplets with volume
less than 0.4V0 for drainage (circles) and imbibition (squares) as a function of flow
rate. (b) Saturation given by fraction of pore space occupied by oil for drainage
(circles) and imbibition (triangles).

All three types of interfaces, namely, flat, fingered and droplets appear for
both drainage and imbibition. The macroscopic property of saturation, given
by the fraction of pore space occupied by the displacing fluid, characterizes
the efficiency of the displacement process. The saturation of displacing fluid,
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Soil, computed from the images is shown in Figure 3.15 (b) for drainage
(circles) and imbibition (triangles) for t >> Tb. The saturation progres-
sively reduces as the moving interface becomes more structured. However,
there was no significant difference in the saturation between drainage and
imbibition probably due to high capillary numbers used.

3.3.7 Role of geometric disorder

Fragmentation was found to be enhanced in the bi-disperse porous media
made by packing of 1mm and 3mm spheres. Figure 3.16 (a)-(c) shows oil in
a bi-disperse plug made up of random close packed 3mm and 1mm spheres
mixed in 55:45 ratio by weight at various flow rates. The fraction of volume
accounted by droplets with volume less than 0.4V0 was found to be higher
for bi-disperse plug as compared to mono-disperse one at similar flow rates
(see Fig. 3.16 (d)). This implies that the break-up process was significantly
affected by the geometry of the medium.

(a) (b) (c)

(d)

Figure 3.16: Volume rendered images of oil in the bi-disperse plug with 45:55 ratio
by weight of 1mm and 3mm spheres for drainage with flow rates (a) 2.5V0/s (b)
4.39V0/s and (c) 8.46V0/s. (d) The fraction of total volume accounted by droplets
with volume less than 0.4V0 for the bi-disperse plug (circles) and mono-disperse
plug (3mm spheres) (squares).

3.4 Conclusion

In conclusion, the three-dimensional video images of an immiscible two-fluid
interface in real time in a model porous medium captures the remarkable
changes in the structure of the front and its time evolution across the dy-
namical crossover between a compact viscous finger at low flow velocities and
a droplet phase at high velocities. The images reveal that the destabiliza-
tion of the viscous finger and the resulting reorganization of the interface
happens due to two co-occurring elementary pore-scale processes : break-up
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and coalescence of the moving fluid fronts. This simple yet powerful imaging
method can be readily utilized for further studies such as systems of mixed
wettability as well as the capillary fingering instability. Statistical analyses
of the images of the flow structure presented here help in establishing a basis
for developing the long-sought fundamental and predictive understanding of
the immiscible displacement of fluids in random porous media.
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4
Transport measurements in an
inhomogeneous porous media

4.1 Introduction

The last chapter focussed on imaging of two-fluid interfaces in porous media
mainly for the viscous fingering regime. Ideally, we would like to corroborate
transport measurements of volume flow rate- pressure difference (Q − ∆P)
characteristics with imaging. But due to large sizes of spheres used in the
imaging experiments, the dynamic range of the transport quantities accessed
becomes small. Also, the systems used in the imaging experiments were ho-
mogeneous in terms of wettability. This chapter presents results on (Q−∆P)
characteristics in the capillary fingering regime. Capillary fingering regime
involves displacement of a less viscous fluid by a more viscous one at applied
pressures comparable or lower than capillary pore-scale entry pressures. Even
though the two-fluid interface is hydrodynamically stable it becomes macro-
scopically fingered due to the randomness in the capillary entry pressures
in the medium. The capillary entry pressure of a pore body is given by
Pb = 2γcos(θ)/r where γ is the two fluid surface tension, θ is the contact
angle between the fluid and the solid matrix, and r is the radius of the pore
body. Therefore, heterogeneity in capillary entry pressure across the medium
can arise from variations in the wettability which affects the contact angle θ
and that in the size of the pore bodies. We have studied two model systems
which have heterogenous capillary entry pressures. The two porous media are
(1) a plug made by mixing poly-disperse hydrophobic and hydrophillic sand
grains in known fractions and (2) a plug made by mixing hydrophobic glass
spheres of two different sizes in known fractions. While the former involves
predominantly heterogeneity in wettability the latter involves heterogeneity
in permeability.
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4.2 Experimental details

The porous plug is made out of a cylinder of length L = 6cm and area of cross
section A = 1.54cm2. Glass spheres and sand grains were made hydrophobic
by silanization protocol described in section 3.1 so that the contact angle
with water was about 900. Sand grains were poly-disperse with diameter
150− 200µm. Glass spheres with two different diameters of 100± 20µm and
500± 10µm were used. Care was taken to ensure uniform and homogenous
mixing of the particles, especially in the case of bi-disperse packing where
Brazil nut like effect could cause phase separation [126]. Water was forced
through the plug in a horizontal geometry at a controlled pressure to displace
air. The resulting volumetric flow rate of water was measured at each pressure
for both pressure increasing and decreasing cycles.

4.3 Flow characteristics of inhomogeneous wet-

table porous media

The inhomogeneity in the porous medium was controlled by changing the
volume fraction of conventional water-wetting sand grains, ϕ, and that of
silanized non-wetting ones (1-ϕ). Thus, ϕ = 0 and 1 yield the two extreme
cases of drainage and imbibition, respectively; the non-wetting fluid displaces
the wetting fluid in the former case and its converse in the latter where
the geometry and connectivity of the pore-space are expected to become
significant.

Ignoring the effects of surfaces and interfaces, the bulk volume flow of a
single fluid in a porous medium is given by Darcy’s law:

Q = (KeffA/η).(∆P/L) (4.1)

where Q, Keff , η and ∆P are the volume flow rate, the effective permeability
of the medium, viscosity of the fluid and the pressure difference across the
system which is assumed to be a cylinder of length L and cross-sectional area
A, without any end effects. The permeability Keff for a single capillary of
radius R is equal to R2/8 (see section 1.2.1.2). However, this simple equation
does not hold in many cases in common porous media such as sedimentary
rocks because of two interlinked but distinct reasons. First, the simplest and
linear version of Darcy’s law ignores the capillary effects due to the interface
between the two fluids in the experiments that gives rise to nonlinearity in the
(Q−∆P) relationship and second, the experimental results are strongly hys-
teretic: they depend on whether the wetting fluid displaces the non-wetting
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fluid, known as imbibition, or its converse, known as drainage. Equation
4.1, which describes fluid transport in “equilibrium”, cannot account for any
history dependence. In what follows, we continue to use Eq. 4.1 and all
departures in the data from a simple linear and reversible Darcy’s law are
subsumed in Keff.

Figure 4.1 (a) shows the (Q − ∆P) curves for the two extreme cases of
imbibition and drainage for ϕ = 1 and 0. Not surprisingly, for the former
case (curve A) one obtains a linear and reversible (Q − ∆P) curve that is
consistent with the Darcy’s law with the sample parameters of A = 1.54cm2,
L = 6cm, η ∼ 1mPas and the measured slope of (0.04cm3sec−1KPa−1) to
yield a value of permeability K ∼ 15× 10−8cm2. Assuming a single effective-
capillary approximation, i.e., K =< R2 > /8, we get a root-mean-square
radius R =< R2 >1/2∼ 10µm. In this experiment only the water flow is
measured and we assume that there is no trapping of air; thus K measured
here represents the relative permeability of water alone.

(a) (b)

A

B

C

∆Pc

Figure 4.1: (a) Q−∆P curves for ϕ = 0 (red stars) and ϕ = 1 (black circles). (b)
Keff computed using Eq. 4.1 as a function of ∆P for ϕ = 0 (stars) and ϕ = 1
(circles).

The drainage case (curve B) for a bead pack with only silanized sand
grains shows an entirely different qualitative behavior. The onset of flow
occurs at a finite threshold value of ∆P and then increases steeply with
increasing ∆P. This kind of a curve, anticipated earlier for drainage [55, 87,
127], bears no resemblance to a Darcy flow: there is a threshold pressure for
the onset of flow, marked ∆Pc in the Fig. 4.1 (a). One expects that this
is caused by capillary effects, i.e., the applied pressure needs to overcome
the threshold pressure for flow which is simply an effective Laplace pressure,
given by ∆Pc = −2γCos(θ)/ < R > where γ is the surface tension, θ is a
contact angle and R is a typical radius of an effective capillary. The observed
pressure threshold of 4KPa yields an effective < R > of 5µm. The closeness of
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the effective capillary radius from the two curves of imbibition and drainage
suggests that a single parameter representation of the pore-space for a mono-
disperse bead packs is a reasonable approximation. Such a behavior could
be attributed to an equation of the form:

Q = (KA/η).[(∆P − ∆Pc)/L] (4.2)

At first glance, such an equation appears to describe the data in Curve B but
our experiments show clearly that it does not. For example, on the pressure
decreasing cycle (Curve C), the behavior departs totally from curve B, i.e.,
the data taken while the pressure is increased. The volume flow rate Q not
only becomes hysteretic but also decreases linearly, going through the origin
like a typical Darcy curve of a wetting fluid as in curve A of Figure 1 but
with a different (and smaller)slope. Subsequently, curve C remains the stable
curve through repeated increase and decrease of ∆P. In other words, the
system shows capillary hysteresis not only between imbibition and drainage
as has been known for a long time but on a drainage curve itself, depending
on the history of pressure applied.

As stated above, we parameterize the observed behavior through a single
parameter Keff which is obviously no longer a constant. Keff extracted from
Fig 4.1 (a) is shown in Fig 4.1 (b). Curve A shows a fixed Keff, independent of
pressure, typical of an ideal Darcy flow. Curve B shows an onset of finite Keff
at the critical pressure ∆Pc which grows gradually for ∆P > ∆Pc The curve
C, on the other hand, shows a constant Keff on the pressure- decreasing part
of the curve but the constant is smaller than that of curve A. This implies
that entire pore-space has not been invaded by water at the accesses pressures
and air is trapped inside the medium.

In order to elucidate this highly anomalous behavior, we followed the
following protocol and the results are shown for the case of drainage as shown
in Figure 4.2(a) for a plug with ϕ = 0. (1) The pressure was increased in up
to P1 in steps until a measurable flow rate was observed. (2) Subsequently,
∆P was decreased from P1 to 0 and the hysteretic linear Darcy curve was
obtained. (3) ∆P was increased up to P1 and the stably reversible linear
curve was reproduced. (4) ∆P is then increased in steps up to P2 which
showed a steeper increase in Q than a linear extrapolation of curve in step
4. (5) On reversing ∆P from P2, a new linear Darcy curve going through
the origin is now obtained as in Step 2 but with a higher slope. (6) On
retracing step 3, an analogous stable reversible curve was obtained. Figure
4.2(b) shows the hysteresis curves seen here in terms of the hysteresis in the
effective permeability Keff. Various minor curves where pressure was reversed
from P1, P2, P3 etc yield a horizontal line for the return path resulting in
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increasingly higher Keff, K1, K2, K3 etc. In other words, at each pressure
step a fully reversible Darcy flow is established only on the reverse branch
and new branches can be accessed only by increasing pressure beyond the
maximum value it was previously raised to.

(a) (b)

Figure 4.2: Minor hysteresis loops in (a) Q−∆P and (b) Keff. (see text for details)

These results are reminiscent of the minor hysteresis loops in the mag-
netization hysteresis in ferromagnetic systems. In what follows, we provide
an explanation of the phenomena in terms of a capillary hysteresis in the
position and motion of the water-air interface. We start with a uniformly
hydrophobic (i.e., a uniform surface tension) capillary with three sections of
radii R1, R2 and R3, R3 < R1 < R2, as shown schematically in Figure 4.3(a).
The water-air interface in stable equilibrium is shown by the solid line with
a stable contact angle at the boundary between R1 and R2 regions. The
equation of motion is given by:

∆P + 2γCos[θ(∆P)]/R = ηVL/R2 (4.3)

For static equilibrium, the velocity V is identically zero and thus the equi-
librium condition yields: ∆P = −2γCos(θ[∆P])/R. Here, θ is the de-
formable contact angle which is also a function of the applied pressure. As
the driving pressure is increased, the interface deforms in order to maintain
static equilibrium, with θ(∆P) increasing up to a maximum possible value of
π[Cos(θ) = −1] at which point the interface is a hemisphere and ∆P = 2γ/R.
Since |Cos(θ)| decreases as θ exceeds π, any further increase in ∆P leads to
a dynamical instability. Thus this interface shown by the dashed line must
attempt to move out to infinity. If it moves to a new capillary R2 > R1, then
it cannot arrest the instability. This progression is forestalled only by a nar-
rower cross-section, i.e., smaller R as in R3 < R1 so that θ readjusts to a value
less than π and static equilibrium is reestablished again. Upon further in-
crease in ∆P, the interface becomes unstable again when the same condition
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is met for an even narrower capillary and the same process continues until
the interface escapes from the porous plug altogether and a sample-spanning
percolation path is opened up at a threshold value of ∆P = ∆Pc = 2γ/Rmin,
where Rmin is the smallest radius, i.e, the narrowest constriction along the
path. Once the flow is established, it is given by Eq. 4.3 with the second
term absent, i.e., ∆P = ηVL/R2 , which is the standard linear Darcy-flow
with one significant modification. The effective permeability Keff is lower
than the fully hydrophilic case due to the smaller volume fraction occupied
by the flowing fluid (i.e., the fluid saturation level Sw) and a smaller effec-
tive cross-sectional area than the fully-saturated medium for imbibition as in
Curve A in Figure 4.1(b). This flow would continue with decreasing pressure
until the interface can reenter and re-establish itself in the capillary. This
is controlled by the contact angle hysteresis and will not happen until the
applied pressure is negative, i.e., the interface is sucked back into the porous
medium. Clearly, this scenario is precisely that of a percolation process and
thus the onset of water flow for the case of drainage is marked by a perco-
lation transition at a finite applied pressure ∆Pc in full agreement with the
theoretical scenario proposed by deGennes and Guyon [23]. This Pc is iden-
tically zero for ϕ = 0, the hydrophilic case where the system spanning path
is formed at zero applied pressure due to the acute contact angle θ < π/2. In

R
1

R2
R3

θ1

θ = π

θ2

(a)

(b)

Figure 4.3: (a) Schematic of a constricted tube. (b) Keff as a function of ∆P for
ϕ = 0. The curved line is Keff = 0.47 ∗ ((∆P/∆Pc) − 1)t with Pc = 2KPa and
t = 1.87.

Figure 4.3(b) we have plotted the pressure dependence of Keff (proportional
to Q/∆P) for ϕ = 0, the purely drainage case. Keff grows rapidly from
zero at the percolation pressure of ∆Pc. Physically this growth is simply the
proliferation of flow networks that are tributaries to the first sample span-
ning path at the percolation transition. In analogy with invasion percolation
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model [83], we expect that Keff ∼ ((∆P/∆Pc) − 1)t where t is the critical
exponent for conductivity in the percolation model (see Appendix C). The
data is insufficient to warrant an accurate evaluation of the exponent. How-
ever, in a narrow region near ∆Pc it fits well with the theoretically expected
value of t = 1.87 for three dimensional random networks [128].

(a) (b) (c)

Figure 4.4: Q − ∆P curves for (a) ϕ = 0.1, (b) ϕ = 0.5 and (c) ϕ = 0.9. In each
of the curves, the pressure increasing and decreasing cycles are shown with black
circles and red circles respectively.

We now discuss the crossover between the two extreme cases of drainage
and imbibition. Figure 4.4(a)-(c) shows a series of flow curves for increasing
values of ϕ, in each case the pressure-reversed curve is also shown in order to
establish the extent of hysteresis marked in light blue. The area of hysteresis
loops shrinks and threshold pressure decreases with increase in ϕ. Further,
Keff/Kterm shown in Fig. 4.5(a) evolves continuously from a variation of
the form ((∆P/∆Pc) − 1)t to being independent of ∆P where Kterm is the
asymptotic value of Keff measured at the largest ∆P. Figure 4.5(b) shows

(a) (b)

Figure 4.5: (a) Keff/Kterm as a function of ∆P for ϕ = 0.2 (closed circles), ϕ = 0.4
(stars), ϕ = 0.5 (triangles), ϕ = 0.7 (diamonds), ϕ = 0.8 (squares) and ϕ = 0.9
(open circles). (b) Kterm as a function of ϕ.

Kterm as a function of ϕ. Two aspects of this plot are noteworthy. First,
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Kterm is independent of ϕ for ϕ 6 0.9. A nearly constant value of Kterm
implies that for all ϕ < 1, the connate volume of air, i.e., the net volume
of air which the water could not displace out of the medium is the same.
Second, Kterm corresponding to ϕ = 1 is 1.5 times larger than the constant
value corresponding to ϕ 6 0.9. That is, even for volume fractions as low as
10% of hydrophobic sand grains, Kterm drops significantly.

(a) (b)

∆

Figure 4.6: (a) ∆Pc as a function of ϕ. (b) Keff/Kterm as a function of (∆P −
∆Pc)/∆Pc for ϕ = 0 (open diamonds), ϕ = 0.1 (closed diamonds), ϕ = 0.2 (open
circles), ϕ = 0.3 (closed circles), ϕ = 0.4 (open stars), ϕ = 0.5 (closed stars),
ϕ = 0.6 (open squares), ϕ = 0.7 (closed squares) and ϕ = 0.8 (open triangles).
Solid line is the equation y = 3× x1.87.

We plot the variation of the threshold pressure ∆Pc as a function of ϕ
in Fig. 4.6 (a). Note that the threshold pressure is a difficult quantity to
establish accurately as is known for all analogous cases such as the critical
current in the vortex phases of superconductors and depends sensitively on
the criterion of evaluation. A large decrease in ∆Pc occurs between ϕ = 0.3
and 0.7, marking the appearance of a water-wet infinite cluster. Note that
the percolation threshold for site percolation in three dimensional random
close packing is ϕc ∼ 0.27 [16]. We expect that at these concentrations,
sample-spanning paths consisting only of hydrophilic beads will form which
will imbibe the water and flow will occur at the smallest of pressures through
the hydrophilic channels. Thus in addition to the pressure induced percola-
tion for drainage, in the case of a crossover from drainage-to-imbibition, one
observes a second type of percolation as a function of ϕ, the volume frac-
tion of hydrophilic particles, also consistent with the predictions of deGennes
and Guyon [23]. Finally, Keff/Kterm for various ϕ are plotted against the
rescaled variable (∆P−∆Pc)/∆Pc in Fig. 4.6 (b). The data collapses onto a
single curve.
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4.4 Flow characteristics of inhomogeneous per-

meable porous media

Figure 4.7 (a) shows Q−∆P curves of pressure increasing cycles for a porous
plug made by packing varying volume fractions of hydrophobic glass spheres
of diameters equal to 500µm and 100µm . Note that both the spheres are
hydrophobic. Therefore, heterogeneity in the capillary entry pressure is now
controlled purely by the geometrical sizes of the pores. The onset of flow
occurs at a finite threshold pressure ∆Pc for all the plugs. As the volume
fraction ϕs of smaller sized spheres is increased, the threshold pressure ∆Pc
increases and the slope of the curves decreases. The monotonic decrease in
the slope of the curves is due to the increase in number of pore bodies with
narrower constrictions resulting in an increase in geometric impedance to
the flow and a consequent decrease in permeability. Figure 4.7 (b) shows
Keff/Kterm for various ϕs as a function of (∆P − ∆Pc)/∆Pc. The data in
this case also collapses into a single curve.

(a) (b)

Figure 4.7: (a) Q − ∆P curves for ϕs = 1 (open diamonds), ϕs = 0.6 (open
squares), ϕs = 0.5 (closed squares), ϕs = 0.4 (closed triangles), ϕs = 0.3 (open
circles), ϕs = 0.2 (open stars), ϕs = 0.1 (closed circles) and ϕs = 0 (closed stars).
(b) Keff/Kterm as a function of (∆P − ∆Pc)/∆Pc for ϕs = 1 (open diamonds),
ϕs = 0.6 (open squares), ϕs = 0.5 (open stars), ϕs = 0.4 (open circles), ϕs = 0.3
(open triangles), ϕs = 0.2 (closed circles), ϕs = 0.1 (closed squares) and ϕs = 0
(closed stars). Solid line is the equation y = 3× x1.87.

Figure. 4.8(a) and (b) show threshold pressure ∆Pc and Kterm as a
function of ϕs, respectively. The variation of ∆Pc with ϕs indicates that
again the flow is percolation dominated. That is, the initial breakthrough of
water across the plug occurs through a connected path all along which the
capillary entry pressures are lower than the applied pressure. ∆Pc shows a
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drop in the range ϕs = 0.3 and ϕs = 0.7 due to the existence of system
spanning paths formed by larger spheres which form pore bodies with lower
capillary entry pressures. Carman-Kozeny [53] is an empirical equation which
relates permeability of a porous medium made by packing spherical particles
of diameter d to its porosity ϵ through the relation, K = ϵ3d2/(180(1−ϵ)2).
This relation holds only for mono-disperse bead packs. Therefore, it can
only be used to compare Kterm in the limiting cases of ϕs = 0 and ϕs = 1
where porosity is the same corresponding to the random close packing value
of 0.36. The ratio of Kterm at ϕs = 0 and ϕs = 1 was found to be 18
which is close the ratio of the square of the particle diameters which has the
value 25. In order to understand the variation of Kterm in the intermediate
values of ϕs, an estimate of the variation of ϵ with ϕs will be required. The
variation of ϵ as a function of ϕs is expected to be non-monotonic. As ϕs
increases, initially the porosity decreases because smaller particles occupy the
pore bodies formed by the larger particles. But when ϕs exceeds a critical
value the porosity starts to increase again because in the limiting case of
ϕs = 1 the porosity will again be equal to that of ϕs = 0.

(a) (b)

(K
P
a
)

∆

Figure 4.8: (a) Threshold pressure ∆Pc as a function of ϕs, volume fraction of
100µm spheres. Solid line is a guide to the eye. (b) Kterm as a function of ϕs.
Solid line is a guide to the eye.

4.5 Conclusion

In conclusion, we have characterized immiscible fluid displacement in in-
homogeneous wettable and inhomogeneous permeable model porous media
through a volume flow rate-pressure gradient (Q − ∆P) transport measure-
ment. For the inhomogeneous wettable porous media, as the volume fraction
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of the hydrophilic grains is increased, a crossover from drainage to imbibi-
tion is observed. We show that for imbibition, the volume flow rate-pressure
difference (Q−∆P) curves are linear, obeying Darcy’s law; but for drainage
the curves are strongly nonlinear and hysteretic with a threshold effect due
to a pressure-driven percolation transition, but only on the virgin pressure-
increasing cycle. On all subsequent pressure cycling, the data show a stable
and reversible Darcy behavior. A rapid drop in the degree of hysteresis and
the threshold pressure is observed when the volume fraction of hydrophilic
sand grains exceeds the percolation threshold for site/bond percolation in
three dimensions. For the case of inhomogeneous permeable porous me-
dia, pressure driven percolation transition given by the onset of flow exists.
Furthermore, the threshold pressure drops rapidly with increasing volume
fraction of the larger sized spheres. Similar data collapse of rescaled perme-
ability against the rescaled pressure implies that the underlying physics of
capillary fingering governing the displacement process is the same whether
the medium is inhomogeneous in wettability or in permeability.
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5
Conclusion

We have presented studies of problems of interfaces in disordered media,
namely, motion of a two-fluid interface in a porous medium and adhesion of
a sphere to a plate. A summary highlighting the key original aspects of this
work is as follows:

• We conceptualized adhesion as a process which results in loss of mo-
bility and hence could draw analogies with a broad class of problems
that involve loss of mobility such as glass transition in viscous liq-
uids, jamming of granular systems and pinning of disordered elastic
media. We modeled adhesion as a rheological property of a stress cou-
pling medium between the two adhering objects. We developed micro-
rheological tools to quantify the complex rheological response function
by the relative strengths of its real (elastic) and imaginary (viscous)
components. The time dependence of the response functions were used
in a Nyquist analysis, for the first time to our knowledge which il-
lustrated the stepwise descent into the deepest free energy minimum
through intermediate metastable states: a phenomenon more generally
known as punctuated equilibrium.

• We developed a new experimental technique to perform real time three-
dimensional imaging of two-fluid interfaces in porous media. Using
this technique, we investigated the destabilization of viscous fingers
into droplets. This destabilization is not a well-studied problem and
our data has provided some of the relevant information through novel
image processing protocols that we have developed for the first time.
They have allowed us to characterize the complex dynamics in ways
not so far available in literature.

• We showed that the volume flow rate-pressure difference (Q − ∆P)
curves were strongly nonlinear and hysteretic with a threshold effect
due to a pressure-driven percolation transition in an inhomogeneous
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wettable porous media. A rapid drop in the degree of hysteresis and
the threshold pressure was observed when the volume fraction of hy-
drophillic particles exceeded the percolation threshold for site/bond
percolation in three dimensions.

• In both problems, the experimentally observed phenomena were dis-
cussed in a common framework of “dynamical phase diagrams” where
the control parameters included the strength of an externally applied
drive as a function of which the system evolved from one “phase” to
another.

We now outline possible experiments which may extend or shed new light
on the work presented in the thesis. They are as follows:

• Study of adhesion of colloidal particles whose surface is grafted with
polymers. Surface density of the polymers on the colloidal particle
should be systematically varied to see the transition of the system from
few degrees of freedom to many. Also, tagging the polymers with flu-
orescent dyes will make it possible to visualize attachment events of
the polymer to the plate using techniques like total internal reflection
microscopy.

• Study of unsticking or peeling by levitating an initially stuck particle
using a strong optical trap. The phenomena of hysteresis in adhesion
may be explored by allowing the pulled particle to stick again to the
plate.

• Development of a technique to measure the height of a trapped particle
relative to the plate. A possible candidate is the technique of fringes
of equal chromatic order used in surface force apparatus.

• Use of X-ray tomography to be able to perform both transport and
imaging experiments in the same flow regime in optically non-transparent
porous media.
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A
Implementation of fast digital

holography using graphic processing
units

A.1 Parallel computing on a graphic process-

ing unit (GPU)

Conventionally, vast majority of software applications were sequential pro-
grams which were executed on the central processing unit (CPU) of the
computer. With each new generations of microprocessors, these ran faster.
However, continued improvement in hardware performance has slowed down.
Therefore, there has been a shift among the software developers towards
parallel programming in which multiple threads of execution cooperate to
complete the work faster.

In 2007, a new programming environment, similar to C/C++, called
CUDA (Compute Unified Device Architecture) was released by NVIDIA to
perform parallel computing on GPU’s manufactured by them [129]. This
software advancement was also accompanied by a hardware change in the
form of a separate general purpose parallel programming interface on the
silicon chips of GPU, dedicated for serving the requests of CUDA programs.

A GPU basically has a set of multiprocessors and dynamic random access
memory (DRAM). The DRAM, holding the input data for computation, for
a G80 chip is 4Gb in size and has a bandwidth of 86.4 Gb/sec. This DRAM,
also called global memory, has a communication bandwidth of 8 Gb/sec with
CPU of the computer. The G80 chip has 16 streaming multiprocessors each
of which can execute 768 threads in parallel.

CUDA is designed in such a way that sequential parts of the program
are executed on the CPU (host) and parallel ones on the GPU (device).
The unified source code encompasses both host and device codes which are
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separated by the NVIDIA compiler (nvcc) during compilation. The device
code consists of functions called kernels which perform parallel computing. A
kernel typically generates a large number of threads each of which executes
same instruction/operation on a part of a large data set. All the threads
generated by the kernel have the access to the same global memory containing
the complete input data set. Execution of a CUDA program begins with the
execution of host code on CPU.When a kernel is invoked/launched, execution
is moved to GPU where a large number of threads are generated. All the
threads that are generated by a kernel during an invocation are collectively
called a grid. When all threads of a kernel complete their execution, the
corresponding grid terminates, and the execution is moved back to the host
until another kernel is invoked.

A typical CUDA program has five steps. (1) Allocation of device mem-
ory for input data using cudaMalloc function. (2) Copying of raw input
data from host to allocated device memory locations using cudaMem-
cpy function. (3) Invoking kernel for parallel computation on GPU using
<<< ... >>> syntax. (4) Copying the result of computation from device to
host using cudaMemcpy function (5) Cleaning of the device memory using
cudaFree function.

Declaration of kernel is similar to a C function with the addition of few
keywords. It is defined using the global declaration specifier. The key-
word “global” specifies that the function is executed on device and is callable
from the host only. The kernels can access a set of predefined variables that
allow each thread to distinguish among themselves and to determine the area
of the data each thread is to work on. It is the programmer’s responsibility
to use these variables in kernel functions so that the threads can properly
identify the portion of the data to process. These predefined variables or-
ganizes threads into a hierarchical structure. Each thread has a coordinate
given by threadIdx.x, threadIdx.y and threadIdx.z. A fixed number
of threads make up a block. Each block has a unique coordinate given by
blockIdx.x and blockIdx.y. Finally, a number of blocks make up a grid.
Note, that all the blocks in the grid have the same number of threads. Thread
blocks are required to execute independently. It must be possible to execute
them in any order. This independence requirement allows thread blocks to
be scheduled in any order across any number of multiprocessor cores, en-
abling programmers to write code that scales with the number of cores. The
following example illustrates the concepts mentioned above.

// Kernel definition for addition of two dimensional matrices

__global__void MatAdd (float A[N][N], float B[N][N], float C[N][N])

{
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int i = blockIdx.x * blockDim.x + threadIdx.x;

int j = blockIdx.y * blockDim.y + threadIdx.y;

if (i < N && j < N)

C[i][j] = A[i][j] + B[i][j];

}

int main()

{ ...

// Kernel invocation

dim3 threadsPerBlock(16, 16);

dim3 numBlocks(N / threadsPerBlock.x, N / threadsPerBlock.y);

MatAdd<<<numBlocks, threadsPerBlock>>>(A, B, C);

}

The total number of blocks in the grid is given by product of the two argu-
ments in the numBlocks variable. For simplicity, this example assumes that
the number of threads per grid in each dimension(N)is evenly divisible by the
number of threads per block in that dimension, although that need not be
the case. The function execution command implies that it is executed num-
Blocks times in parallel by threadsPerBlock number of different CUDA
threads.

Ultimate limitation to speed-up achieved with GPU is the long access la-
tencies and finite access bandwidth of DRAM global memory. To circumvent
this problem, CUDA defines registers, shared memory and constant memory
that can be accessed at higher speed and in more parallel manner than the
global memory. Such advanced performance enhancing options were not used
in our code for the holographic reconstruction.

A.2 Implementation of numerical code for re-

construction

We have used GeForce 8600 card as a GPU. The CUDA program was imple-
mented in Microsoft Visual C++ environment. The source code was given
the extension ‘.cu’. The code is :

#include "stdafx.h"

#include <stdio.h>

#include <cuda.h>

#include<cutil_inline.h>

#include<cutil.h>

#include<windows.h>

107



#include "cv.h"

#include "highgui.h"

#include "cxcore.h"

#include<stdlib.h>

#include<string.h>

#include<math.h>

#include<cufft.h>

typedef float2 Complex;

typedef struct {

int x;

int y;

} Coordinate;

// input image =in_image

int w=512;

int h=512;

int rows = 512;

int cols = 512;

float *data=(float*)malloc(640*480*sizeof(float));

float *data1=(float*)malloc(512*512*sizeof(float));

float * out_reconstimage = (float*)malloc(w*h*sizeof(float));

float temp7;

unsigned int memSize = ( cols * rows ) * sizeof( Complex );

//Allocate host memory for the input image complex array and

//output image complex array

Complex *pImage = ( Complex * ) malloc( memSize );

Complex *o_reconst = ( Complex * ) malloc( memSize );

__global__ void complexmul(Complex *a, Complex *b,Complex *c)

{

int i = blockIdx.x * blockDim.x + threadIdx.x;

if(i<512*512)

{

c[i].x=(a[i].x*b[i].x)-(a[i].y*b[i].y);

c[i].y= (a[i].x*b[i].y)+(a[i].y*b[i].x);

}
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}

__global__ void ampi(Complex *a,float *c)

{

int i = blockIdx.x * blockDim.x + threadIdx.x;

if(i<512*512)

{

c[i]=(a[i].x*a[i].x)+(a[i].y*a[i].y);

}

}

__global__ void termcalc(float *a,float d)

{

//everything in units of microns(10^-6)

float delx=0.5;

float dely=0.5;

int w=512;

int h=512;

int idx=(blockIdx.x * blockDim.x) + threadIdx.x;

int m=blockIdx.x;

int n=threadIdx.x;

a[idx]=sqrt((d*d)+((m+1-w/2)*delx*(m+1-w/2)*delx)+((n+1-h/2)*dely*(n+1-h/2)*dely));

}

__global__ void impulse(Complex *a,float*b)

{

float lamb=0.632f;

float PI= 3.14159265f;

int j=(blockIdx.x * blockDim.x) + threadIdx.x;

a[j].x=sin(b[j]*2*PI/lamb)/(lamb*b[j]);

a[j].y=-cos(b[j]*2*PI/lamb)/(lamb*b[j]);

}

float z_digi_focus(float I_new[512][512],int cntr_x, int cntr_y)

{

float intensity=0;

for (int i4=-2;i4<=2;i4++)
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{ for (int j4=-2;j4<=2;j4++)

{

intensity=intensity+I_new[cntr_x+i4][cntr_y+j4];

}

}

return(intensity);

}

float g[512][512];

Coordinate reconst(float I_new[512][512],float d,int f) //f is frame no

{

Coordinate cntr;

int i,j,i1,i2,j1,j2;

cufftHandle plan;

cufftResult str;

// Allocate device memory for input signal

Complex *d_pImage;

Complex *d_impulse;

Complex *d_multtemp;

float * out_reconstgpu;

float* term_d;

CUDA_SAFE_CALL(cudaMalloc((void **)&d_pImage, memSize));

CUDA_SAFE_CALL(cudaMalloc((void **)&d_impulse, memSize));

CUDA_SAFE_CALL(cudaMalloc((void **)&d_multtemp, memSize));

CUDA_SAFE_CALL(cudaMalloc((void **)&out_reconstgpu, (cols*rows)*sizeof(float)));

CUDA_SAFE_CALL(cudaMalloc((void **)&term_d, (cols*rows)*sizeof(float)));

// Copy host memory to device

CUDA_SAFE_CALL (cudaMemcpy(d_pImage,pImage,memSize,cudaMemcpyHostToDevice));

//Perform FFT on the image and the impulse function

CUFFT_SAFE_CALL(cufftPlan2d(&plan,rows,cols,CUFFT_C2C));

CUFFT_SAFE_CALL(str=cufftExecC2C(plan,(cufftComplex*)d_pImage,

(cufftComplex*)d_pImage,CUFFT_FORWARD));
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if (str != CUFFT_SUCCESS)

printf("Unsuccesful fft 1\n");

//Calculate the impulse function for a given d

dim3 dimBlock(512,1);

dim3 dimGrid(512,1);

termcalc<<<dimGrid, dimBlock>>>(term_d,d);

impulse<<<dimGrid, dimBlock>>>(d_impulse,term_d);

CUFFT_SAFE_CALL(str=cufftExecC2C(plan,(cufftComplex*)d_impulse,

(cufftComplex*)d_impulse,CUFFT_FORWARD));

if (str != CUFFT_SUCCESS)

printf("Unsuccesful fft 2\n");

//Multiply the results of two previous FFTs and store it in d_multtemp

complexmul<<<dimGrid, dimBlock>>>(d_pImage,d_impulse,d_multtemp);

// Take inverse FFT of the previous result

CUFFT_SAFE_CALL(str=cufftExecC2C(plan,(cufftComplex*)d_multtemp,

(cufftComplex*)d_multtemp,CUFFT_INVERSE));

if (str != CUFFT_SUCCESS)

printf("Unsuccesful ifft \n");

// Calculate the amplitude of the iFFT result

ampi<<<dimGrid, dimBlock>>>(d_multtemp,out_reconstgpu);

CUDA_SAFE_CALL(cudaMemcpy(out_reconstimage,out_reconstgpu,

(cols*rows)*sizeof(float),cudaMemcpyDeviceToHost));

//Coordinate manipulation

for ( j=0;j<w;j++)

{

for ( i=0;i<h;i++)

g[i][j]= out_reconstimage[j*512+i];

}

for( i1=0;i1<w/2;i1++)

{

for ( j1=0;j1<w/2;j1++)
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{

I_new[i1+w/2][j1+w/2]=g[i1][j1];

I_new[i1][j1]=g[i1+w/2][j1+w/2];

}

}

for (i2=w/2;i2<w;i2++)

{

for ( j2=0;j2<w/2;j2++)

{

I_new[i2-w/2][j2+w/2]=g[i2][j2];

I_new[i2][j2]=g[i2-w/2][j2+w/2];

}

}

temp7=I_new[0][0];

for ( j=0;j<w;j++)

{

for ( i=0;i<h;i++)

{

if(I_new[i][j]>temp7)

{

temp7=I_new[i][j];

cntr.x=i;cntr.y=j;

}

}

}

// End FFT

cufftDestroy(plan);

//Cleanup

cudaFree(d_pImage);

cudaFree(d_impulse);

cudaFree(d_multtemp);

cudaFree(out_reconstgpu);

cudaFree(term_d);

return(cntr);

}
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//Main program

float I_new1[512][512];float ar[640][480];float par[512][512];

int main(void)

{

float d=680;int cntr_x;

int cntr_y; float inten;

Coordinate ret1;

unsigned int k;

unsigned int imgSize =cols*rows;

FILE *fp;

fp=fopen("openm1.txt", "wb");

int fr_no=1;

char str1[100],str3[100];

strcpy(str3,"m");

char buffer [33];

itoa (fr_no,buffer,10);

strcat(str3,buffer);

strcat(str3,".bmp");

printf("%s \n",str3);

IplImage *image;

image=cvLoadImage(str3,0);

if(!image)

printf("Error Reading the image\n");

//transfer the image to a float 1D array

for (int j=0;j<640*480;j++)

{

data[j]=((float)((uchar)(image->imageData[j])))/255;

}

for ( int i=0;i<480;i++)

{

for ( int j=0;j<640;j++)

ar[i][j]= data[i*640+j];

}

for ( int i=0;i<512;i++)

{

for ( int j=0;j<512;j++)
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{ if(i<480)

par[i][j]= ar[i][j];

else

par[i][j]=0;

}

}

for ( int i=0;i<512;i++)

{

for ( int j=0;j<512;j++)

data1[i*512+j]=par[i][j];

}

// Copy the image array into a complex array on host

for ( k = 0; k < imgSize; ++k )

{ //pImage[ k ].x = in_image[k]*1;

pImage[ k ].x = data1[k]*1;

pImage[ k ].y = 0;

}

for (d=500;d<1500;d+=2)

{

ret1=reconst(I_new1,d,fr_no);

cntr_x=ret1.x;

cntr_y=ret1.y;

inten=z_digi_focus(I_new1,cntr_x,cntr_y);

strcpy(str1,"cfig");

itoa (d,buffer,10);

strcat(str1,buffer);

strcat(str1,".pgm");

for ( int j=0;j<512;j++)

{

for ( int i=0;i<512;i++)

out_reconstimage[j*512+i]=I_new1[i][j] ;

}

// Normalize the result of ifft
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for ( k = 0; k< imgSize; ++k )

{

out_reconstimage[k]=out_reconstimage[k]/(temp7);

}

// CUT_SAFE_CALL(cutSavePGMf(str1,out_reconstimage,512, 512));

fprintf(fp,"%i %i %i %f %f\n", fr_no,cntr_x,cntr_y,d,inten);

}//end of for loop

//Clean up

free(out_reconstimage);

free(o_reconst);

free(pImage);

fclose(fp);

free(data);

cvReleaseImage(&image);

free(data1);

}
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B
Algorithms and Matlab codes for

image processing of 2-D slices obtained
from laser sheet imaging

B.1 Algorithm for determination of pore-size

distribution

We have analyzed the pore space using the following protocol [130]. Figure
B.1(a) shows a thresholded image of a 2-D slice with white pixels denoting
the pore space and black ones the spheres. Each white pixel is assigned a
value equal to radius of the largest circle, not touching any sphere, that can
be drawn centered on it. This modified image which we we call as “stitched
image” is shown in Fig. B.1 (b). In the next step, all circles completely
inside a larger circle are removed and made black resulting in a “skeleton”
of the pore space as shown in Fig. B.1 (c). The final pore space is quantified
by placing the largest circle first, next largest non-intersecting the largest
one and so on. The analyzed image, in the form of non-overlapping circles
covering the entire pore space, is shown in Fig. B.1 (d).The distribution of
the radius of these circles corresponds to the pore-size distribution.

(a) (b) (c) (d)

Figure B.1: (a) Thresholded image of a 2-D slice. (b) Stitched image (c) Skeleton
image (d) Analyzed pore space.
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B.1.1 Matlab code for determination of pore-size dis-
tribution

The main code based on the algorithm discussed above is as follows:

clear all

close all

clc

for k=1:59

k

filen=strcat(’imoil200pol’,num2str(k),’.bmp’);

A=imread(filen);

for i=1:190

for j=1:199

if A(i,j,2)==0

A(i,j,:)=0;

else

A(i,j,:)=255;

end

end

end

B = stich_func(A);

Marker = skeleton_func(B);

h = stepthree_func(Marker,A,k);

% figure;

% hist(h);

end

Stitch function

function B = stich_func(A)

%A=imread(’t47.bmp’);

A=rgb2gray(A);

%B=imcrop(A,[1 1 200 200]);

B=A;

[M N]=size(B);

%ensuring thresholding

for i=1:M

for j=1:N

if(B(i,j)~=0)

B(i,j)=255;
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end

end

end

C=B;

% figure;

% imshow (B),title(’original’);

%generating a black border at the sides of the image

for j =1:199

B(1,j)=0;

B(M,j)=0;

end

for i =1:190

B(i,1)=0;

B(i,N)=0;

end

%stiching operation begin

for i=1:M

for j=1:N

if B(i,j)==255

cx=double(i);cy=double(j);suc=0;

r=1;

while suc==0

theta=0;

while theta<=2*pi & suc==0

k=round(cx+((r)*cos(theta)));

l=round(cy+((r)*sin(theta)));

theta=theta+(2*pi)/1000;

if(k<=M & l<=N & k>0 &l>0)

if B(k,l)==0

suc=1;

end

end

end

if(suc==0)

r=r+1;

end

end

B(i,j)=r;

end
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end

end

%stiching operation end

% figure

% imshow (B,[]),title(’stitched’);

Skeleton function

function Marker = skeleton_func(B)

Marker=B;

[M N]=size(B);

%skeleton determination begin

global c1; global c2; global c3; global c4;

for i=1:M

for j=1:N

if B(i,j)~=0

dom=B(i,j);

if double(i)+double(dom)>double(i)-double(dom)

c1=double(i)-double(dom);

c2=double(i)+double(dom);

else

c1=double(i)+double(dom);

c2=double(i)-double(dom);

end

if double(j)+double(dom)>double(j)-double(dom)

c3=double(j)-double(dom);

c4=double(j)+double(dom);

else

c3=double(j)+double(dom);

c4=double(j)-double(dom);

end

for k=c1:c2

for d=c3:c4

if k >0 & d>0 & k<=M & d<=N & ~(k==i & d==j)&Marker(k,d)~=0

c1x=double(i);c1y=double(j);

c2x=double(k);c2y=double(d);

distance=sqrt((c1x-c2x)^2+(c1y-c2y)^2);

if(double(B(k,d))+distance<=double(B(i,j)))

Marker(k,d)=0;
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end

end

end

end

end

end

end

for i=1:M

for j=1:N

if(Marker(i,j)==1)

Marker(i,j)=0;

end

end

end

%skeleton determination end

% figure

% imshow (Marker,[]),title(’skeleton’);

Placement of non-overlapping circles

function h = stepthree_func(Marker,A,frno)

[M N]=size(Marker);

count=0;

s = struct(’x’, {}, ’y’, {},’rmax’,{},’index’,{}); % copy of marker

n=struct(’x’, {}, ’y’, {},’rmax’,{},’index’,{}); % analysed pore space

filename=strcat(’ap’,num2str(frno),’.txt’);

fid=fopen(filename,’w’);

% transfer the non-zero elements of Marker into s

for i=1:M %160

for j=1:N %160

if Marker(i,j)~=0

count=count+1;

s(count).x= double(j);

s(count).y = double(i);
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s(count).rmax=double(Marker(i,j));

s(count).index= count;

end

end

end

ncount=0; % intialise the no. of elements in n

ub=max(max(Marker)); % actual upper bound on the pore size

for d=40:-1:3 %40 is the largest upper bound and 3 is lower bound on the pore size

for k=1:count

if s(k).rmax==d

if ncount~=0

suc=1;

for m=1:ncount

dist=sqrt((s(k).x-n(m).x)^2+(s(k).y-n(m).y)^2);

if dist<s(k).rmax+n(m).rmax

suc=0;

end

end

if suc==1

ncount=ncount+1;

n(ncount)=s(k);

end

end

if ncount==0

ncount=ncount+1;

n(ncount)=s(k);

end

end

end %end of for of k

end %end of for of d

% save the results in h

for a=1:ncount

h(a)=n(a).rmax;

fprintf(fid,’%f %f %f \n’,n(a).x,n(a).y,n(a).rmax);

end

%plot the analysed pore space using red circles
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for a=1:ncount

theta=0;r=n(a).rmax;cx=n(a).y;cy=n(a).x;

while theta<=2*pi

k=round(cx+((r)*cos(theta)));

l=round(cy+((r)*sin(theta)));

theta=theta+(2*pi)/1000;

for f=1:1

for b=1:1

A(f+k,b+l,1)=255; % A(k,l,1)=255; %A(k,l,2)=0;% A(k,l,3)=0;

A(f+k,b+l,2)=0;

A(f+k,b+l,3)=0;

end

end

end

end

% figure

% imshow(A);

filename=strcat(’im’,num2str(frno),’.bmp’);

imwrite(A,filename,’bmp’);

fclose(fid)

% Center = [double(j),double(i)];

% circle(Center,double(Marker(i,j)),100,’b-’);

B.2 Burning algorithm for determination of

droplet volume

Disconnected units of displacing fluid have been referred to as “droplets” in
this thesis. Therefore, to determine the droplet volume we first need to iden-
tify a droplet in the images and then count the number of voxel constituting
that droplet. This was achieved by using Burning algorithm [131, 132]. The
steps followed in this algorithm are:

1. Threshold all the 2-D slices of the plug so that pixels belonging to
displacing fluid have the RGB triplet corresponding to white color
(255,255,255) and all others have the RGB triplet corresponding to
black color (0,0,0).

2. Identify a white pixel in the first slice. Color it red, i.e., assign it a
RGB triplet of (255,0,0) and call it as ‘burnt’.
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3. Color all the white nearest neighbors (including the ones in the previous
and the next slices) of the burnt pixel as red and call them as ‘newly
burnt’.

4. Repeat the previous step for the newly burnt pixels and continue re-
peating it until no new pixel gets burnt.

5. Count the total number of burnt pixels which is the volume of the
droplet identified.

6. Go back to first slice and determine if there is any other white pixel
left. If there is, then repeat steps 2-5. If there is no white pixel left in
the first slice (all white pixels in the slice are burnt), then repeat steps
2-5 for the second slice. Follow the same protocol until all the slices
are completely burnt.

Figure B.2 shows three iterations of burning algorithm in two-dimensions.

(a) (b) (c)

Figure B.2: (a) A white pixel is identified. The four white nearest neighbors of
the starting pixel and the starting pixel itself are colored red. That is, five pixels
are burnt. (b) The second iteration of burning algorithm where the white nearest
neighbors of the newly burnt pixels in (a) are now burnt red. (c) The third iteration
of burning algorithm where the white nearest neighbors of the newly burnt pixels
in (b) are now burnt red.

B.2.1 Matlab code for determination of droplet vol-
ume

Main code for determination of droplet volume

clear all;

M=240; %1040 in original image

N=384; %1392 in original image
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for timept=73:73

timept

nslices=25;

targ=cell(nslices,1);

for l=1:nslices

str1=(l-1)+32+(50*(timept-1)) ; %51(500aug26), 51(750mmaug26)

strpath=‘H:\prerna\porous\aug26_fastcamera_part2\1500mm_aug26’;

if str1<10

filename=strcat(strpath,‘\im_000’,num2str(str1),‘.bmp’);

end

if str1>=10 & str1<100

filename=strcat(strpath,‘\im_00’,num2str(str1),‘.bmp’);

end

if str1>=100 & str1<1000

filename=strcat(strpath,‘\im_0’,num2str(str1),‘.bmp’);

end

if str1>=1000

filename=strcat(strpath,‘\im_’,num2str(str1),‘.bmp’);

end

I1=imread(filename);

Isub2=imresize(I1,0.3);

Isub2=im2bw(Isub2,0.79);

for i=1:M

for j=1:N

if Isub2(i,j)>0

Ifinal(i,j,1)=255;

Ifinal(i,j,2)=255;

Ifinal(i,j,3)=255;

else

Ifinal(i,j,1)=0;

Ifinal(i,j,2)=0;

Ifinal(i,j,3)=0;

end

end

end

targ{l,1}=Ifinal;

125



end

call_counter=0;

for l=1:nslices

l

for i=1:M

for j=1:N

counter=1;

A=targ{l,1};

%generating one red starting point

if(A(i,j,1)==255 & A(i,j,2)==255 & A(i,j,3)==255)

A(i,j,1)=254;

A(i,j,2)=0;

A(i,j,3)=0;

dumpi(counter)=i;

dumpj(counter)=j;

dumpz(counter)=l;

newb=1;

c=newb;

targ{l,1}=A;

call_counter=call_counter+1;

targ=fire3d_tortusityall(targ,newb,counter,c,dumpi,dumpj,dumpz,

nslices,call_counter,timept);

clear dumpi;clear dumpj;clear dumpz;

end

end

end

end

clear targ;clear Ifinal;

clc

end

Function implementing Burning algorithm

function targ= fire3d_tortusityall(targ,newb,counter,c,dumpi,dumpj,dumpz,

nslices,callcc,timepoint)

M=240; %1040 in original image

N=384; %1392 in original image

filename1=strcat(’oilblobchar_1500aug26_thpt6_t’,num2str(timepoint),’.txt’);

fid1=fopen(filename1,’a’);

filename2=strcat(’oilblobcoord_1500aug26_thpt6_t’,num2str(timepoint),’.txt’);
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fid2=fopen(filename2,’a’);

% filename3=strcat(’tortusity_1750t’,num2str(timepoint),’.txt’);

% fid3=fopen(filename3,’a’);

while newb~=0

newb=0;

for k=(counter-c+1):counter

n1i=dumpi(k);n1j=dumpj(k)+1;n1z=dumpz(k);

n2i=dumpi(k);n2j=dumpj(k)-1;n2z=dumpz(k);

n3i=dumpi(k)+1;n3j=dumpj(k);n3z=dumpz(k);

n4i=dumpi(k)-1;n4j=dumpj(k);n4z=dumpz(k);

n5i=dumpi(k);n5j=dumpj(k);n5z=dumpz(k)+1;

n6i=dumpi(k);n6j=dumpj(k);n6z=dumpz(k)-1;

A=targ{dumpz(k),1};

if(n1i>0 & n1i<M+1 & n1j >0 & n1j <N+1 & A(n1i,n1j,1)==255)

counter=counter+1;

dumpi(counter)=n1i;

dumpj(counter)=n1j;

dumpz(counter)=n1z;

newb=newb+1;

A(n1i,n1j,1)=254;

A(n1i,n1j,2)=0;

A(n1i,n1j,3)=0;

targ{dumpz(k),1}=A;

end

if(n2i>0 & n2i<M+1 & n2j >0 & n2j <N+1 & A(n2i,n2j,1)==255)

counter=counter+1;

dumpi(counter)=n2i;

dumpj(counter)=n2j;

dumpz(counter)=n2z;

newb=newb+1;

A(n2i,n2j,1)=254;

A(n2i,n2j,2)=0;

A(n2i,n2j,3)=0;

targ{dumpz(k),1}=A;

end

if(n3i>0 & n3i<M+1 & n3j >0 & n3j <N+1 & A(n3i,n3j,1)==255)

counter=counter+1;

dumpi(counter)=n3i;
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dumpj(counter)=n3j;

dumpz(counter)=n3z;

newb=newb+1;

A(n3i,n3j,1)=254;

A(n3i,n3j,2)=0;

A(n3i,n3j,3)=0;

targ{dumpz(k),1}=A;

end

if(n4i>0 & n4i<M+1 & n4j >0 & n4j <N+1 & A(n4i,n4j,1)==255)

counter=counter+1;

dumpi(counter)=n4i;

dumpj(counter)=n4j;

dumpz(counter)=n4z;

newb=newb+1;

A(n4i,n4j,1)=254;

A(n4i,n4j,2)=0;

A(n4i,n4j,3)=0;

targ{dumpz(k),1}=A;

end

if(n5z<nslices+1)

B=targ{dumpz(k)+1,1};

if(n5i>0 & n5i<M+1 & n5j >0 & n5j <N+1 & B(n5i,n5j,1)==255)

counter=counter+1;

dumpi(counter)=n5i;

dumpj(counter)=n5j;

dumpz(counter)=n5z;

newb=newb+1;

B(n5i,n5j,1)=254;

B(n5i,n5j,2)=0;

B(n5i,n5j,3)=0;

targ{dumpz(k)+1,1}=B;

end

end

if(n6z>0)

F=targ{dumpz(k)-1,1};

if(n6i>0 & n6i<M+1 & n6j >0 & n6j <N+1 & F(n6i,n6j,1)==255)

counter=counter+1;

dumpi(counter)=n6i;

dumpj(counter)=n6j;

dumpz(counter)=n6z;

newb=newb+1;

F(n6i,n6j,1)=254;

F(n6i,n6j,2)=0;
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F(n6i,n6j,3)=0;

targ{dumpz(k)-1,1}=F;

end

end

end

c=newb;

end

percolation=0;a=1;temp=1;

flag1=0;flag2=0;

while (percolation==0 & a<counter+1)

if(dumpi(a)==1)

flag1=1;

end

if(dumpi(a)==M)

flag2=1;

end

if flag1==1 &flag2==1

percolation=1;

end

a=a+1;

end

if (percolation == 0)

for c1=1:counter

A=targ{dumpz(c1),1};

A(dumpi(c1),dumpj(c1),3)=254;

targ{dumpz(c1),1}=A;

end

end

% written on 18may

s = struct(’x’, {}, ’y’, {},’z’,{});

tortx = struct(’centerx’, {}, ’centery’, {},’centerz’,{});

torty = struct(’centerx’, {}, ’centery’, {},’centerz’,{});

tortz = struct(’centerx’, {}, ’centery’, {},’centerz’,{});
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for arno=1:counter

s(arno).x=dumpi(arno);

s(arno).y=dumpj(arno);

s(arno).z=dumpz(arno);

end

if counter>5

tcx=0;tcy=0;tcz=0;

%finding the central axis along z

for cz=min(dumpz):max(dumpz)

tempx=0;tempy=0;sumn=0;

for ar=1:counter

if s(ar).z==cz

tempx=tempx+s(ar).x;

tempy=tempy+s(ar).y;

sumn=sumn+1;

end

end

tcz=tcz+1;

centeri=tempx/sumn;

centerj=tempy/sumn;

tortz(tcz).centerx=centeri;

tortz(tcz).centery=centerj;

tortz(tcz).centerz=cz;

end

%finding the central axis along y

for cy=min(dumpj):max(dumpj)

tempz=0;tempx=0;sumn=0;

for ar=1:counter

if s(ar).y==cy

tempx=tempx+s(ar).x;

tempz=tempz+s(ar).z;

sumn=sumn+1;

end

end

tcy=tcy+1;

centerk=tempz/sumn;

centeri=tempx/sumn;

torty(tcy).centerx=centeri;

torty(tcy).centery=cy;
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torty(tcy).centerz=centerk;

end

%finding the central axis along x

for cx=min(dumpi):max(dumpi)

tempy=0;tempz=0;sumn=0;

for ar=1:counter

if s(ar).x==cx

tempy=tempy+s(ar).y;

tempz=tempz+s(ar).z;

sumn=sumn+1;

end

end

tcx=tcx+1;

centerk=tempz/sumn;

centerj=tempy/sumn;

tortx(tcx).centerx=cx;

tortx(tcx).centery=centerj;

tortx(tcx).centerz=centerk;

% fprintf(fid3,’%i %i %i %i \n’,callcc,tortx(tcx).centerx,

tortx(tcx).centery,tortx(tcx).centerz);

end

bloblenx=0;blobleny=0;bloblenz=0;

% finding the contour length along y

for h=1:tcy-1

c1x=double(torty(h).centerx);

c1y=double(torty(h).centery);

c1z=double(torty(h).centerz);

c2x=double(torty(h+1).centerx);

c2y=double(torty(h+1).centery);

c2z=double(torty(h+1).centerz);

distance=sqrt((c1x-c2x)^2+(c1y-c2y)^2+((c1z-c2z)*4)^2);

blobleny=blobleny+distance;

end

% finding the contour length along z

for h=1:tcz-1

c1x=double(tortz(h).centerx);

c1y=double(tortz(h).centery);

c1z=double(tortz(h).centerz);

c2x=double(tortz(h+1).centerx);

131



c2y=double(tortz(h+1).centery);

c2z=double(tortz(h+1).centerz);

distance=sqrt((c1x-c2x)^2+(c1y-c2y)^2+((c1z-c2z)*4)^2);

bloblenz=bloblenz+distance;

end

% finding the contour length along x

for h=1:tcx-1

c1x=double(tortx(h).centerx);

c1y=double(tortx(h).centery);

c1z=double(tortx(h).centerz);

c2x=double(tortx(h+1).centerx);

c2y=double(tortx(h+1).centery);

c2z=double(tortx(h+1).centerz);

distance=sqrt((c1x-c2x)^2+(c1y-c2y)^2+((c1z-c2z)*4)^2);

bloblenx=bloblenx+distance;

end

fprintf(fid1,’%i %i %f %f %f %f %f %f \n’,callcc,counter,max(dumpi)-min(dumpi),

max(dumpj)-min(dumpj),max(dumpz)-min(dumpz),bloblenx,blobleny,bloblenz);

%(blob no, blob size, x,y,z,range of z)

fprintf(fid2,’%i %i %i %i %i \n’,callcc,counter,dumpi(1),dumpj(1),dumpz(1));

%(blob no, blob size, x,y,z)

end

fclose(fid1);

fclose(fid2);

%fclose(fid3);

B.3 Matlab code for image subtraction pro-

tocol

%The code finds out the change in volume of oil by

%subtracting two consecutive time stacks

clear all;

fid=fopen(‘delv_1500aug26htwooffset50_th100.txt’,‘a’);

for timept=1:70

timept

nslices=25;
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wpixel=0; %whitepixel value=1

bpixel=0; %blackpixel value=-1

offset=50;

for l=1:nslices

sp=33; %51(500),51(750),59(1000),89(1250),33(1500)

str1=(l-1)+sp+(offset*(timept-1)) ;

str2=(l-1)+sp+offset+(offset*(timept-1));

strpath=‘H:\prerna\porous\aug26_fastcamera_part2\1500mm_aug26’;

if str1<10

filename1=strcat(strpath,‘\im_000’,num2str(str1),’.bmp’);

end

if str1>=10 & str1<100

filename1=strcat(strpath,‘\im_00’,num2str(str1),’.bmp’);

end

if str1>=100 & str1<1000

filename1=strcat(strpath,‘\im_0’,num2str(str1),’.bmp’);

end

if str1>=1000

filename1=strcat(strpath,‘\im_’,num2str(str1),’.bmp’);

end

if str2<10

filename2=strcat(strpath,‘\im_000’,num2str(str2),’.bmp’);

end

if str2>=10 & str2 <100

filename2=strcat(strpath,‘\im_00’,num2str(str2),’.bmp’);

end

if str2>=100 & str2<1000

filename2=strcat(strpath,‘\im_0’,num2str(str2),’.bmp’);

end

if str2>=1000

filename2=strcat(strpath,‘\im_’,num2str(str2),’.bmp’);

end

I1=double(imread(filename1));

I2=double(imread(filename2));

Isub=I2-I1;

Isub1=imcrop(Isub,[1 60 1200 670]);
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[M N]=size(Isub1);

for i=1:M

for j=1:600

if Isub1(i,j)>=100

wpixel=wpixel+1;

end

if Isub1(i,j)<=-100

bpixel=bpixel+1;

end

end

end

end

fprintf(fid,‘%i %f %f \n’,timept,wpixel,bpixel) ;

end

fclose(fid);

B.4 Matlab code for fluctuation update pro-

tocol

The output of this code is shown in Chapter 3.

%The code incrementally adds fluctuations by

%subtracting two consecutive time stacks.

clear all;

B=imread(‘H:\prerna\porous\aug26_fastcamera_part2\1500mm_aug26\im_0232.bmp’);

A=B;

A(:,:)=0;

sp=232;

for timept=1:65

timept

nslices=25;

wpixel=0; %whitepixel value=1

bpixel=0; %blackpixel value=-1

offset=50;

l=1;
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str1=(l-1)+sp+(offset*(timept-1)) ;

str2=(l-1)+sp+offset+(offset*(timept-1));

strpath=‘H:\prerna\porous\aug26_fastcamera_part2\1500mm_aug26’;

if str1<10

filename1=strcat(strpath,‘\im_000’,num2str(str1),’.bmp’);

end

if str1>=10 & str1<100

filename1=strcat(strpath,‘\im_00’,num2str(str1),’.bmp’);

end

if str1>=100 & str1<1000

filename1=strcat(strpath,‘\im_0’,num2str(str1),’.bmp’);

end

if str1>=1000

filename1=strcat(strpath,‘\im_’,num2str(str1),’.bmp’);

end

if str2<10

filename2=strcat(strpath,‘\im_000’,num2str(str2),’.bmp’);

end

if str2>=10 & str2 <100

filename2=strcat(strpath,‘\im_00’,num2str(str2),’.bmp’);

end

if str2>=100 & str2<1000

filename2=strcat(strpath,‘\im_0’,num2str(str2),’.bmp’);

end

if str2>=1000

filename2=strcat(strpath,‘\im_’,num2str(str2),’.bmp’);

end

I1=double(imread(filename1));

I2=double(imread(filename2));

Isub=I2-I1;

Isub1=Isub;

[M N]=size(Isub1);

for i=1:M

for j=1:N

if Isub1(i,j)>=100
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A(i,j)=A(i,j)+1;

end

if Isub1(i,j)<=-100

A(i,j)=A(i,j)+1;

end

end

end

end

figure,imagesc(A);

B.5 Matlab code for generating slices per-

pendicular to flow direction and deter-

mining the evolution of oil in them as a

function of time

clear all

clc

for sliceno=1:80:1080

sliceno

fid=fopen(strcat(’vol_sliceno’,

num2str(sliceno),’_1500mmaug26_sp_32_offset50.txt’),’a’);

for timept=1:71 % 1:70

sumval=0;

for subslice=sliceno:16:sliceno+80

spt=32+((timept-1)*50); % 51(500mm),51(750mm)

endpt=spt+24;

for i=spt:endpt

str1=i;

strpath=’H:\prerna\porous\aug26_fastcamera_part2\1500mm_aug26’;

if str1<10

filename=strcat(strpath,’\im_000’,num2str(str1),’.bmp’);

end

if str1>=10 & str1<100
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filename=strcat(strpath,’\im_00’,num2str(str1),’.bmp’);

end

if str1>=100 & str1<1000

filename=strcat(strpath,’\im_0’,num2str(str1),’.bmp’);

end

if str1>=1000

filename=strcat(strpath,’\im_’,num2str(str1),’.bmp’);

end

A=imread(filename);

[M N]=size(A);

j=i+1-spt;

for row=1:M

nep=12;

for ep=nep:-1:0

B(row,j+((j-1)*nep)+nep-ep)=A(row,subslice);

%A(row,round(N/3))

end

end

end

C=im2bw(B,0.79);

sumval=sumval+sum(sum(C));

clear A;clear B;clear C;

end

fprintf(fid,’%i %f \n’,timept,sumval);

end

fclose(fid);

end

B.6 Simulated annealing: Reconstruction of

three dimensional media from two-dimensional

slices or cuts

Ideally, one would like to map a 3-D object as a set of a large number of 2-D
image slices. However, constraints on spatial and temporal resolution in the
scanning light sheet imaging technique often lead to mapping in the form
of few image slices only. Therefore, a need arises to somehow generate the
in-between slices by a suitable interpolation algorithm. One of the schemes
proposed in the literature is based on simulated annealing [88]. We now
discuss the concept of simulated annealing, its usage for reconstruction of
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3-D porous media and present a Matlab code for the algorithm.
Simulated Annealing: Annealing is referred to as a process in which a

solid is heated to a temperature above its melting point so that all the atoms
are randomly arranged, followed by cooling through lowering the tempera-
ture slowly. This procedure results in an arrangement of atoms such that the
system is in the lowest energy ground state corresponding to that of a crys-
talline lattice, provided cooling is carried out sufficiently slowly. The cooling
rate should be such that the system is in thermal equilibrium at each tem-
perature. The reason behind the system to access the lowest energy ground
state during the cooling phase of annealing is as follows. At each tempera-
ture T , since the system is in thermal equilibrium the probability that it is
in a state with energy E0 is given by Boltzmann distribution:

P(E = E0) =
1

Z
exp(

−E0

KbT
)

where Z(T) is the partition function and Kb is the Boltzmann constant. As T
decreases, the Boltzmann distribution concentrates on the states with lowest
energy and finally, when the temperature approaches zero, only the minimum
energy states have a non-zero probability of occurrence.

Metropolis etal [133] proposed a Monte Carlo method to simulate the
evolution to thermal equilibrium of a system for a fixed value of temperature
T. Given the current state of the system, characterized by the positions of
the atoms, a small randomly generated perturbation is applied by a small
displacement of a randomly chosen atom. If the difference in energy, ∆E,
between the current state and the slightly perturbed one is negative, then
the process is continued with the new state. If ∆E > 0, then probability of
acceptance of new state is given by exp(−∆E/KbT). This acceptance rule for
new states is call Metropolis criterion. Following this criterion, the system
eventually evolves into thermal equilibrium, i.e., after a large number of
perturbations, the probability distribution of the states approach Boltzmann
distribution.

Therefore, annealing can be simulated as a sequence of Metropolis al-
gorithms evaluated at a sequence of decreasing values of the temperature.
The temperature is lowered in steps, with the system allowed to approach
equilibrium for each step by generating a sequence of configurations and us-
ing the acceptance criterion of Metropolis. The algorithm is terminated for
some small value of temperature at which the configuration does not evolve,
i.e., the system is frozen. Note that the Metropolis acceptance criterion is
implemented by drawing random numbers from a uniform distribution on
[0,1) and comparing these with exp(−∆E/KbT). If the random number is
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less than exp(−∆E/KbT), then the new higher energy state is accepted; if
not, the initial state is used for the next step.

Combinatorial optimization problems can be solved using simulated an-
nealing algorithm by suitably defining analogous quantities [134, 135]. A
cost function is usually defined whose minimization solves the problem and a
control parameter c plays the role of temperature. Furthermore, a generation
mechanism is defined to evolve the configuration.

Formulation of the reconstruction procedure: 2-D slices of a medium
can be characterized by a variety of morphological measures such as area frac-
tion of the phase, two point probability function and linear path function. A
given 2-D slice has two phases: void or pore phase and the material or grain
phase. Two point probability function, S, is the probability of finding two
points at positions x⃗1 and x⃗2 both in a given phase. For statistically isotropic
media, S depends only on the magnitude of the separation r = |x⃗2 − x⃗1| be-
tween the two points. S(0) is, by definition, the fraction of total pore-space
occupied by the given phase in the image. For a digitized medium like images,
r can simply be measured in terms of pixels and acquires integral values. S

is evaluated along the 2-orthogonal directions of the image only rather than
random sampling (throwing random points in the system) because the former
exhaustively incorporates information from every pixel in the entire system.
This measure does not possess information about the connectedness of the
phase. A partial measure of connectedness is given by linear path function.
It is defined as the probability of finding a line segment with end points at x⃗
and x⃗+ r⃗ entirely in a given phase.

Consider reconstructing a medium where “reference” correlation functions
f
(k)
0 (r) are given information available from the recorded 2-D slices. The
subscript k refers to different correlation functions that can be used. For
example, f

(1)
0 (r) can be the two-point correlation function S and f

(2)
0 (r) are

the linear path function. An initial guess of the system configuration is
required to begin the process of reconstruction. Without loss of generality,
we use the random checkerboard with the same area fraction of a given phase
as in the reference slices as the initial guess. Let f

(k)
s (r) be the corresponding

correlation functions of the reconstructed digitized medium at some time step
during the reconstruction process. Once f

(k)
s (r) at a particular time step is

evaluated, a variable E which plays the role of the energy in the simulated
annealing can be calculated as

E =
∑
k

∑
i

[f(k)s (ri) − f
(k)
0 (ri)]

2

To evolve the digitized system towards the reference medium (minimize E),
states of two randomly selected pixels of different phases are interchanged.
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This scheme has the property of conserving the area fraction of both phases
during the reconstruction process. After the interchange is performed, energy
of the resultant state of the system E ′ is calculated. This phase interchange
is then accepted with probability given by the metropolis criterion as

P(∆E) = 1, ∆E 6 0

= exp(−∆E/T), ∆E > 0

where ∆E = E ′ − E and T is the “temperature”.
This method causes f

(k)
s (r) to converge gradually to f

(k)
0 (r) and is carried

out successively until the evolved system’s f
(k)
s (r) becomes close to f

(k)
0 (r)

within a tolerance limit. The starting temperature T is chosen in such a
way that the initial acceptance rate for a pixel interchange with ∆E > 0 is
close to 0.5. An inverse logarithmic annealing schedule which decreases the
temperature according to T(k) ∼ 1/ln(k) would in principle evolve the system
to its ground state. However, such slow annealing schedule is impractical.
Thus usually a more faster schedule like T(k)/T(0) = λk, where constant
λ must be less than but close to one, is used. We have discussed the use
of only two correlation functions for the reconstruction. A more refined
reconstruction can be produced by incorporating higher order information in
the form of many more morphological measures, although at the expense of
higher computational cost.

B.6.1 Matlab code for simulated annealing

Figure B.3 (a) shows the target image of the code which is a 2-D grid. The
starting guess image of 2-D random checkerboard is shown in Fig. B.3 (b).
The output image obtained by simulated annealing algorithm applied on
the guess image is shown in Fig. B.3 (c) which resembles the target image
remarkably well. This code was developed but was finally not used in the
analysis of the data.

(a) (b) (c)

Figure B.3: (a) Target image. (b) Guess image. (c) Output image.
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% Main code

outputimage=ranfralt;

figure;

colormap(’gray’);

image(outputimage);

%ranfralt code

function [K] = ranfralt

% Generate grid as the target image

pixel=30; % width of the square target image

I=framegr(0,255);

%Calculate two-point function of the target image and save it in a file

[i1 i2 i3]=twopointbetter(I);

fid = fopen(’minuspbc_30pixelgrid.txt’,’w’);

fprintf(fid,’%6.5f \n’,i1);

fclose(fid);

% generate the initial random checkerboard configuration (J)

idealS=load(’minuspbc_30pixelgrid.txt’);

%initialize a totally black image.

for i=1:pixel

for j=1:pixel

J(i,j)=0;

end

end

%randomly put appropriate number of white pixels on

%the initial totally black image.

flag=0;

while flag <=400

row=randint(1,1,[1,pixel]);

col=randint(1,1,[1,pixel]);

if J(row,col)~=255

J(row,col)=255;

flag=flag+1;

end

end

% calculate the porosity of the generated random checkerboard image.

counter=0;

for l=1:pixel

141



for m=1:pixel

if J(l,m)==255

counter=counter+1;

end

end

end

por=counter/(pixel^2)

% calcualte the twopointcorr function of the random checkerboard image

%and its energy.

[a1 b1 c1]=twopointbetter(J);

actual=a1;

Einit=0;

for r=0:(pixel-1)

Einit=Einit+((idealS(r+1)-actual(r+1))^2);

end

initialE=Einit;

%calculate the initial temperature

chi=0.8; % intial acceptance rate.

U1=J;

counter=1;

tempsum=0;

while(counter<500)

% generate two ordered pairs(x,y)whose pixel values are proposed to be

% interchanged

p=randint(4,1,[1,pixel]);

x1=p(1,1); y1=p(2,1);

x2=p(3,1); y2=p(4,1);

if(U1(x1,y1)~=U1(x2,y2)) % interchange only if the pixels to be swapped

%have different values.

temp=U1(x1,y1);

U1(x1,y1)=U1(x2,y2);

U1(x2,y2)=temp;

% calculated the energy of the evolved image.

Efinal=0;

[a2 b2 c2]=twopointbetter(U1);

actualprime=a2;

for r=0:(pixel-1)

Efinal=Efinal+((idealS(r+1)-actualprime(r+1))^2);

end

change=(Efinal-Einit);

if(change>0)
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tempsum=tempsum+change;

counter=counter+1;

Einit=Efinal;

else %undo the swapping if the change is not positive.

temp=U1(x1,y1);

U1(x1,y1)=U1(x2,y2);

U1(x2,y2)=temp;

end

end

end

c=tempsum/counter;

T0=c/log(1/chi);

%evolve the random checkerboard image towards target using simulated annealing

success=0;

Eth=initialE;

%file to which Eth is written at each transition.

fid = fopen(’minuspbc_resposnefile.txt’,’w’);

%file to which temp and acceptance ratio is

%written at every update of the temperature.

fid1 = fopen(’tempbir2.txt’,’w’);

K=J; % J is the starting image and K is the evolved image.

T1=J;

T=T0; %initial temperature.

flag=1; % counter for the temperature decrement.

counter=1; % counter for the number of iterations.

lamb=0.99; % the ratio of two successive temperatures.

[A B C]=twopointbetter(T1); % calculate S, Sr, Sc for the intial image.

g=A;

%counter for number of accepted transitions before temperature is updated.

accept=0;

%normalization factor for acceptance ratio.

anorm=0;

%counter for total number of proposed transitions before temperature is updated.

% bound for the total number of iterations at each temperature.

%systemsize=(pixel^2)/2;

systemsize=1000;

%knowl=1;

while(Eth>0.0007)

%process to interchange pixels. generate two sets of random numbers.

%Each set having(x,y) position of the pixel.

%f=randint(2,1,[1,4]);

%c1=f(1,1); c2=f(2,1);
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p=randint(4,1,[1,pixel]);

x1=p(1,1); y1=p(2,1);

x2=p(3,1); y2=p(4,1);

if (T1(x1,y1)~=T1(x2,y2))% interchange only if the pixels to be

%swapped have different values.

old=g;

%start the interchange

temp=T1(x1,y1);

T1(x1,y1)=T1(x2,y2);

[f f1 f2]=twopointeff(T1,B,C,x1,y1);

T1(x2,y2)=temp;

[g g1 g2]=twopointeff(T1,f1,f2,x2,y2);

%g=twopoint(T1);

anorm=anorm+1;

%calculate deltaE

Efinal=0;

for r=0:(pixel-1)

Efinal=Efinal+((idealS(r+1)-g(r+1))^2);

end

deltaE=Efinal-Einit;

%decide about whether to accept the interchange or not

if(deltaE<0 | deltaE==0)

% I{1,1}=T1;

K=T1;

Eth=Efinal;

Einit=Efinal;

B=g1;

C=g2;

accept=accept+1;

end

if(deltaE>0)

probab=rand(1,1);

comp=exp(-deltaE/T);

if(probab<comp)

K=T1;

Eth=Efinal;

Einit=Efinal;

success=1;

B=g1;

C=g2;

accept=accept+1;

else

temp=T1(x1,y1);
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T1(x1,y1)=T1(x2,y2);

T1(x2,y2)=temp;

g=old;

end

end

% decide whether temperature is required to be updated.

if (mod(counter,systemsize)==0|accept==1000)

T=T*(lamb^flag);

flag=flag+1;

chinot=accept/anorm; % calculate the acceptance ratio.

accept=0;% reinitialize the qts for calculating the

% acceptance ratio at the new temperature.

anorm=0;

fprintf(fid1,’%f %f \n’,T,chinot);

end

% plot(Eth)

% hold on

fprintf(fid,’%f \n’,Eth);

counter=counter+1;

end %if

end

fclose(fid)

fclose(fid1)

% Code to generate target image (chess board)

function I = framegr(i,j)

pixel=30; %i=0,j=255

for row=((20*pixel/30)+1):(30*pixel/30)

for col=1:(10*pixel/30)

I(row,col)=i;

end

for col=((10*pixel/30)+1):(20*pixel/30)

I(row,col)=j;

end

for col=((20*pixel/30)+1):(30*pixel/30)

I(row,col)=i;

end

end

for row=((10*pixel/30)+1):(20*pixel/30)

for col=1:(10*pixel/30)

I(row,col)=j;

end

for col=((10*pixel/30)+1):(20*pixel/30)
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I(row,col)=i;

end

for col=((20*pixel/30)+1):(30*pixel/30)

I(row,col)=j;

end

end

for row=1:(10*pixel/30)

for col=1:(10*pixel/30)

I(row,col)=i;

end

for col=((10*pixel/30)+1):(20*pixel/30)

I(row,col)=j;

end

for col=((20*pixel/30)+1):(30*pixel/30)

I(row,col)=i;

end

end

colormap(’gray’)

image(I)

% Code to calculate two point correlation function

function [S,Sr,Sc] = twopointbetter(I) %[S,S1,S2,Sr,Sc]

pixel=30;

%initialize two point correlation arrays. Sr, Sc are two two dimensional

%arrays. Basically each row and column has S(r). The S(r) of each row is

%stored in Sr(row,r) and each col is stored in Sc(col,r).Sr and Sc are

%added to appropiately to get final S(r) of the image.

for k=1:pixel

Sr(k,k)=0;

Sc(k,k)=0;

end

%computation for Sr

for row=1:pixel

for r=0:(pixel-1) %458

for col=1:(pixel-r)

if I(row,col)==0 & I(row,col+r)==0

Sr(row,r+1)=Sr(row,r+1)+1;

end

end

Sr(row,r+1)=Sr(row,r+1)/(pixel-r);

end
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end

%computation for Sc

for col=1:pixel

for r=0:(pixel-1) %458

for row=1:(pixel-r)

if I(row,col)==0 & I(row+r,col)==0

Sc(col,r+1)=Sc(col,r+1)+1;

end

end

Sc(col,r+1)=Sc(col,r+1)/(pixel-r);

end

end

% initialize final S(r)

for k=1:pixel

S(k)=0;

end

%calculate final S(r) by adding Sr and Sc appropiately.

for r=0:(pixel-1)

for a=1:pixel

S(r+1)=S(r+1)+Sr(a,r+1)+Sc(a,r+1);

end

end

S=S./(2*pixel);

%idealS=S;

% A=0:1:(pixel-1);

% plot(A,S,’--r’)

% fid = fopen(’minuspbc_30pixelgrid.txt’,’w’);

% fprintf(fid,’%6.5f \n’,S);

% fclose(fid)

% Code to recalculate two point correlation function given that a pixel (x,y)
has been changed. Original function is an input argument. Contributions along
row x and column y is recalculated instead of the whole image to save computation
time

function [S,Sr,Sc] = twopointeff(I,Sr,Sc,x,y)

pixel=30;

rowswap=x;
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colswap=y;

%initialize two point correlation array

for k=1:pixel

Sr(rowswap,k)=0;

Sc(colswap,k)=0;

end

%computation for Sr

for r=0:(pixel-1) %458

for col=1:(pixel-r)

if I(rowswap,col)==0 & I(rowswap,col+r)==0

Sr(rowswap,r+1)=Sr(rowswap,r+1)+1;

end

end

Sr(rowswap,r+1)=Sr(rowswap,r+1)/(pixel-r);

end

%computation for Sc

for r=0:(pixel-1) %458

for row=1:(pixel-r)

if I(row,colswap)==0 & I(row+r,colswap)==0

Sc(colswap,r+1)=Sc(colswap,r+1)+1;

end

end

Sc(colswap,r+1)=Sc(colswap,r+1)/(pixel-r);

end

for k=1:pixel

S(k)=0;

end

for r=0:(pixel-1)

for a=1:pixel

S(r+1)=S(r+1)+Sr(a,r+1)+Sc(a,r+1);

end

end

S=S./(2*pixel);
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C
Percolation and critical exponents

Consider an insulating matrix like wax. Now let us say we start doping the
matrix with a conducting material like carbon at random locations. What
volume fraction of carbon will cause the matrix to become conducting in
nature?. The answer to this question can be given by percolation theory
whose central idea is that there exists a sharp transition at which the long
range connectivity of a system appears. In its simplest form, percolation is
studied on periodic lattices composed of bonds (edges or links in the lattice)
and sites (vertices or intersection between the edges). Each bond can be
conducting or insulating with a probability p and 1 − p, respectively. A
critical value of p exists above which the lattice is electrically conducting
from end to end and below which it is not. This value is called as the
percolation threshold. At a given value of p, the lattice can be characterized
by the size distribution of clusters. The term “cluster” refers to a group
of bonds all of which are interconnected and conducting (see Fig. C.1).
The cluster size s is given by the total number of comprising bonds and its

InsulatingConducting
Cluster of size s=2

Unbounded cluster
 or percolation path

Figure C.1: Square lattice

length l is the maximum separation of any two sites in it. At p = 0.25,
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small isolated clusters of size 3 or less exist. As p is increased, one finds
that larger sized clusters appear. The percolation threshold pc = 0.5 for a
square lattice marks the first appearance of a cluster which extends across
the entire lattice (from the top edge to bottom, from left to right). This
infinitely extended or unbounded cluster is called percolation cluster. Note
that although the percolation cluster is infinite in size, it does not fill the
entire lattice (except, of course, at p = 1). Instead it coexists with finite
small sized clusters. Therefore, a quantity called percolation probability P is
defined which is equal to the probability that a randomly chosen bond is a
connected bond that belongs to the infinite cluster.

p
c

Figure C.2: Percolation probability (solid black line), average cluster size (solid
blue line), average cluster length (dotted line) and conductivity (dashed line) for
bond percolation on a 2-D lattice.

The nature of the percolation transition can be characterized by the vari-
ation of the four percolation functions namely, percolation probability P,
average cluster size sav, average cluster length lav and conductivity σ with
p as shown in Fig. C.2. Both P(p) and σ(p) are zero for 0 < p < pc and
grow monotonically for p > pc to a finite maximum value at p = 1. On the
other hand, sav and lav are finite for p > 0 and increase without bound as
p approaches pc. That is, these two functions provide an advance indication
of the impendent transition. The variation of P(p) bears similarity to the
behavior of order parameter in a second order thermodynamic transition,
which goes to zero rapidly, but continuously, as the transition temperature is
approached from below. It is for this reason that percolation is also often con-
sidered as a prototype of second order phase transition. s and l are analogous
to magnetic susceptibility χ and correlation length ξ, respectively. In the re-
gion close to the percolation threshold, i.e., |p − pc| << 1, the percolation
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functions are observed to obey power-law dependencies on the distance from
threshold, (p−pc)/pc, just as in a second order phase transition close to the
critical temperature. The average size and linear dimension of the clusters
diverge as pc is approached from below with the form sav ∼ (1− (p/pc))

−γ

and lav ∼ (1− (p/pc))
−µ, respectively while the percolation probability and

conductivity grow as P(p) ∼ ((p/pc) − 1)β and σ ∼ ((p/pc) − 1)t. The re-
markable feature of these power law dependencies is that the exponents do
not depend on the details of the lattice geometry. They only depend on the
dimensionality of the lattice. This feature is called universality which is a
hallmark of second order phase transitions. The values of critical exponents
for 2-D percolation are β = 0.14, t = 1.1, γ = 2.4, and µ = 1.35. The
analogy between percolation and second order phase transitions is only to
provide context and is not rigorous because the critical exponents obtained
in the two transitions are not the same. This is quite likely because percola-
tion is a purely a geometric transition as compared to the more subtle and
complex transitions like magnetism.
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