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Abstract
The highly convergent form of superfluid density in disordered conventional superconductors
available in the literature and independently obtained by us following the approach of an earlier
paper (Mandal and Ramakrishnan 2020 Phys. Rev. B 102 024514) has been reformulated to
separate out the generally used so-called ‘dirty-limit’ term and an additional term. We use this
new expression for making an extensive comparison with previously published experimental
data and show that the former, generally used, term is not sufficient for analyzing these results.
We point out that consequently, there is a large regime (disordered superconductors with
moderate to no disorder) where theoretical predictions need to be confronted with experiment.
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(Some figures may appear in colour only in the online journal)

1. Introduction

The additional free energy F of a superconductor depends on
its nonzero superfluid velocity vs as F ∼ (ρs/2)

´
dr v2s where

ρs is the superfluid stiffness or phase rigidity, analogous to the
mass (see e.g. [1]). This gauge invariant superfluid velocity vs
is related to the phase θ of the superconducting order para-
meter as vs = (1/me)(∇θ− 2eA); here A is the vector poten-
tial, e and me are the charge and mass of an electron respect-
ively, and we set ℏ= 1. Experimentally, one measures the
magnetic penetration depth λwhich is related to the superfluid
density ns as [2] λ−2 = µ0e2ns/me. The superfluid density ns
is proportional to the superfluid stiffness; ns = (4/me)ρs. We
use the above relation between the experimentally measured
penetration depth λ and the calculated ρs to compare in detail
theoretical results with experiment, and suggest that there is

∗
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a large regime of disorder in relatively clean systems so that
measurements are needed here, to also establish the clean Lon-
don limiting value.

The solely diamagnetic response of the electron system
to an external magnetic field leads to nds = n, the electron
density. This is the London value which also follows for the
ground state (T = 0) from Galilean invariance, for a homo-
geneous continuum. However, the actual superfluid density is
less than nds due to the paramagnetic response of the system:
ns = nds − nps , n

p
s being the paramagnetic contribution to the

superfluid density. For a clean conventional Bardeen–Cooper–
Schrieffer (BCS) superconductor [3], nps = 0 at zero temperat-
ure and is exponentially small at low temperatures because of
the presence of the quasiparticle gap. However, nps grows with
temperature and eventually becomes equal to nds at the super-
conducting critical temperature Tc where ns vanishes. In dis-
ordered superconductors, nps ̸= 0 at zero temperature (T = 0),
and the resulting superfluid density is disorder dependent and
is smaller [4] than the London limiting value at T = 0. This,
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and the temperature dependence of ns have been discussed in
literature [5–10].

The effect of static, short range nonmagnetic disorder on
superconductors is most simply characterized by a broaden-
ingΓ≪ ϵF of the electron spectral density (here ϵF is the Fermi
energy [1, 4]. Microscopic calculations generally use on site or
zero range disorder with a Gaussian probability distribution of
its strength related to this broadening. The effect of disorder
on electrons is mostly implemented in the Born approxima-
tion, where it leads to a finite lifetime τ = (1/Γ) of electronic
states. Such a treatment neglects Anderson localization effects
[11]. In this approximation, it is well known that in the so
called ‘dirty limit’, i.e. for ∆0/Γ≪ 1, ns at T = 0 scales [4]
with the dc conductivity σ = ne2τ/me in the normal state, i.e.
ns(T= 0) = σ(πme∆0/e2) = nπ∆0τ , where σ is the electrical
conductivity of the system, n is the normal electron density,
and ∆0 is the gap at T = 0. We note that ∆0 is independent
of disorder, according to Anderson’s theorem [12]. A general-
ized form of this zero-temperature superfluid density at finite
temperatures, namely

ns(T) = nπτ∆(T) tanh

(
∆(T)
2kBT

)
(1)

is often used for analyzing experimental data [13–15]; where
∆(T) is the gap at the temperature T. However, this expression
has also been derived [5, 9] in the dirty limit. Clearly, ns(T)
in equation (1) cannot be valid for all τ because for τ large
enough such that∆0τ > 1/π, the superfluid density ns(T= 0)
exceeds the maximum possible London limiting value n.

In this paper, we exhibit the superfluid density as a sum
of the commonly used term (1) and another term in the
following way. We reformulate an expression (2) of super-
fluid density [6–8, 16], which is a convergent sum of Mat-
subara frequencies only and which shows explicitly that ns
vanishes when ∆ vanishes. This frequency sum is conver-
ted into a contour integral over complex frequencies, and
displays two simple poles at ±∆ and branch cuts for the
domains (∆,∞) and (−∞,−∆). The residue of the simple
poles provides the contribution (1) generally used for the ana-
lysis of experimental data. We have derived an additional con-
tribution arising from the branch cuts; this competes with
the former as they are opposite in sign. We find that the
contribution of the latter is insignificant if ∆0τ ≲ 10−3; it
begins to be relevant for ∆0τ ∼ 5 × 10−3. Both the contri-
butions increase with ∆0τ , and their difference asymptotic-
ally approaches the London limit at T = 0 for∆0τ →∞. The
contribution of the latter to superfluid density and thus to the
measured absolute value of the penetration depth provides
a large regime, which is yet unexplored, for experimental
studies of disorder dependent superfluid density in relatively
clean superconductors over a wide span in ∆0τ , namely
roughly from 10−3 to 10, i.e. from the dirty limit to the clean
limit.

We also find that temperature dependence of the scaled
superfluid density ns(T)/ns(0) is almost independent of dis-
order; this scaled density function is easily obtained in the dirty
limit as well as in the pure limit, and is the same. This fact has

led to the belief that the dirty limit expression is appropriate
for all disorder, including very weak disorder.

Our finding suggests a disorder dependent study withmeas-
urement of the absolute value of the superfluid density as
a function of disorder, and provides explicit expressions for
it at different temperatures and for different values of dis-
order. Unfortunately, not much data is available in the liter-
ature where absolute measurement of ns has been performed,
so that our results cannot be easily compared with experiment.
In section 3, we analyze some of the available experimental
data in superconductors like Nb-doped SrTiO3 , Pb, Sn, Nb,
NbN, and a-MoGe. The data for Tc and n have been obtained
via transport measurements, and the dimensionless parameter
δ =∆0/(2kBTc) is obtained from the measurement of ∆0 in
tunneling experiments. We then have just one free parameter
∆0τ which we extract by fitting the above mentioned theoret-
ical expression where we have explicitly shown also the con-
tributions of both the terms in the expressions separately. The
extracted values of ∆0τ range from about 5 × 10−5 to 0.5.
The ratio η of the two contributions to ns(T)mentioned above,
is almost negligible for a-MoGe and NbN for which ∆0τ is
very small, but it becomes recognizable for the Nb sample,
it becomes more prominent for Pb and Sn, and for Nb-doped
SrTiO3 it is the largest amongst all the ones analyzed here.

Section 4 is devoted to the outlook and discussion where we
have pointed out that many more experiments are needed to be
confronted with theoretical prediction as the highest value of
ns/n that has been found in the earlier experiments is about
0.56, whereas it can go up to 1.0 for the pure limit that may
be attained for the samples with ∆0τ ∼ 10. We also discuss
here the physics that cannot be revealed from the theoretical
prediction above.

In appendix, we have estimated the superfluid density by
utilizing the oscillator sum rule for the real part of optical con-
ductivity. We show that it reproduces the clean limit exactly
and the dirty limit up to a numerical factor of order unity.

2. Reformulated superfluid density

A highly convergent expression [6] of super-fluid density (see
also [5, 7–9]) at finite temperatures for all disorder (excluding
the localization regime) is given by

ns(T) =
nπ
β

∑
ωm

[
∆̃2

(∆̃2 + ω̃2
m)

3/2

]
(2)

which is obtained also by a series of successive integration by
parts for removing divergences in the approach of [10], where
renormalized frequency, ω̃m, and gap, ∆̃, in terms of Mat-
subara frequency ωm = π(2m+ 1)/β and the superconducting
gap∆ can be expressed as

ω̃m

ωm
=

∆̃

∆
= 1+

1

2τ
√
∆2 +ω2

m

. (3)

Here β = 1/(kBT) and the introduction [4] of finite elec-
tronic life-time τ in the theory of disordered superconductors
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through the Nambu–Green’s functions for Bogoliubov qua-
siparticles. The superfluid density is explicitly seen to van-
ish (2) in the absence of isotropic superconducting gap. The
expression (2) of ns(T) is applicable to both two and three
dimensional superconductors provided the localization effect
of disorder does not set in for very strong disorder. However,
the expression (2) has not been frequently used for analyzing
experimental data because it involves complicated sum over
the Matsubara frequency. Here we reformulate equation (2).
below in terms of a simple term and a simple integral, and ana-
lyze available data of the absolute measurements of superfluid
density in the next section.

The frequency sum in equation (2) is evaluated in the usual
way: we change it into a contour integration for complex z such
that the contour contains only the poles at z= iωm,

ns(T) = nπ
ˆ
C

dz
2πi

∆2

(∆2 − z2)

(√
∆2 − z2 +

1
2τ

) 1
eβz+ 1

.

(4)

We now deform the contour to exclude the non-analyticities on
the real axis (energy ϵ), namely the simple poles at z=±∆ as
well as the branch cut from z=∆→∞ and from−∆→−∞
(arising from the square root term) so that

ns
n

= π∆τ tanh

(
β∆

2

)

−∆2
ˆ ∞

∆

dϵ
tanh

(
βϵ

2

)
√
ϵ2 −∆2

(
ϵ2 −∆2 +

1
4τ 2

) . (5)

The first term is due to the contribution from the residues of
the poles and the second term is due to the branch cut. In
the dirty limit (∆0τ ≪ 1) the latter is much smaller than the
first and can therefore be neglected; the contribution of the
corresponding branch cut to the superfluid density is negli-
gible. This fact leads to a considerable simplification of cal-
culations in the dirty limit. We note that while the first term
in equation (5) is present in the superfluid density expression
in [10]. as well, the second term differs. This finer difference
makes the expression (5) consistent in temperature depend-
ence at all disorder.

The zero temperature limit of equation (5) yields
ns
n
(T= 0)

= π∆0τ

−


(2∆0τ)

2√
(2∆0τ)2 − 1

tan−1
(√

(2∆0τ)2 − 1
)

for 2∆0τ > 1

(2∆0τ)
2√

1− (2∆0τ)2
tanh−1

(√
1− (2∆0τ)2

)
for 2∆0τ ⩽ 1

(6)

Though superficially different from the well known T = 0 res-
ult [4, 8–10], this has also the right clean and dirty limits,
namely n and nπ∆0τ . Although the first term in equation (5)
is sufficient for extreme dirty limit (∆0τ ≪ 1) as mentioned
above, it alone is incomplete when ∆0τ ∼ 1 as it can exceed

Figure 1. Zero temperature contributions for the expression (5) of
normalized superfluid density, ns/n, as a function of dimensionless
disorder ∆0τ : we show the first term, the second term, and their
difference for several decades of ∆0τ . The nonzero value of the
difference is apparent on this log–log scale in the separate curve
for it.

the London limit, namely the electron density n! We show
variations of the first and second terms of equation (5) and
their difference, i.e. ns/n over several decades of∆0τ at T = 0
in figure 1. Contribution of the second term is negligible as it
is less by three orders of magnitude than the first term when
∆0τ = 10−4. However, the role of the former begins to be sig-
nificant even for∆0τ = 5 × 10−3 when the latter is about 3%
of the former. While both the terms increase with∆0τ , the dif-
ference between them asymptotically becomes unity, namely
it approaches the disorder-free London limit.The zero tem-
perature value of ns depends strongly on ∆0τ and attains the
pure limit for ∆0τ ∼ 10 while it has the dirty limit value for
∆0τ ≲ 0.005.

The temperature dependence of ns is numerically calculated
using a dimensionless form of the variables and parameters of
equation (5) and reinstating ℏ as appropriate:

ns
n

= π∆̃

(
∆0τ

ℏ

)
tanh

(
δ∆̃

T/Tc

)

− ∆̃2
ˆ ∞

∆̃

dϵ̃
tanh

(
δϵ̃

T/Tc

)
√

ϵ̃ 2 − ∆̃2

(
ϵ̃ 2 − ∆̃2 +

1
4(∆0τ/ℏ)2

) ,

(7)
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Figure 2. Temperature dependence of ns scaled with electron
density for different levels of disorder: ∆0τ = 10−3, 10−2,
10−1, 1, 10, 102 (in the unit of ℏ). Temperature is scaled with the
BCS Tc. Inset: ns(T) is scaled with ns0 = ns(T= 0). Temperature
variation of ns/ns0 is almost independent of disorder, although ns0 is
strongly disorder dependent.

where ∆̃ = ∆/∆0, ϵ̃= ϵ/∆0, and δ =∆0/(2kBTc). Figure 2
shows the temperature dependence of ns/n for a wide range of
∆0τ (in the unit of ℏ) and using the BCS value of δ= 0.882.
As expected, temperature dependence of ns at low temperat-
ures is exponentially weak due to the presence of gap∆0, but it
strongly depends on T beyond a threshold value Tth and even-
tually vanishes at T= Tc. Inset of figure 2 shows temperature
dependence of scaled ns(T) by its zero-temperature value ns0
for wide range of∆0τ (scaled by Tc). The unrecognizable dif-
ferences of ns(T)/ns(0) with disorder indicates that the exper-
imental techniques in which absolute value (in lieu of relative
value with respect to zero temperature) of ns(T) is measured
is the only one suitable for studying the disorder dependence
of superfluid density.

3. Comparison with experiment

In this section, we analyze some of the published experimental
data of ns(T) which are extracted from the measured penetra-
tion depth using London’s formula [2]:

ns =
m∗

µ0e2
λ−2 = 2.82 × 1013

(
m∗

me

)
m−1λ−2 (8)

in the light of the expression (7) derived here, where m∗

is the effective mass of an electron in a system. One diffi-
culty in comparison between theory and experiment is that in
much of the literature on conventional superconductors, only
the change of penetration depth with respect to a given tem-
perature rather than the absolute value of λ has been meas-
ured in bulk sample. Absolute values have been measured
for colloidal particles [17, 18] and large area thin films on

mica, but for those samples it is difficult to estimate other
properties like resistivity and carrier density which could sig-
nificantly differ from bulk and have not been reported. Nev-
ertheless, researchers used indirect schemes to estimate λ(0).
For example, in [19] for Pb, ∆ obtained from tunneling was
used as input parameter and λ(0) was obtained from tuning it
to the value that consistently reproduced the BCS temperature
dependence λ(T) for a set of samples with different amount
of impurity. In some other cases such as in pure Sn crystal
[20], λ(0) was estimated from the normal state properties.
More recently, absolute measurement of λ have been per-
formed on a number of superconducting thin films using two-
coil mutual inductance technique [21–23] and on some single
crystals using microwave techniques [24]. Here, we analyze
the data of Nb-doped STO [16] and Sn crystal [20], polycrys-
talline [19] Pb and 15.3 nm thick Nb film [13], and relatively
stronger disordered thin films [14, 15] of NbN and a-MoGe.
AlthoughNb-doped SrTiO3 was initially thought to be amulti-
band superconductor [25], the recent data are in favor of a
single-band [26–28] superconductor. Together these systems
span a large range of disorder for which ns/n∼ 0.6–10−4. In
table 1, we summarize the properties of these materials. For

Sn and Pb, the authors reported λ(T) vs.
(
1− (T/Tc)4

)1/2
;

the data was digitized and converted into λ−2(T) vs. T. One
important parameter in table 1 is the effective mass of the elec-
tron. This value is taken either from electronic specific heat
(Sn, Pb, NbN) or quantum oscillations (Nb-doped STO and
Nb). For a-MoGe, we did not find an independent estimate
but used the electron mass as has been done in the literature
[39]. In figures 3(a)–(g), we show the temperature variation
ns/n for different materials. We first focus on the Nb-doped
SrTiO3 crystal which is the cleanest sample analyzed here. In
figure 3(a) we fit ns(T)/n using the full expression in equation
(7) using the values of δ as shown in table 2 and α as the
only adjustable parameter. In the same panel we also separ-
ately plot the first and second term on the right hand side of
equation (7). In figure 3(b), we try to fit the same data using
only first term which is equivalent to the dirty limit expres-
sion in equation (1). As can be seen best fit curve deviates
at high temperature, showing at this level of cleanliness a
small but discernible difference in the T-dependence emerges
between the exact expression and the dirty-limit BCS expres-
sion. For Sn, Pb, Nb film (figures 3(c)–(e)) as ns/n decreases,
the contribution of the second term in the overall expression
progressively decreases. For the strongly disordered NbN and
a-MoGe films (figures 3(f) and (g)) the contribution of the
second term is negligible and the data can be fitted with the
dirty limit BCS expression. The extracted parameters from
the fits are also shown in table 2. Wherever resistivity data
is available the values of τ extracted from the present fits, τP
are consistent with those obtained from resistivity, τT, using
Drude model. In figure 3(h), we show the ratio of the second
term to the first term, η, as a function of ∆0τ . It is obvi-
ous from the graph that the cleanest superconductor analyzed
here, Nb-doped STO, is far from the BCS clean limit for
which ns(0)/n∼ 1 and ∆0τ ≫ 1. Most studies on pure ele-
mental superconductor show ns/n= 0.05–0.3 [37, 40, 41].
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Table 1. Experimental data of Tc, ∆(0), λ(0), n, and normal-state resistivity ρN , mean free path ℓ and effective mass m∗ of an electron
obtained from a number of experiments [13–15, 19, 20, 29–38] in various samples.

Sample Tc (K) ∆(0) (meV) λ(0) (nm) n (1028 m−3) ρN (µΩ-m) ℓ(Ao) m∗/me

Sn 3.72 [20] 0.555 [29] 42.5 [20] 14.8 [30] — — 1.26 [31]
Pb 7.2 [19] 1.34 [29] 52.5 [19] 13.2 [30] — — 1.97 [31]
Nb (15.3 nm) 8.17 [13] 1.525 [32] 135.08 [13] 5.56 [30] 0.135 [13] 64.6 1.81 [33]
NbN-1a 14.3 [14] 2.5 [34] 358.4 [14] 16.85 [34] 1.14 [34] 3.65 1.0 [35, 36]
NbN-2a 9.94 [14] 1.736 [34] 583.9 [14] 11.6 [34] 2.22 [34] 2.41 1.0 [35, 36]
NbN-3a 8.5 [14] 1.485 [34] 759.1 [14] 11.76 [34] 2.41 [34] 2.2 1.0 [35, 36]
MoGe-1 (21 nm)b 7.56 [15] 1.28 [15] 528 [15] 46 [15] 1.5 [15] 1.42 1.0
MoGe-2 (11 nm)b 6.62 [15] 1.25 [15] 554.6 [15] 46 [15] 1.64 [15] 1.3 1.0
MoGe-3 (4.5 nm)b 4.8 [15] 1.12 [15] 613.07 [15] 46 [15] 1.44 [15] 1.48 1.0
Nb-doped STO 0.346 [16] 0.052 [16] 1349.5 [16] 0.011 [16] 0.52 [16] — 4.0 [38]
a n and ρN of NbN is obtained by interpolation using given data set of [34]. The three samples correspond to different levels of disorder.
b Three amorphous MoGe thin films with different thickness (within bracket). The carrier density is measured from Hall effect for MoGe-1 and assumed to
remain same for other thickness.

Figure 3. (a) Experimental data (black dots) of ns/n vs. T for Nb-doped SrTiO3 fitted with equation (7); blue and green curves respectively
represent the contributions of first and second terms of equation (7). (b) Fit of the same data but with the dirty limit BCS formula which is
equivalent to taking only the first term of equation (7); the fit deviates at intermediate temperatures. (c)–(e) Experimental data for Pb, Sn
crystal, and 15.3 nm thick Nb film respectively; red solid curves are the theoretical fits using equation (7). (f) and (g) respectively
correspond to temperature dependence of ns/n for NbN and MoGe films with various thickness; solid lines are the theoretical fits using
equation (7); this fit is indistinguishable from the contribution of the first term of equation (7) alone. (h) The ratio of the contributions of the
second and first terms of equation (7), η, vs. the parameter ∆0τ (in the unit of ℏ) (solid line) and the same extracted from the fits mentioned
above for various samples (dots).
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Table 2. Parameters calculated using or extracted from the experimental data shown in table 1 for all the samples. Relaxation time
calculated using the transport data, τT = m∗/(ne2ρN), and the same calculated using the parameter α extracted by fitting ns/n with
equation (7), τP , are in the same ballpark.

Sample ns(0) (1025 m−3)
ns(0)
n

(10−3) δ =
∆(0)
2kBTc

α=
∆(0)τ

ℏ
(10−3) τT =

m∗

ne2ρN

(10−17 s) τP =
αℏ
∆(0)

(10−17 s)

Sn 1967.17 132.92 0.865 48.5 — 5751.8
Pb 2015.56 152.69 1.082 63 — 3094
Nb (15.3 nm) 279.7 50.3 0.96 17.7 855 763.9
NbN-1 21.94 1.30 1.0135 0.415 18.4 10.9
NbN-2 8.27 0.713 1.0135 0.228 13.8 8.64
NbN-3 4.89 0.416 1.0135 0.134 12.5 5.93
MoGe-1 (21 nm) 10.11 0.219 1.06 0.0694 5.14 3.57
MoGe-2 (11 nm) 9.17 0.199 1.116 0.0638 4.7 3.36
MoGe-3 (4.5 nm) 7.50 0.163 1.3 0.0518 5.35 3.04
Nb-doped STO 6.2 563.1 0.875 500 2.5 × 105 [16] 6.3 × 105

Surprisingly, there is one report [42] where ns/n values very
close to one was reported for very pure polycrystalline Ta and
Nb. However, in that paper λ(0) values were obtained from
λ(T) close to Tc. However for the same sample, the low tem-
perature variation of λ(T) showed unexpected distinct devi-
ation from BCS variation, probably from surface contamina-
tion. Similarly it was suggested that Nb-doped SrTiO3 could
be in the clean limit [43] but this has been contested from direct
measurements of the penetration depth [16]. Therefore there is
a need for further measurements on high purity single crystals
to explore if the BCS limit can indeed be realized.

4. Outlook and conclusion

Our analysis is based on the Born approximation for dis-
order potential.We thus have not considered localization effect
which plays amajor role for strongly disordered superconduct-
ors when kFℓ∼ 1 (where kF is the Fermi wavenumber and ℓ
is the mean free path of an electron). The superfluid density
presented here is without consideration of higher order effects
due to phase fluctuations which again finds its role for relat-
ively large disorder when α=∆0τ/ℏ≲ 10−5, and hence the
physics of pseudogap phase [44] has also been ignored.

Our study reveals that the absolute measurement of super-
fluid density at all temperatures, rather than the relative meas-
urement with respect to a given T, is necessary for determin-
ing its dependence on disorder. This is because ns(T)/ns(0) is
weakly disorder dependent while both ns(T) and ns(0) are dis-
order dependent. This analysis is based on the assumption that
∆ is disorder independent, as a consequence of Anderson’s
theorem [12].

We find that the estimated relaxation time from the resistiv-
ity data and from the fitted parameterα are in the same ballpark
for all the samples those have been analyzed, excepting purer
samples Pb and Sn for which resistivity data are not avail-
able for comparison. One surprising finding in this study is
that most samples on which the temperature dependence of the
superfluid density has been investigated seem to be in the dirty
limit where ns(0)≪ n. In fact, the paradigmatic BCS clean
limit seems to be very rare. To achieve the clean BCS limit

the superconductor needs to have a large electronic relaxa-
tion time, τ > ℏ/∆0 ∼ 10−11–10−12s, which translates into an
electronic mean free path, ℓ, greater than tens of micrometers.
Such a large ℓ is indeed very rare and has been realized in very
high purity single crystals of noble metals like Ag and semi-
metals like Bi on which electron focusing experiments [45, 46]
were performed. This requirement is even more stringent than
the mean free path required in typical single crystals on which
de Haas–van Alphen measurements are performed at fields of
several Tesla. It will be instructive to try to synthesize super-
conductors with comparable mean free path to experimentally
verify the temperature variation of ns/n from the clean-limit
BCS theory.
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Appendix. Sum rule for the suppression of
superfluid density

While the clean BCS limit can only be reached in specially
prepared very clean single crystals, frequently available poly-
crystalline and thin film superconductors are in the oppos-
ite limit, i.e. dirty limit where, τ ≪∆0/ℏ. In such a situ-
ation, ns(0)≪ n. ns/n can be intuitively estimated based on
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the oscillator sum rule [47–49] that gets the result correct
within a factor of order unity; here we outline this derivation
and comparewith the accurate expression of ns that has already
been derived microscopically in this paper (6) and originally
by Abrikosov and Gor’kov [4] in the linear response theory.

The optical conductivity of a metal in Drude theory is given
by σ(ω) = σ ′(ω)+ iσ ′ ′(ω) where

σ ′(ω) =
σ0

1+(ωτ)2
; σ ′ ′(ω) =

σ0ωτ

1+(ωτ)2
(A1)

with dc conductivity σ0 = ne2τ/me. The well known oscillator
sum rule for σ ′(ω) is given by

ˆ ∞

0
σ ′(ω)dω =

πne2

2me
. (A2)

The sum rule in equation (A2), however, remains unaltered
for finite temperature, magnetic field, the presence of inter-
action between electrons, and even when the metallic system
makes a phase transition into the superconducting state. How-
ever, the spectral weight in σ ′(ω) is redistributed, depending
on the state of the system.

When a metal goes into the superconducting state, a spec-
tral gap opens for the frequency ω < 2∆0/ℏ. At a very high
frequency (ω ≫ 2∆0/ℏ), the distribution of spectral weight
in the real part of conductivity in the superconducting state,
σ ′
s (ω), remains unaltered from its metallic counterpart. σ ′

s (ω)
approaches zero as ω → 2∆0/ℏ from its higher values. How-
ever, this depletion of spectral weight gets accumulated at zero
frequency in the form of Dirac delta function:

σ ′
s (ω) =

πnse2

me
δ(ω) (A3)

where the prefactor πnse2/me is known as Drude weight to the
conductivity that is proportional to the superfluid density. The
precise variation of σs(ω) for a s-wave superconductor may
be obtained from Mattis–Bardeen theory [50]. However for
the purpose of an approximate estimation of ns, we consider
a discontinuous jump in σ ′

s (ω) at ω = 2∆0/ℏ from its zero
value to normal-metallic value. Following the sum rule (A2),
we thus write

ˆ 2∆0/ℏ

0
σ ′(ω)dω ≈

ˆ 2∆0/ℏ

0
σ ′
s (ω)dω (A4)

which yields

ns
n

=
2
π
tan−1

(
2∆0τ

ℏ

)
(A5)

reproducing the clean limit (∆0τ →∞), i.e. ns = n. In the
dirty limit ( ∆0τ → 0), we find ns/n= 4∆0τ/(πℏ) which
differs with the microscopic result only by a numerical
factor π2/4.

It is instructive to write equation (A5) in terms of the meas-
urable quantities such as penetration depth and normal state
resistivity ρN = 1/σ0. Substituting ns by (me/µ0e2)λ−2(0)

in equation (A5) and reinstating the above mentioned factor
π2/4, we find

λ−2(0) =
πµ0∆0

ℏρN
(A6)

in the dirty limit. The relation (A6) is particularly powerful
as it relates three independent measurable quantities λ(0),∆0

and ρN without any adjustable parameters.
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