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Abstract
Within the Bardeen–Cooper–Schrieffer (BCS) theory, superconductivity is entirely governed
by the pairing energy scale, which gives rise to the superconducting energy gap, Δ. However,
another important energy scale, the superfluid phase stiffness, J, which determines the
resilience of the superconductor to phase-fluctuations is normally ignored. The spectacular
success of BCS theory owes to the fact that in conventional superconductors J is normally
several orders of magnitude larger than Δ and thus an irrelevant energy scale. However, in
certain situations such as in the presence of low carrier density, strong disorder, at
low-dimensions or in granular superconductors, J can drastically come down and even become
smaller than Δ. In such situations, the temperature and magnetic field evolution of
superconducting properties is governed by phase fluctuations, which gives rise to novel
electronic states where signatures of electronic pairing continue to exist even when the zero
resistance state is destroyed. In this article, we will review the recent experimental
developments on the study of phase fluctuations in conventional superconductors.

Keywords: phase fluctuations, superfluid stiffness, conventional superconductors, disorder in
superconductors

(Some figures may appear in colour only in the online journal)

1. Introduction

At the microscopic level, the superconducting state is com-
posed of two key ingredients. A weak attractive interaction
between electrons, which binds pairs of electrons with oppo-
site momenta and opposite spins into spin-zero objects, called
Cooper pairs; and, the condensation of these Cooper pairs into
a macroscopic quantum state where the quantum mechani-
cal phase of the electronic wave-function becomes rigid [1].
The phase rigidity gives a superconductor two of its most
defining properties, zero resistance and perfect diamagnetism.
Two kinds of excitations can ultimately destroy the supercon-
ducting ground state: (i) quasiparticle excitations created by

∗ Author to whom any correspondence should be addressed.

breaking Cooper pairs and (ii) phase fluctuations which can
destroy global phase coherent state. The energy scale asso-
ciated with the first kind of excitations is the well-known
superconducting energy gap, Δ, whereas the one associated
with the second one is the superfluid stiffness, J, which is
the energy required to apply a phase twist of unit magnitude
over a unit length. In most conventional superconductors [2]
Δ � J, and the superconducting transition temperature Tc is
almost entirely governed by Δ. This is the reason for the spec-
tacular success of Bardeen–Cooper–Schrieffer (BCS) theory
[3] or its more sophisticated extensions such as Eliashberg the-
ory where the role of phase fluctuations are entirely ignored.
As a result, the role of J has received much less attention.
However, there are a number of situations where this hierarchy
can be reversed. On general grounds the superfluid stiffness
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depends on the superfluid density (ns) and the effective mass
(m∗) as, J ∼ ns/m∗. In strongly-correlated unconventional
superconductors with low electronic carrier density, such as
organics superconductors or underdoped high-Tc cuprates
[4, 5], J can become smaller than Δ. In such a situation, super-
conductivity could get destroyed due to phase fluctuations even
when the pairing gap remains finite. Interestingly, in recent
years a similar situation has been observed in thin films of sev-
eral strongly disordered conventional s-wave superconductors
[6] such as NbN, TiN, InOx, a-MoGe, SrTiO3/LaAlO3 inter-
facial superconductors. Furthermore, a wealth of information
has been generated on these systems using newer techniques
such as low temperature scanning tunnelling spectroscopy
(STS) [7–12], scanning squid microscopy [13] as well as low
and high-frequency electrodynamic response measurements
[14–17] which can directly access the phase of the order-
parameter. These observations call for closer look on the role
of phase fluctuations in conventional superconductors.

In this article, we will review the role of phase fluctuations
in conventional superconductors, from a predominantly exper-
imental perspective. In the superconductivity literature, phase
slips in nanowires, and vortical excitations through the unbind-
ing of vortex–antivortex pairs (VAP) at the Berezinskii–
Kosterlirtz–Thouless (BKT) transition in thin films are con-
sidered [18, 19] to be paradigmatic examples of phase driven
effects in superconductors, whereas long wavelength phase
fluctuations have received much less attention [20]. However,
several experimental studies in recent years suggest that long-
wavelength longitudinal phase fluctuations can play an impor-
tant role when the superfluid density becomes small. This
review will primarily focus on disordered conventional super-
conductors where the role of phase fluctuations has been exten-
sively studied in recent years. We will restrict our theoretical
description to what is essential to make consistent sense of the
experimental data. The unusual properties of unconventional
high-Tc cuprates [21] which historically played a crucial role
in triggering the interest in phase fluctuation, and phase slips
in nanowires [22] have been covered in other excellent reviews
and will be only briefly mentioned here in context.

The review is organised as follows. In section 2, we will
provide a general theoretical introduction, covering the basics
of theories of increasing complexity that are essential to appre-
ciate the experimental results. In section 3, we will briefly
describe the experimental techniques that have emerged as
central tools to study phase fluctuations in superconductors.
In section 4, we will discuss experimental evidence of phase
fluctuations. In section 5, we will summarise and discuss some
future directions of these studies. Unless otherwise mentioned
we will use SI units throughout this article.

2. Theoretical background

2.1. Fluctuations of the superconducting order parameter

Within Ginzburg–Landau (G–L) theory, the free energy den-
sity of a superconductor has the general form [23],

F = Fn + α0 (T − Tc) |Ψ|2 + β

2
|Ψ|4

+
1

2m∗

∣∣∣∣( h̄
i
∇− e∗A

)
Ψ

∣∣∣∣2 + H2

2μ0
, (1)

where, Ψ (r) = |Ψ (r)| eiθ(r) is a complex order parameter, Fn

is the free energy in the normal state, α0, β > 0 are the GL
parameters to be determined from experiments, A is the vec-
tor potential, H is the applied magnetic field and m∗ and e∗ are
twice the mass (more precisely effective mass) of an electron,
m, and twice the charge of the electron, e, corresponding to
a Cooper pair. Below the superconducting transition, the free
energy of a uniform superconductor in the absence of mag-
netic field or current takes the form of a Mexican hat, allowing
an infinite number of minima with the same value of |Ψ| but
any value of θ from 0–2π (figure 1). The shape of the poten-
tial immediately implies that fluctuations of |Ψ|, called the
amplitude mode (or Higgs mode) have a finite energy. Con-
sequently, amplitude fluctuations are energetically expensive
except when the energy threshold approaches zero as T ≈ Tc.
Thus, amplitude fluctuations can safely be ignored except in
very small superconducting particles where they are responsi-
ble for the well-known fluctuation induced superconductivity
in a narrow temperature window above the mean field transi-
tion temperature [24, 25]. On the other hand, the fluctuations
of θ form a gapless mode similar to spin waves in a ferromag-
net. The importance of long-wavelength phase fluctuations on
the superconducting states is dictated by the relative energy
scale characteristic to phase fluctuations vis-à-vis the quasi-
particle energy scale, Δ, obtained from microscopic theories.
So far, there is no complete microscopic theory (for an initial
attempt in this direction, see reference [26]) which can deal
with the full problem involving both quasiparticle excitations
and phase fluctuations on equal footing. However, from G–L
theory, we can define an energy scale for phase fluctuations
called as superfluid stiffness, J.

2.2. Definition of superfluid stiffness [5], J

When a current flows in a superconductor, the phase of the
superconductor develops a gradient. Formally, supercurrent
density can be expressed in terms of Ψ as [1],

Js =
e∗ h̄

2m∗i

(
Ψ∗∇Ψ −Ψ∇Ψ∗)− e∗2

m∗ |Ψ|2A. (2)

Since introducing a gradient in the amplitude of Ψ is ener-
getically expensive, we can write the order parameter as,
Ψ = |Ψ| eiθ(r), such that1,

Js =
e∗

m∗ |Ψ|2
(

h̄∇θ − e∗A
)
. (3)

1 This is a good approximation for type II superconductors where the coher-
ence length is much smaller than the penetration depth.
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Figure 1. The free energy functional of a homogeneous
superconductor in the absence of current or magnetic field: the
radial distance denotes the amplitude of the order parameter |Ψ| and
the azimuthal angle, θ, denotes the phase. The free energy minima
lie on a circle along the blue line. The red and blue lines show
fluctuations of the amplitude and phase respectively. Amplitude
fluctuations are gapped whereas phase fluctuations are gapless.

In the absence of magnetic field (A = 0) this reduces to
Js =

h̄e∗
m∗ |Ψ|2∇θ. Identifying |Ψ|2 with ns

2 , where ns is the
superfluid density in electrons per unit volume, and using
Js = (ns/2)e∗vs, the superfluid velocity, vs =

h̄
m∗ ∇θ. Thus,

the kinetic energy density of the superfluid is given by
1
4 ns(m∗v2

s ) = h̄2ns
4m∗ |∇θ|2. If we consider only the phase degree

of freedom, the Hamiltonian of the system would be given by,

H =
1
2

h̄2ns

2m∗

∫
d3r|∇θ|2 ≡ 1

2
h̄2ns

4m

∫
d3r|∇θ|2. (4)

It is clear from equation (4) that the quantity h̄2ns
4m in the

pre-factor of the integral determines the resilience of the super-
conductor against phase fluctuations. In order to convert this
into the characteristic energy scale one has to multiply this
by a suitable length scale, a, such that, J = h̄2nsa

4m . This can be
expressed in terms of a and a measurable quantity, the Lon-
don penetration depth (λL) using the relation, λ2

L = m
μ0nse2 , i.e.

J = h̄2a
4μ0λ

2
Le2 . As to what is the suitable length scale a is a more

difficult question. This requires additional information on the
physical dimension and nature of the system. We will discuss
some typical situation below.

We first consider the case of a superconducting thin film
with thickness (d) smaller than the coherence length ξ, where
the situation is most intuitive. For such a thin film the currents,

and hence the long-wavelength phase fluctuations are predom-
inantly parallel to the plane of the films. Consequently, we can
integrate out the degree of freedom perpendicular to the plane
of the film, such that the Hamiltonian reduces to,

H =
1
2

h̄2nsd
4m

∫
d2r|∇θ|2 =

1
2

J
∫

d2r|∇θ|2, (5)

where the integral runs over the plane of the film. Thus,

J =
h̄2nsd
4m

=
h̄2d

4μ0λ2
Le2

⇒ a = d. (6)

The areal density of the superfluid, nsd, is often referred
as the 2D superfluid density, n2D

s . Interestingly, the Hamilto-
nian in (5) can be exactly mapped on the continuum version of
the two-dimensional XY model [44], consisting of ferromag-
netically coupled classical spins on a two-dimensional lattice,
where each spin can only point in any direction in the plane.
In the continuum limit the Hamiltonian of this system reduces
to,

H =
1
2

Js

∫
d2r|∇ϕ|2, (7)

where ϕ refers to the angle made by a spin at a given position
with respect to an arbitrary axis in the plane and Js refers to
the ferromagnetic coupling between adjacent spins. (For sim-
plicity we have taken each spin to be on unit magnitude.) It
was shown [19] by BKT that this system undergoes a phase
transition at TBKT = πJs

2kB
(kB is the Boltzmann constant) from

a quasi-long-range ordered state to a disordered state through
the proliferation of free vortices. For a superconductor, this
implies that at this temperature the superconducting thin films
undergoes a phase transition from a state where the phase
has quasi-long-range coherence to a state where the phase is
completely incoherent. We will discuss more about the BKT
transition in 2D superconducting films in section 2.4.

The definition of J based in equation (6) can also be
extended to quasi-2D layered systems, where superconduc-
tivity primarily resides on superconducting planes that are
weakly coupled with each other. This is the case for example in
organic superconductorsand in several high-Tc cuprates. Since
the penetration depth would be anisotropic the relevant pene-
tration depth will be the one perpendicular to the planes, λ⊥

L .
In this case a is the average interplanar distance l, provided the
out of plane coherence length ξ⊥ < l.

For three-dimensional isotropic superconductors the iden-
tification of the suitable length scale for a is less straightfor-
ward. In this case a has to be interpreted as the short distance
spatial cut-off for the integral and derivative in equation (4).
Since the superconducting order parameter varies over a typi-
cal distance of the order of the coherence length, ξ, this short
distance cut-off is ξ ∼ a. Since the precise relation between a
and ξ is not very important to obtain an order-of-magnitude
estimate, the superfluid stiffness in this case is simply defined
as, J = h̄2ξ

4μ0λ
2
Le2 . Some estimates of J using these relations for

different superconductors is tabulated in table 1.
In principle, we can also define the superfluid stiffness for

a quasi-one-dimensional superconductor, such as a nanowire
with transverse dimensions less than ξ. However, such a
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Table 1. Penetration depth, Tc and superfluid stiffness for different superconductors. ‘a’ corresponds to the lower cut-off wavelength for
phase fluctuations which is the coherence length for bulk 3D superconductors and films with thickness larger than the coherence length (B),
interlayer separation for layered compounds (L) and film thickness for ultrathin films (F).

Material a (nm) Δ(0) (K) λ(0) (nm) Tc (K) J(0) (K) J(0)/Tc Reference

Nb B 38 18.5 47 9 105 104 [27, 28]
Pb B 51 15.5 52.5 7.2 105 104 [29–31]
Sn B 94 6.44 56.7 3.7 2 × 105 5.4 × 104 [30–32]
V3Si B 5.6 30.3 62 16.4 9 × 103 549 [33]
Nb3Sn B 5.7 37.4 64 17.9 9 × 103 503 [33]
MoGe (thin film) B 5.2 14.9 528 7.2 116 16 [34]
MoGe(thin film) F 2.2 9.05 1159 1.8 10.2 5.7 [34]
NbN (weakest disorder) B 4.62 32.5 275 16 381.6 23.9 [35, 36]
NbN (strongly disordered) B 8 4.93 5521 2.27 1.64 0.7 [8]
Tl2B2CaCu2O8 L 0.73 — 221 99 93.4 0.9 [37]
Tl2B2Ca2Cu3O10 L 0.9 — 196 125 146 1.2 [37]
La1.9Sr0.1CuO4 L 0.66 — 320 33 40.3 1.2 [37]
YBa2Cu3O7-δ L 0.58 368–276 160 92 141.5 1.5 [37–39]
K3C60 B 2.6 34 480 19.3 70.5 3.7 [40]
Bi2Sr2CaCu2O8 L 0.77 425 250 89 77 0.86 [37, 41]
κ-(BEDT-TTF)2Cu(NCS)2 L 1.52 34.8 750 10.5 17 1.6 [37, 42]
(BEDT)2Cu(NCS)2 L 1.52 — 800 8 14.8 1.9 [43]

definition is not very useful since the transport properties of
nanowires are dominated by a different kind of ‘local’ phase
excitation called phase slips [1], which prevents the establish-
ment of phase coherence at any finite temperature. Phase slips
happen whenever the relative phase between two segments
of the wire undergoes a twist by 2π, thus developing a volt-
age between the two end of the wire (figure 2). This process
requires a small region of the nanowire of length ∼ ξ between
the two segment to be thermally excited to the normal state.
Therefore, this process becomes significant whenever the con-
densation energy,F0, of a wire segment of length∼ ξ is compa-
rable to the thermal energy kBT, giving a resistance that varies
as R∼ RN∗ exp[−F0/kBT]. The phenomenon of thermally acti-
vated phase slips have been studied extensively in nanometers
wide superconducting wires, grown either through templated
growth on nanowires [45] or fabricated through lithographic
techniques [46]. We refer the interested reader to an earlier
review [22] on this subject by A Bezryadin.

It is clear from table 1 why BCS theory is so successful in
explaining the properties of conventional superconductors. For
most conventional superconductors, J is several orders of mag-
nitudes larger than Δ such that the effect of phase fluctuations
are entirely negligible. When J � Δ, thermal phase fluctua-
tions play a dominant role. In the extreme case when J � Δ,
the superconducting transition temperature is expected to be
entirely governed by the superfluid stiffness rather than the
pairing energy.

Finally, we would like to note that the arguments leading to
the above definitions of J are strictly applicable for the case
of a uniform superconductor. When the superconductor has
inhomogeneity such that |Ψ| has spatial variations, the phase
and amplitude modes can get mixed in a non-trivial way. This
is particularly important in the case of disordered supercon-
ductors that we will discuss later. Nevertheless, even in those
systems the J is used as a phenomenological energy scale to

understand the relative importance phase fluctuations in the
system.

2.3. Thermal and quantum phase fluctuations: a toy model

To understand the basic concepts associated with phase fluc-
tuations we start with a simplified model where two supercon-
ductors connected through a weak link of lateral dimensions
∼ξ. We will expound the basic ideas with this toy model, and
then extend it to more realistic cases of 2D and 3D super-
conductors. If the superconductors were completely isolated
from each other, each of their phases are completely arbi-
trary. However, if we allow exchange of Cooper pairs from
one to the other through the weak link, one would expect that
phase coherence would get established between them. When
a current flows through the link a phase difference, θ, devel-
ops between the two superconductors. This phase difference is
given by the Josephson relation, Is = Ic sin θ, where the critical
current of the weak link, Ic, is given by,

Ic =
eh̄n0

s

2m
ξ; (8)

here n0
s is the bare superfluid density.

However, in practice the phase difference θ is not truly con-
stant, but fluctuates about its mean value. These fluctuations
have two origins: (i) thermal (or classical) phase fluctuations
(CPF) and (ii) quantum phase fluctuations (QPF) arising from
the number-phase uncertainty principle. Before we get into the
details of CPF and QPF we first show that the physical effect
of such fluctuations is to reduce ns and Ic. Let us assume that
the phase difference is given by θ + Δθ(t), where Δθ(t) is the
fluctuating part of the phase and t is time. The average super-
current will be 〈Is〉 = Ic〈sin (θ +Δθ)〉 = Ic〈cos Δθ )〉 sin θ.

For random fluctuations, 〈cos Δθ)〉 ∼ exp
(
−〈(Δθ)2〉

2

)
, where

〈(Δθ)2〉 is the mean square average of the fluctuation about its

4
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Figure 2. Phase slips in superconducting nanowires. The upper panel shows the schematic of a superconducting nanowire connected
between two superconducting pads. A phase slip occurs when the relative phase of two segments of the wire undergoes a 2π twist, by
suppressing the order parameter of a segment of length ∼ξ, producing a voltage across the two ends of the nanowire. Phase slips prevent the
establishment of a zero resistance state in nanowires. The lower panel shows resistance as a function of temperature for amorphous
Mo0.79Ge0.21 superconducting nanowire of different length and dimeters deposited on carbon nanotubes. The sharp jump corresponds to the
superconducting transition of the electrodes. Reprinted (figure) with permission from [45], Copyright (2001) by the American Physical
Society.

mean value. Thus, the effective critical current of the junctions
is reduced from its bare value, Ic to

I′c = Ic exp

(
−〈(Δθ)2〉

2

)
. (9)

Comparing with equation (8), we observe that the effect of
phase fluctuations is to suppress the low temperature superfluid
density, ns, in the junction from its bare value, i.e.,

ns

n0
s
= exp〈(−(Δθ)2〉/2). (10)

To get a quantitative estimate of the level of suppres-
sion of, ns, we need to estimate 〈(Δθ)2〉. We first consider
the case of CPF. In the absence of fluctuations, the energy
stored in a weak link is given by, E = −EJ cos θ, where
EJ =

h̄
2e Ic, is Josephson coupling energy. Note that inserting

the expression for Ic we obtain, EJ =
(

h̄2ns
4m

)
ξ, which has the

same form as the superfluid stiffness J defined earlier. When
fluctuations are included Ic is replaced by I′c such that the

energy becomes, E′
J = −EJ exp

(
−〈(Δθ)2〉

2

)
cos θ ∼ −EJ(1 −

〈(Δθ)2〉
2 ) cos θ, where the last step is applicable at low temper-

atures where 〈(Δθ)2〉 is small. When no current is passing
through the link, θ = 0 → cos θ = 1. Equating,

(
EJ − E′

J

)
∼

kBT, we obtain (Δθ)2 ∼ kBT
EJ

.

Therefore from equation (10) we get ns ≈ n0
s

(
1 − kBT

2EJ

)
;

the superfluid density in the weak link will decrease
linearly with temperature as long as the temperature is not too
large.

Now we consider the case of QPF. So far, we have neglected
another energy scale in this problem, namely, the finite charg-
ing energy associated with transfer of Cooper pairs through
the weak link. Assuming that the two superconductors each
have capacitance C, exchange of charge, Q = N(2e) between
two superconductors will cost Coulomb energy Q2/2C on each
superconductor such that the total Coulomb energy is Q2/C.
This energy cost will hinder the tunnelling of the pair dis-
rupting the phase coherence particularly when the size of two
superconductors is small. This is the origin of QPF. These
arguments can be made quantitative by writing down a Hamil-
tonian in terms of the variable θ. Since N and θ are conjugate
to each other (i.e. Q

2e = N → i ∂
∂θ

), the Hamiltonian will take
the form [1, 47],

HJ = −EJ cos θ − 2Ec
∂2

∂θ2
, (11)

where Ec = e2/2C. The ground state wavefunction, ψ (θ), of
this Hamiltonian can be obtained using variational techniques.
The square of the wave function |ψ (θ) |2 will give the prob-
ability amplitude of θ. In figure 3, we plot the ground state
|ψ (θ) |2 for different values of Ec/EJ. For 2Ec/EJ � 1, the
|ψ (θ) |2 approaches a constant showing that all values of θ
become equally probable. On the other hand, for Ec/EJ � 1,

5
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Figure 3. Modulus square of the wave function of the ground state
for a Josephson junction connecting two small superconducting
islands. The gradual broadening of the wave function reflects the
increase in uncertainty in phase, θ, as the ratio of the charging energy
(Ec) to the Josephson energy (EJ) Ec/EJ is increased. The wave
functions are normalized such that the area under curve is unity.

〈(Δθ)2〉 � 2π. It is instructive to get the approximate solution
of equation (11) in this limit using variational method. In this
case, we can start with a trial function ψ (θ) = exp[− θ2

4σ2 ] and

minimize the expectation value of energy, E =
∫ 2π

0 ψ(θ)HJψ(θ)dθ∫ 2π
0 (ψ(θ))2 dθ

,

using σ as the variational parameter. Within harmonic approx-

imation, the resulting value of σ2 =
(

Ec
EJ

)1/2
= (Δθ)2 ⇒ ns

n0
s
=

exp
(
− 1

2

√
Ec
EJ

)
. Therefore, the important aspect of QPF is that

it suppresses the superfluid density at T = 0. Thus, at low

temperatures when
√

Ec
EJ

� kBT
EJ

, quantum corrections domi-

nate and ns is expected to be nearly temperature independent.

At higher temperatures, when kBT
EJ

�
√

Ec
EJ

, ns will decrease

linearly with temperature, till quasiparticle excitations start
getting important close to Tc. This is schematically shown in
figure 4. The crossover temperature from QPF to CPF is given
by, kBTcl =

√
EcEJ ∼ h̄ωp, where ωp is the plasma frequency

of the Josephson junction.

2.4. CPF and QPF in granular superconductors and
superconductors with low ns

The ideas developed for the simple model of phase fluctu-
ations can be carried over to granular superconductors and
superconductors with low superfluid density. In this case, the
superconductor has to be subdivided into volume elements
of lateral size a, similar to the low wavelength cut-off used
in deriving the expression for J. For a granular superconduc-
tor, the natural length scale for a is the size of the grain. For
a continuous superconductor, the superconductor has to be
subdivided into volume elements of linear dimensions ∼ ξ.
Each element can be characterised by the phase θ and its
dynamically conjugate variable N whose expectation is the

number of Copper pairs in the volume element. Thus, the
superfluid stiffness J plays the role of the Josephson coupling
energy, EJ, between these volume elements and the charging
energy is given by Ec ∝ e2

ε∞a , where ε∞ is the background
dielectric constant, such that the plasma frequency is given by
h̄ωp ∼

√
EcJ. As far as QPF is concerned phase coherence

between adjacent volume elements implies larger number fluc-
tuation and therefore larger Coulomb energy. In a good metal
the Coulomb energy is almost completely screened (ε∞ →∞)
and therefore QPFs are negligible. However, when the conduc-
tivity (or equivalently the dielectric function) of the sample is
small, screening is less effective and the system become more
susceptible to phase fluctuations. While the numerical factors
in the expressions for 〈(Δθ)2〉 and ns

n0
s

depend on the dimension-
ality, D, of the superconductor, their functional forms are very
similar to that of the single junction. The exact expressions
have been derived by several authors [20, 48–51]. Instead of
reproducing these derivations, here we summarise the central
relations obtained within harmonic approximation in table 2.
These expressions are valid until the harmonic approximation
breaks down, for example at temperatures close to Tc.

We would like to note the above estimates could be signif-
icantly modified if there are low-energy modes of dissipation.
In unconventional superconductors like high-Tc cuprates these
dissipative modes can arise from low energy nodal quasiparti-
cles. In disordered s-wave superconductors there are evidences
that such low-energy (<2Δ) modes are also present [17, 52]
but their origin is more complicated. We will briefly discuss
the possible origins in section 2.6. However, notwithstanding
the precise origin, in the presence of dissipation, the suppres-
sion from QPF gets reduced and classical to quantum crossover
shifts to lower temperatures [53]. The magnitude of this effect
is often difficult to precisely estimate, which is why com-
parison with experimental data is often restricted to order of
magnitude.

2.5. Vortical excitations and the
Berezinskii–Kosterlitz–Thouless transition

So far, we have only considered long-wavelength phase excita-
tions. There is however a kind of excitations, namely, unbound
vortex-antivortex pairs (VAP) that can play an important role
in destroying the superfluid phase stiffness in a 2D supercon-
ductor, such as a thin film with thickness smaller than ξ. A
vortex (antivortex) is a topological defect around which the
line integral over the phase (known as vorticity v) satisfies the
condition [44],

v =

∮
∇θ (r) · dr = ±2π. (12)

This is shown in figure 5. Mapping the Hamiltonian for a
2D superconductor (equation (5)) to that of a 2D-XY model
it can be shown that at low temperatures the energy cost of
creating an isolated vortex scales as the logarithm of the sys-
tem size [54] and therefore such excitations are very rare in
the superconductor. However, it can be shown from BKT the-
ory [55–59] that above a characteristic temperature given by
TBKT = πJ

2kB
, it becomes entropically favourable for unbound

VAP to proliferate in the system, causing an abrupt jump of
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Figure 4. Schematic variation of superfluid density from quantum and CPFs. The quantum to classical crossover happens close to the
temperature corresponding to plasma frequency, kBTcross ∼ h̄ωp ∼

√
EcEJ. K is a constant which depends on the dimension, D, of the

system. When low energy dissipative modes are present in the superconductor, ns reduces as T2 at low temperatures and Tcross reduces to
lower temperatures.

Table 2. Parameters related to phase fluctuations in 2D and 3D.

Parameter 2D 3D

Ec
e2

2ε0εBξ0

4e2

ε0εBξ0

Js
h̄2d

4μ0e2λ2
h̄2ξ0

4μ0e2λ2

ns
n0

s
exp

(
−〈(Δθ)2〉

2D

)
≈ 1 − 〈(Δθ)2〉

2D

〈
(Δθ)2

〉
(quantum) 1

5π

√
Ec
Js

1
2

√
Ec
Js〈

(Δθ)2
〉

(classical) kBT
Js

the superfluid stiffness to zero at a temperature smaller than
the mean field Tc where the pairing disappears. However, one
important point to note is that the phase only Hamiltonian for a
superconductor is an approximation where the effect of quasi-
particle excitations has been entirely neglected. Consequently,
if quasiparticle excitations are taken into account, J (∝ns) has
to be taken as a temperature dependent quantity whose temper-
ature dependence follows the BCS temperature variation of ns.
Therefore, the expected BKT transition should happen when
the condition TBKT = πJ(TBKT)

2kB
is satisfied, as shown in figure 6.

The BKT fluctuation region between TBKT and Tc caused
by vortical excitations has zero superfluid stiffness but a finite
pairing amplitude similar to the situation we discussed in the
introduction. However, in clean superconductors ns is large
and hence J(0) is orders of magnitude larger than kBTc, so
that TBKT is nearly indistinguishable from Tc. For example,
for a 2 nm thick Nb film [60] one estimates the BKT fluctu-
ation region to be restricted in a narrow temperature window
of around 1.5% of Tc (figure 7). On the other hand, in some
naturally disordered systems such as NbN, TiN amorphous
MoGe, disorder scattering suppresses ns (see section 2.6) such
that TBKT becomes experimentally accessible. However, even

Figure 5. Phase, θ of the order-parameter of a superconductor
presented by arrows; θ is given by the angle of the arrows with any
fixed reference direction. The vortices and antivortices are shown in
red and green dots. The integral, v, (equation (12)) along a contour
is ±2π if it encloses a vortex/antivortex (brown circles) and zero if it
does not (green circle). Reproduced from 2D XY model
(ibiblio.org). Image stated to be in the public domain.

in these systems the BKT fluctuation window is less than 10%
of Tc. Also with increased disorder, the reduced ns comes at
the cost of increased inhomogeneity which broadens the tran-
sition, thus questioning the applicability of standard BKT the-
ory [61]. For example, this has been a challenge in identifying
BKT transition in LaAlO3/SrTiO3 superconducting interfaces.

While the measurement λ−2 ∝ ns is the most direct way
to identify the BKT transition, the BKT transition also leaves
its imprint on transport measurements [62]. Close to the BKT
transition the I–V characteristics acquires a nonlinear depen-
dence since the current can unbind VAP present below TBKT.

7
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Figure 6. Schematic illustration of the BKT transition in a
superconducting film. The dark blue curve is the BCS variation of
ns. When the BKT line (green solid line) intersects this curve, ns
abruptly crashes to zero at a temperature TBKT which is lower than
the expected mean field transition Tc. The dotted part of the blue
line is the expected BCS variation of ns if the BKT transition had
not happened.

Figure 7. Experimental variation of J (red square) calculated from
the measured penetration depth [60] for a 2 nm thick Nb film. The
black line is the expected BCS variation. The intersection with the
universal BKT line (blue) shows that the BKT transition can be very
close to the mean field transition in clean elemental
superconductors, and disorder broadening can make it difficult to
clearly identify. Reprinted (figure) with permission from [60],
Copyright (2007) by the American Physical Society.

It was shown by Halperin and Nelson [63] that,

V ∝ Iα(T), α (T) = 1 +
πJ (T)

T
. (13)

Since at TBKT, J(T ) jumps discontinuously from
J
(
TBKT−) = 2kBTBKT

π
to J

(
TBKT+

)
= 0, α (T) jumps from 3

to 1. Going further, Halperin and Nelson also calculated the
influence of BKT fluctuations on the temperature dependence
of electrical resistance above TBKT. They showed that the

resistance is given by,

R
RN

=
1

1 +
(

2
A sinh

{
b√

t

})2 , t =
T − TBKT

TBKT
, (14)

where A is a constant of the order of unity and,

b =
4
π2

μ

J

√
tc, tc =

Tc − TBKT

TBKT
, (15)

where μ
J is the ratio of the vortex core energy (μ) to the super-

fluid stiffness. However, in real samples these features can gets
considerably smeared from disorder broadening making the
identification of BKT transition from transport measurement
alone difficult. We will discuss more on this in the context of
experiments.

There was also some debate whether the BKT transition can
at all be observed in superconducting films. The concern was
that in a superconductor the superfluid is charged, which intro-
duces a finite screening length, called as the Pearls length [64],
λp = λ2

L/d above which the repulsion between two vortices of
opposing vorticity falls off as 1/r instead of increasing as ln(r)
as required for the BKT transition. However, for few nanome-
ter thick films λp could be of the order of several mm, larger
than typical sample size on which experimental studies are
carried out. It is now accepted that the BKT transition would
still be observed through the ideal BKT jump in the super-
fluid stiffness will get somewhat broadened. This broadening
is however often smaller than broadening from other sources,
such as sample inhomogeneity.

2.6. Phase fluctuation in disordered superconductors

As mentioned before in conventional superconductors ns is
large and consequently, J � Δ. In a thin film with thickness
smaller than ξ, J starts to reduce from its bulk value, but still
J is often too large for phase fluctuation to have significant
effect. In most cases, it requires the additional effect of dis-
order to further suppress ns, such that J becomes a relevant
energy scale. Thus for conventional superconductors, signifi-
cant effect of phase fluctuations is observed only in moderate
to strongly disordered superconducting films. In this section
we discuss some of the concepts specific to disordered s-wave
superconductors.

2.6.1. Suppression of ns due to disorder scattering. In a clean
s-wave superconductor where the mean electronic transport
scattering time τ > Δ0/h (h is the Planks constant and Δ0

is the value of Δ at T = 0), the superfluid density at zero
temperature ns(0) = n where n is the electronic carrier den-
sity. This limit is however reached only in specially prepared
very clean single crystals. More frequently, in polycrystalline
samples and in thin films the superconductor is in the oppo-
site dirty limit where, τ � Δ0/h. In such situation, ns(0) � n,
and further reduces as the τ reduces. The exact expression for
ns(0) in the presence of disorder was obtained by Abrikosov
and Gorkov from microscopic theory [65]. However, here we
present a more intuitive derivation based on oscillator sum rule
[66–68] that gets the result correct within a factor of the order
of unity.
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We start from the complex Drude conductivity of a free
electron metal, which is given by,

σ (ω) = σ′ (ω) − iσ′′ (ω) (16a)

σ′ (ω) =
σ0

1 + (ωτ )2 (16b)

σ′′ (ω) =
σ0ωτ

1 + (ωτ )2 , (16c)

where the d.c. conductivity σ0 = ne2τ
m , where m is the electron

mass. The total spectral weight under the σ′ (ω) is given by,∫ ∞

0
σ′ (ω) dω =

(π
2

) ne2

m
. (17)

The oscillator sum rule states that the equation (17) remains
unaltered with temperature, in the presence of magnetic field
or when interactions are introduced among electrons. In other
words, when the normal metal undergoes a phase transition
from a normal metal to a superconductor the spectral weight is
redistributed, but the total oscillator strength remains unaltered
and is determined by the carrier density.

When the metal is in the superconducting state a spectral
gap opens in the frequencyω < 2Δ/h̄. This can be seen as fol-
lows. We consider the case at T = 0. For ω < 2Δ0/h̄, we can
obtain the conductivity for super-electrons, σs (ω), by taking
the limit [1] τ →∞. In this limit the real part of the conductiv-
ity takes the form of a Dirac delta function,σ′

s (ω) = πnse2

m δ(ω).
It is easy to see that this expression satisfies the sum-rule in
equation (17). Forω > 2Δ0/h̄, pairs can get broken and σ′

s (ω)
gradually approaches σ′ (ω) for the normal state. The missing
spectral weight in the superconducting state is transferred in
the superfluid delta function peak such that the total spectral
weight is conserved. This is schematically shown in figure 8.
The precise variation of σ′

s (ω) for an s-wave superconduc-
tor can be obtained from Mattis–Bardeen (MB) theory [69],
but is not very important for the arguments here. Replacing
the smooth threshold of σ′

s (ω) at 2Δ0/h̄ with a hard cut-off
we can approximately calculate this missing spectral weight
and equate it to the spectral weight under the superfluid delta
function peak to obtain,

∫ 2Δ0
h̄

0
σ′ (ω) dω =

(
ne2τ

m

)(
2Δ0

h̄

)

≈
∫ 2Δ0

h̄

0
σ′

s (ω) dω =
(π

2

) nse2

m

⇒ ns

n
≈ 4τΔ0

π h̄
. (18)

Thus, we see that the superfluid density progressively
decreases as disorder scattering in the normal state increases,
i.e. τ gets smaller.

It is instructive to write equation (18) in terms of mea-
surable quantities such as penetration depth and normal state
resistivity, ρN = 1

σ 0
= m

ne2τ
. Substituting the London relation,

ns =
(

m
μ0e2

)
λ(0)−2 and rearranging terms equation (18) can

be written as,

λ(0)−2
BCS =

4μ0Δ0

h̄π

(
ne2τ

m

)
=

8μ0Δ0

ρNh
. (19)

The expression derived by Abrikosov and Gorkov from
the microscopic linear response theory of a superconductor at
T = 0 slightly changes the prefactor so that the exact expres-
sion becomes [65],

λ(0)−2
BCS =

πμ0Δ0

ρN h̄
. (20)

This relation (20) is particularly powerful since it connects
three independently measurable quantity λ (0) , Δ0 and ρN

without any adjustable parameters [70]. When QPF are present
λ−2 (0) gets further suppressed compared to this value. As we
will see later this plays a crucial role in estimating the role of
QPF in disordered superconductors.

It is also instructive to look at the imaginary part of con-
ductivity in the superconducting state. Taking the limit τ →
∞ as before, we obtain from equation (16c), σ′′ (ω) = nse2

mω
.

Thus, unlike in a normal metal where σ′′ (ω) is negligible, in
a superconductor σ′′ (ω) dominates the conductivity at finite
but low frequency and provides another method to determine

ns

(
= mωσ′′(ω)

e2

)
and J

(
= h̄2σ′′(ω)a

4e2

)
from the complex conduc-

tivity measured from microwave or THz spectroscopy. As we
will see later these two techniques played a very important role
in the study of phase fluctuations in superconductors with low
superfluid density.

2.6.2. Emergent inhomogeneity and phase fluctuation of
strong disorder. In addition to disorder scattering, another
factor that makes a disordered superconductor prone to phase
fluctuations is the emergence of inhomogeneities in the super-
conducting state. Since the early nineties, it was suggested
that in the presence of strong disorder the superconducting
state forms droplet like structures that are connected through
each other through Josephson coupling, even if the disor-
der is homogeneous at atomic length scales [71, 72]. Further
developing on these ideas, in the late nineties, Ghosal et al
[73, 74] studied the effect of strong disorder on a two-
dimensional superconducting state using numerical simula-
tions, starting from a minimal Hamiltonian for disordered
superconductor,

H = −t
∑
〈i j〉,σ

(
C†

iσCjσ + C†
jσCiσ

)
− |U|

∑
i

ni↑ni↓

+
∑
i,σ

(Vi − μ) niσ, (21)

where, C†
iσandCiσ are the creation and destruction operator

on the ith site of a square lattice, t is the near-neighbour
hopping integral, |U| is the attractive pairing interaction,
niσ = C†

iσCiσ , and μ is the chemical potential. The disorder
potential is defined by a random variable Vi uniformly dis-
tributed over a range [−V , V] for every site i. This Hamilto-
nian was solved using self-consistent Bogoliubov–de Gennes
(BdG) approximation on a finite size lattice. The key quantities
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Figure 8. Real and imaginary part of the complex conductivity for a superconductor above Tc (left) and at T = 0 (right). The missing
spectral weight in the superconducting state (shown as the shaded region in the right panel) condenses as a superfluid, giving the delta
function peak at ω = 0.

obtained from these simulations were, (i) the local supercon-
ducting order parameter, ΔOP

i = − |U| 〈Ci↑Ci↓〉, (ii) the local
electron density 〈niσ〉 = 〈C†

iσCiσ〉, (iii) the spectral gap in the
single particle density of states (DOS), Egap ≡ Δ and (iv)
superfluid stiffness, J. It was observed that 〈niσ〉 varies rapidly
on the scale of a lattice constant corresponding to the dis-
order potential. In contrast ΔOP

i varies over length scales of
ξ, forming puddles where ΔOP

i is large separated by regions
where ΔOP

i is suppressed. Interestingly, even though there are
locations where ΔOP

i is zero, Egap remains finite for all disor-
der strength V , and even increases at high disorder (figure 9).
Thus, the usual notion of ΔOP ≈ Egap ≡ Δ for a clean super-
conductor no longer remains valid in the presence of disor-
der. The authors also calculated superfluid stiffness using the
Kubo formulae. It was observed that with increase in disor-
der, the superfluid reduces rapidly and becomes smaller than
Egap above a certain disorder (figure 10). However, in contrast
to the homogeneous case here most of phase twist is accom-
modated in between the superconducting puddle where the
ΔOP is small, such that the superconductor can be visualised
as a network of Josephson coupled superconducting islands
[75]. These calculations have been later extended and refined
by several authors. Dubi et al extended BdG calculations in
the presence of magnetic field [76]. Seibold et al showed that
the superfluid stiffness gets further reduced when phase relax-
ation is incorporated in the calculations [77]. The emergence
of inhomogeneous superconducting landscape has been con-
firmed in other calculations [78], for examples by taking into
account the multifractality of the wave function [79].

We now discuss the main physical implications of these
results. First, at strong disorder J<Egap, such that J becomes
the dominant energy scale. Here, Tc ∝ J, unlike in conven-
tional mean field theories where Tc ∝ Egap ≡ Δ. Secondly,
since Egap is a large energy scale compared to Tc the spec-
tral gap is expected to close at a temperature higher than Tc.
This gives rise to a state where the single particle DOS show
a gap like in a superconductor but where the zero-resistance
state is destroyed by phase fluctuations. This state is called
pseudogap state and the temperature where the gap eventually
vanishes is called the pseudogap temperature, T ∗. That a pseu-
dogap state emerges from the Hamiltonian (21) was further
corroborated by investigating its finite temperature properties

Figure 9. (a) and (c) Greyscale plot showing the simulated spatial
variation of (a) density, ni, and (c) order parameter Δi for a
particular disorder realisation with V = 3t; dark corresponds to
higher values. (b) and (d) Plot of decay of (b) ninj correlations and
(c) ΔiΔj correlations as a function |ri − rj|. Note that the density
correlations decay within a lattice constant, whereas the order
parameter correlations extend over a much larger distance.
Reprinted (figure) with permission from [74], Copyright (2001) by
the American Physical Society.

using quantum Monte Carlo (QMC) simulations [80]. The
QMC simulations further revealed another important aspect
of local single particle DOS. It was observed that ΔOP is
directly related to the height of the coherence peak; locations
where ΔOP ∼ 0 are characterised by a complete suppression
of the coherence peak. These notions played a significant role
in the study of phase fluctuations in disordered conventional
superconductors.

2.6.3. Classical correction to ns due to inhomogeneity. In
addition to quasiparticle scattering and QPF another factor that
supresses J in disordered superconductors is inhomogeneity
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Figure 10. Simulated variation of Egap and superfluid phase
stiffness, J ∝ D0

s/πt, normalised to the nearest site hopping integral,
t, as a function of disorder, V /t. At low disorder, J � Egap. With
increase in disorder this hierarchy is reversed and J becomes the
smaller energy scale. Reprinted (figure) with permission from [74],
Copyright (2001) by the American Physical Society.

of the superconducting state. For a strongly disordered super-
conductor, the emergent inhomogeneity also manifests in
spatial variation of the local superfluid stiffness [13], such
that the Hamiltonian in equation (5) takes the form, H =
1
2

∫
d2rJ (r) |∇θ|2. It has been shown that the effective stiffness

is given by [81],

J̃ = J

(
1 − 〈

(
J (r) − J

)2〉
DJ2

)
, (22)

where D is the dimension. This suppression of J or equiva-
lently ns has an interesting effect. The spectral weight is trans-
ferred from the superfluid to low energy dissipative modes
below the 2Δ threshold for quasiparticle absorption [82–84].
These dissipative modes partially suppress the effect of QPF
and brings down the quantum to classical cross over tempera-
ture as discussed earlier in section 2.4.

3. Experimental probes of phase fluctuations

Low dimensional and disordered superconductors which
exhibit pronounced effects of phase fluctuations have been
studied for many decades using transport and magnetotrans-
port measurements. However, in the last two decades, the rapid
progress in this field happened mainly due to the develop-
ment of newer experimental techniques capable of obtaining
energy and spatially resolved information that allowed a direct
comparison of experiments with predictions from theory. Here

we briefly outline the experimental techniques which played a
central role in these investigations.

STS [85, 86] using low-temperature scanning tunnelling
microscopes [87–89] (STM) has played a pivotal role in the
study of disordered superconductors. In an STM, a fine metal
tip is brought within 1 nm of a conducting sample surface and
a voltage (V) is applied between the two, so that a tunnelling
current (ITun ∼ 10 pA to 1 nA) flows through the vacuum bar-
rier. Since the tunnelling current falls off exponentially with
the distance between the tip and the sample, the topography
of the surface can be imaged by recording the variation of
tunnelling current and the tip is rastered on the sample. How-
ever, ITun encodes another important information, namely, the
local density of states (LDOS) at energy E = eV with respect
to Fermi energy, which is proportional to the tunnelling con-
ductance, G (V) = dITun

dV

∣∣
V

. G(V) is normally measured using
a modulation technique, where a small ac voltage, Vac � V ,
is added to the dc bias, and the resulting ac component of
the current Iac is measured using a lock-in amplifier such that
G (V) ≈ Iac

Vac
. Thus, one can obtain spatially resolved spectro-

scopic information on the LDOS which makes STS a powerful
tool to investigate spatial structures that emerge in strongly dis-
ordered superconductors over a large range of temperature and
magnetic field.

While STS is a powerful tool to obtain the LDOS and
related quantities like the superconducting energy gap, it does
not directly couple to the phase degree of freedom of the super-
conductor. In order to obtain information like the superfluid
stiffness, one needs to measure the resilience of the super-
conductor to an applied phase twist. This can be done by
measuring the electrodynamic response of the superconduc-
tor from which the value of the penetration depth λ (and
hence J) can be extracted. These techniques fall into two
categories: low frequency techniques that probe the electro-
dynamic response at frequencies much smaller than 2Δ/h̄;
and terahertz spectroscopy that probes the superconductor at
frequencies spanning 2Δ/h̄.

The two-coil mutual inductance technique operating in
the range 10–100 kHz has been employed to measure λ in
superconducting thin films in the low-frequency limit [35, 70,
90–92]. The main advantage of this technique is that it allows
precise determination of the absolute value of λ over the entire
temperature range up to Tc without any prior assumption about
the temperature dependence of λ. In this technique, the thin
superconducting film is sandwiched between a quadrupole pri-
mary coil and a dipole secondary coil (figure 11). This tech-
nique operates on the principle that the thin superconducting
film will partially shield the secondary coil from the magnetic
field produced by the primary, the degree of shielding being
dependent on λ. λ is determined by measuring the mutual
inductance, M, between the primary and secondary and com-
paring the measured values with the values of M calculated
numerically by solving the Maxwell equations for different
values of λ.

Microwave measurements of the complex conductivity
have been used to measure the complex conductivity at inter-
mediate frequencies up to tens of gigahertz. Even though
this frequency range is still much less than 2Δ/h̄ for most
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Figure 11. Schematic diagram of a typical two coil mutual inductance measurement setup in transmission type configuration. Primary and
secondary coil is quadrupolar and dipolar respectively. Current is supplied to the primary coil by converting an ac voltage signal taken from
lock-in amplifier 1 using a voltage–current converter circuit. The amount of current in the primary coil is measured by denoting the voltage
across a standard (10 Ω) resistor. The induced voltage in the secondary coil is measured using lock-in amplifier 2, synchronized with the
lock-in amplifier 1. More details, see reference [35].

superconductors, microwave measurements provide valuable
information on the dynamic response of the superconductor
close to Tc where phase fluctuations can occur over com-
parable timescales. Early studies relied on microwave cavity
[52, 93–95] based techniques where the complex conductiv-
ity was measured at the resonant frequency of the cavity and
few higher harmonics. More recently, the broadband Corbino
technique [35, 96] where one can get continuous data as a
function of frequency has proven to be particularly useful. In
this technique, the superconducting sample acts as a terminator
for an open-ended microwave transmission cable (figure 12).
The complex conductivity is obtained by measuring the in-
phase and out-of-phase reflected components of an incident
microwave signal.

In the high frequency side, the terahertz frequency regime
corresponds to the energy range of quasiparticle excitations
and collective modes in correlated electron systems [97, 98].
Till recently, this frequency regime which encompasses the
pairing energy scale of conventional superconductors was rel-
atively inaccessible due to the paucity of efficient sources
and detectors. The conventional sources of THz radiation,
backward wave oscillators, developed in the 1950s, were in
general expensive and exclusive. Even though some groups
used them for the study of superconductors, these sources
were not freely available due to their strategic importance
in military applications for radar jamming. The development
of compact high-power femtosecond laser opened the way
to develop versatile THz sources and detectors based on dif-
ferent processes of light–matter interactions [99, 100]. Con-
sequently, several THz-spectroscopy techniques using pulsed
THz sources, each with its set of advantages and difficulties
has been developed for different applications. For the study of

superconductors, the phase-sensitive time-domain THz spec-
troscopy has been widely used. The phase sensitive nature of
this technique allows the determination of the real and imagi-
nary part of optical conductivity without any model dependent
approximations.

Finally, we would like to close this section by mentioning a
newly emerging technique in this field. While STS allows the
mapping of the LDOS with atomic scale spatial resolution, to
obtain a complete picture one would like to have similar infor-
mation on the local superfluid density. Measuring the super-
fluid density at the local scale has turned out to be much more
difficult. However, a beginning has been made using scanning
SQUID spectroscopy [101–103], where a tip with a micro-
SQUID is scanned over the surface to obtain the spatial map
of the magnetic shielding response. Currently, the spatial res-
olution of this technique (∼1 μm) is much poorer than STM.
It is expected that in the coming years the spatial resolution of
this technique will increase, using smaller SQUID loops.

4. Experimental evidence of phase fluctuations

The general idea that in a disordered superconductor Cooper
pairs could exist without phase coherence existed from the
early nineties from magnetic field tuned superconductor to
insulator transition at low temperatures. In a series of papers,
Hebard and co-workers [104, 105] observed that strongly
disordered superconducting InOx thin films show a pro-
nounced magnetoresistance peak at low temperatures. Tem-
perature dependence on either side of the peak showed a
negative temperature coefficient of resistance suggesting an
insulating state. They suggested that at moderate fields the
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Figure 12. (Left side) Schematic illustration of boardband microwave setup. (Right side) Top panel is probe head of broadband microwave
spectrometer. Middle panel is coaxial microwave probe. Bottom panel is Corbino shaped sample with silver contact pad. For more details,
see reference [35]. Reproduced with permission from [35].

superconductor transforms to a Bose-insulator, which is com-
posed of localised Cooper pairs. At fields higher than the mag-
netoresistance peak, the Copper pairs start breaking generat-
ing free fermions in the system. Here the system transforms
into an Anderson insulator. Shahar et al [106, 107] extended
these studies on more disordered samples. They observed that
strongly disorder samples the peak resistance could exceed the
resistance at high fields by 4 orders of magnitude at a tempera-
ture of 70 mK. Furthermore, they observed activated transport
clearly establishing the insulating nature of the state on either
side of the MR peak. Similar results were also obtained by
Gantmakher et al [108, 109] in InOx and by Bielejec et al in
disordered Be films [110] and Baturina et al in disordered TiN
films [111]. While these experiments did not provide a direct
evidence for phase fluctuations, they provided strong evidence
that Cooper pairs could survive in the system even after the
superconducting state is destroyed.

The discovery of high-Tc superconducting cuprates played
a crucial role in bringing the possible role of phase fluctua-
tion in superconductors into focus [21]. Superconductivity in
this class of materials is obtained by doping a parent Mott-
insulator. As the parent material is doped with holes, the super-
conducting temperature takes the shape of a dome, where the
onset of superconductivity happens around 5% hole doping per
unit cell and the maximum Tc is obtained between 15%–20%
hole doping. A number of experiments revealed that below
optimal doping in the underdoped compounds a superconduct-
ing gap-like feature continued to exist [112–114] up to a tem-
perature T ∗ � Tc. Coined as the pseudogap [115], this feature
led several researchers to consider the possibility of so-called
preformed pairs, where the pairing of electron happens at a
temperature much higher than the temperature at which the
global phase coherence is established [116]. Furthermore, it
was shown that Tc ∝ ns

m∗ over across a large number of high-Tc

compounds and over a large range of doping [117], suggesting
that thermal fluctuations play a primary role in determining Tc.
Other experiments such as Nerst effect [118, 119], complex
conductivity in terahertz frequency range [120], d.c. magne-
totransport measurements [121, 122] revealed several pecu-
liarities of these compounds which were attributed to either
classical or QPFs. However, the strongly correlated nature of
these compounds presented additional complicacies. It was
revealed that most of these compounds have coexisting orders
like charge density wave that compete with superconductiv-
ity. Consequently, some authors proposed alternative explana-
tions [123], where the pseudogap was attributed to competing
orders or to a quantum critical point. While this debate con-
tinues [124–126], it is now generally believed that the low
superfluid stiffness, unconventional d-wave order parameter
and competing order could all play a crucial role in the unusual
properties of these superconductors. However, for many years
the pseudogap state was considered unique to unconventional
superconductors.

4.1. Emergent inhomogeneity and the pseudogap state

Evidence of pseudogap state in conventional superconduc-
tors started emerging from 2008 onward, primarily from STS
measurements on strongly disordered conventional supercon-
ductors. Direct evidence of the presence of pseudogap was
reported from the temperature dependence of the STS tun-
nelling spectra, for disordered TiN, NbN and InOx [7–9] and
more recently in thin amorphous MoGe (a-MoGe) supercon-
ducting films [34]. In a conventional superconductor the STS,
G(V) vs V spectra displays a suppression for |V| < Δ signi-
fying the presence of the superconducting energy gap and the
appearance of coherence peaks at the gap edge. The common
feature observed in all these experiments is that the gap related
suppression in G(V) continues to persist up a temperature T ∗
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Figure 13. (a) Three-dimensional plot of normalized tunnelling conductance G as a function of bias voltage and the reduced temperature
(T /Tc) for superconducting film TiN. Black lines mark the spectra measured at T /Tc = 1, 1.5, 2 and 3. (b) Similar plot for highly disordered
amorphous InO film. The black dashed line shows the spectra measured at Tc. Both in (a) and (b), the energy gap can be observed up to the
temperatures much higher than Tc. (a) Reprinted by permission from Springer Nature Customer Service Centre GmbH: [Springer Nature]
[Nature Communications] [7] (2010) and (b) Reprinted by permission from Springer Nature Customer Service Centre GmbH: [Springer
Nature] [Nature Physics] [9] (2011).

Figure 14. (a) Intensity plot of spatially averaged tunnelling conductance, GN (normalized to high bias) for a strongly disorder NbN film
with Tc ∼ 2.9 K, as a function of bias voltage and temperature. Temperature variation of resistance of the same sample is shown on the same
plot (white curve). The pseudogap temperature (T ∗) is marked with a black dotted line. (b) Phase diagram of disordered NbN films, showing
Tc (green square) and T ∗ (blue circle) for different samples as a function of their disorder strength, kFl. (a) Reprinted by permission from
Springer Nature Customer Service Centre GmbH: [Springer Nature] [Scientifc Reports] [11] (2013). (b) Reprinted (figure) with permission
from [15], Copyright (2012) by the American Physical Society.

which is well above the superconducting transition Tc where
the zero-resistance state is destroyed (figure 13). For NbN, Tc

and T ∗ were measured for several films with disorder spanning
the range kFl < 1 to kFl ∼ 10 (figure 14) thus allowing the
construction of a disorder–temperature phase diagram [15].
Defining T ∗ as the temperature where the zero bias tunnelling
conductance is 95% of the normal state conductance, it was
observed that for low disorder Tc and T ∗ coincide with each
other. However, for kFl � 3, Tc monotonically decreases with
decreasing kFl (and becomes smaller than 280 mK for kFl ≈ 1),
but T ∗ remains fixed in the range 6–7 K, thus giving rise to the
pronounced pseudogap state. Furthermore, it was shown that
for NbN films [11] with Tc � 3.5 K, Δ becomes uncorrelated
with Tc and remains constant around Δ ∼ 1 meV, suggesting

that Δ becomes an irrelevant energy scale in determining Tc

at strong disorder.
Pseudogap has also been reported in the underdoped region

of the LaAlO3/SrTiO3 interfacial superconductor, where dop-
ing can be controlled by applying a gate voltage [127]. In this
system the buried superconducting layer cannot be accessed
using an STM; however, tunnelling data was acquired by fab-
ricating planar tunnel junction over the top insulating layer.
Since planar tunnelling measurements measures the average
gap over mm-sized area, the interpretation of the pseudogap
in this system has remained somewhat controversial. Some
researchers have suggested that the pseudogap can be inter-
preted in terms of a distribution of the local critical tempera-
tures in these extremely inhomogenous interfaces, rather than
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an intrinsic effect [128]. One interesting point to note is that
even though the theoretical simulations predicting a pseudogap
was performed for 2D superconductors, the pseudogap seems
to emerge in both 2D (thickness < ξ) and 3D (thickness > ξ)
superconductors when the disorder is sufficiently strong.

Along with the pseudogap, the other key observation from
STS measurements in the same samples is the emergence
of an inhomogeneous superconducting state. Sacépé et al
observed that in disordered polycrystalline TiN films [129]
the superconducting state becomes inhomogeneous showing
spatial variation of the superconducting gap, Δ, over tens of
nanometers length scale. It was later realised that the height
of the coherence peak, instead of the gap edge is a better
measure of the local superconducting order parameter [9, 10].
Kamlapure et al [11] analysed the spatial maps of the coher-
ence peak heights for NbN films with different disorder and
showed that they follow a uniform Tracy–Widom distribution.
It was also observed [11] that the zero bias conductance shows
a weak anticorrelation with the coherence peak height, so that
the puddles, tend of nanometers in size can be observed in
G(0) maps as well. It was also observed that the inhomogene-
ity in the superconductivity has no correlation with structural
inhomogeneity which appears at much smaller length scales
[130]. Recently, it has been suggested that the superconduct-
ing inhomogeneity is correlated with local electron–electron
correlations arising from Altshuler–Aronov like correlations
[131].

Despite the strong similarity in terms of the appearance
of pseudogap at strong disorder there are some differences
between different systems. In strongly disordered InOx and
TiN the tunnelling spectra exhibit a hard gap [7, 9] at low tem-
peratures where the tunnelling conductance at low bias was
close to zero. On the other hand, in NbN and a-MoGe at strong
disorder [11, 34] considerable spectral weight appears to be
present even at zero bias. However, the STS data on InOx and
TiN are taken on ex situ samples, which necessarily have some
degree of contamination on the surface from contact with air.
In contrast, STS measurements on NbN and a-MoGe were per-
formed on in situ grown samples. To what extent this could
account for the observed differences is at present unclear.

Even though the appearance of a pseudogap is consistent
with phase fluctuation dominated superconductivity, the tun-
nelling spectra probes the amplitude of the order parameter
rather than the phase. STS is therefore only an indirect probe of
phase fluctuations. Consequently, some authors have provided
alternative interpretations of these results [9, 12], for example,
in terms of localisation of Cooper pairs [79] by disorder. Direct
connection between the pseudogap state and phase fluctuations
in disordered conventional superconductors emerged from the
electrodynamic response of these superconductors. The pres-
ence of pseudogap in amorphous NbxSi and InOx have also
been observed in Nerst effect [132, 133].

4.2. Evidence of phase fluctuations from electrodynamic
response

As discussed earlier, phase fluctuations [2] become important
when the superfluid stiffness, J becomes of the order or smaller
than, Δ which the energy required to break a Cooper pair. For

several superconductors, J has been estimated from the pene-
tration depth, λ, measured from the low frequency electrody-
namic response, i.e, h̄ω � 2Δ. However, a direct comparison
of J and Δ on the same series of samples is not always avail-
able. So far, most measurements have been performed on dis-
ordered InOx and NbN, and to a lesser extent on a-MoGe and
LaAlO3/SrTiO3 interfacial superconductor. On the other hand,
high frequency measurements at THz frequencies also pro-
vide valuable information on spectral weight rearrangement
which can influence quantum and CPFs. We describe these
measurements below.

4.2.1. Classical and quantum phase fluctuations from low
frequency measurements. Absolute measurement of the
penetration depth in superconducting films can be reliably per-
formed using low frequency methods such as the two-coil
mutual inductance technique described earlier. This technique
was extensively used to investigate disordered NbN films
[8, 15], where J was estimated on a series of films with vary-
ing level of disorder from λ measured using two-coil mutual
inductance technique and ξ0 estimated from the upper criti-
cal field. Combining with Δ measured from STS measure-
ments this allowed to assess the relative importance of these
two energy scales. While for samples with low disorder Δ �
J, the situation is reversed for strongly disordered samples.
Comparing with the phase diagram as a function of disorder
it can be seen that the pseudogap emerges in the same dis-
order range where J � Δ (figure 15). This supports the idea
that in this regime superconductivity is destroyed at Tc due to
thermal phase fluctuations, whereas pairing continues to sur-
vive up to a higher temperature, T ∗. On the other hand the
zero temperature suppression of ns due to QPF was also esti-
mated, by comparing the low temperature value of λ−2 with
the disorder scattering corrected value of λ−2(0)BCS obtained
from equation (20). As expected at low disorder the two values
are very close to each other. As the superconductor becomes
more susceptible to phase fluctuations with increase in disor-
der, λ−2 becomes smaller than the dirty limit BCS estimate.
However, due to the puddle like structure at strong disorder
this additional suppression combines the effect of QPF and
inhomogeneity (equation (22)). Currently there is no reliable
methodology to separate these two contributions.

Finally, the temperature dependence of λ−2(T ) has also
been investigated. While for the low disordered thin films
λ−2(T ) can be fitted well with the BCS dirty limit expression,
at strong disorder λ−2(T ) decreases as a power-law at low tem-
peratures crossing over to a linear decay at higher temperatures
before rapidly crushing to zero. While the linear decrease is
consistent with CPF the power law decay at low temperature
was explained based on QPF in the presence of low energy
modes of dissipation. We will discuss more about this dissi-
pation in the next subsection. Similar results have also been
obtained for a-MoGe thin films [34] where the film thickness
is used to tune the effective disorder.

Microwave measurements, typically operating in the range
0.1 GHz to tens of GHz, has also been used to determine J
from the imaginary part of the complex conductivity, σ′′ (ω).
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Figure 15. (a) and (b) Temperature variation of λ−2 (T ) for NbN films with the different disorder. Solid colour lines are the expected
temperature variation, obtained from dirty limit of BCS theory. (c) Plot of λ−2(0) and λ−2(0)BCS (calculated using equation (20)) as a
function of Tc. (d) Temperature variation of λ−2 (T ) (normalized to its zero-temperature value) for a strongly disordered NbN film. Green
line shows T2 dependence at low temperature region consistent with dissipative QPF and red line is a fit to the linear T dependence at high
temperature, expected from CPF. (e) λ(0) (red square), J(0) (blue circle) and Δ(0) (green delta) are plotted as a function of Tc for a set of
NbN films with different disorder. Green solid line is a guide to the eye. The dashed vertical black dotted line delineates samples which
exhibit a pseudogap from those which do not. (a)–(d) Reprinted (figure) with permission from [8], Copyright (2011) by the American
Physical Society. (e) Reproduced with permission from [35].

Early measurements were carried out using microwave cavi-
ties where the frequencies were limited to discrete values cor-
responding to the fundamental frequency of the cavity and
higher harmonics. However, more recently broadband Corbino
measurements that allow continuous measurement across a
frequency range has become more popular. These techniques
were applied to study disordered InOx [14, 52] and NbN
films [16]. For InOx films with Tc in the range 2–2.5 K,
the value of J at low temperature was [52] ∼ 7.8 K. Tun-
nelling measurement of InOx films with similar Tc gives [9]
Δ (0) ∼ 0.5 meV ≡ 5.8 K, suggesting that phase fluctuation
is expected to play an important role (figure 16). A similar sit-
uation has also been reported from microwave measurement in
LaAlO3/SrTiO3 interfacial superconductors in the underdoped
regime [134].

The main advantage of microwave technique is that it pro-
vides a detailed insight on the state between Tc and T ∗ from
the frequency dependence of the complex conductivity, σ(
= σ′ − iσ′′). In clean conventional superconductors for ω

� 2Δ
h̄ , J ∝ ωσ′′ is finite for <Tc, and zero for T > Tc. In

contrast, in strongly disordered InOx it was observed that at
high frequencies, ωσ′′ remains finite [95] well above Tc for
measurement frequencies above 9 GHz. Broadband measure-
ments later revealed that above Tc, σ′′ follows an unusual fre-
quency dependence [14]: σ′′ increases from a small value at
low frequencies passes through a peak and follows σ′′ ∝ 1/ω
at high frequencies, which can be interpreted as a frequency
dependent superfluid stiffness which is starts from zero at low
frequencies but becomes finite at high frequencies.
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Figure 16. (a) and (b) (Colour lines) Frequency dependence of the real and imaginary part of the complex conductance of amorphous
superconducting InOx film in the range ω

2π = 0.21–27 GHz at different temperature. (c) Temperature dependence of superfluid stiffness
(Tθ ≈ J) for ω

2π = 0.21–15 GHz plotted on the left axis. The black curve representing the sheet resistance of the same sample, plotted on the
right axis. The dashed pink line is the BKT prediction, 4TBKT = Tθ, for the universal jump in stiffness. The dark purple delta marker is the
temperature dependence of Tθ(0) obtained via scaling analysis described in the reference [14]. Tc is denoted by the black dashed line.
Reprinted (figure) with permission from [14], Copyright (2011) by the American Physical Society.

Extensive broadband microwave measurements were also
performed on a series of NbN samples [16] with different dis-
order and the temperature variation of J was calculated for
various frequencies in the range 0.1–20 GHz. It was observed
that for low disorder, at all frequencies J vanishes within 1 K of
Tc. The small frequency dispersion of the curves could be well
accounted for by Ashlamazov–Larkin theory of superconduct-
ing fluctuations. However, the situation was different for strong
disorder (figure 17): here, with increase in frequency J exhib-
ited a long tail above Tc, eventually vanishing at a value close
to T ∗ for the highest frequency of measurement (20 GHz).
The origin of this frequency dependence was explained from
the emergent inhomogeneity by noting that for each mea-
surement frequency, there is an associated probing length

scale given by, L =
√

D̃
f , where D̃ is the electronic diffusion

constant and f the frequency of measurement. Physically L

corresponds to the average diffusive motion of the electron
over one cycle of electromagnetic radiation. It was estimated
that for NbN films L varied from a fraction of a μm at 400 MHz
to few tens of nm at 20 GHz. The microscopic physical pic-
ture of a strongly disordered superconductor that emerges from
STS imaging is that superconducting state comprises of phase
coherent puddles connected to each other through Josephson
coupling through non-superconducting regions. In such a
picture Tc would correspond to the temperature where the
weakest couplings get broken giving rise to large phase fluctu-
ating domains. As the temperature is increased above Tc cou-
plings with increasing strength get broken thereby gradually
decreasing the average phase-coherent domain size. At any
given frequency, J becomes zero at the temperature where
L becomes larger than the phase-coherent domain size
(figure 18). Thus, in the limiting of case of high frequency,
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Figure 17. (a) and (b) Temperature dependence of the real (σ′) and imaginary (σ′′) part of complex conductivity σ for a strongly disordered
NbN film at different frequencies. The solid red line in panel (a) represents the temperature variation of resistivity (ρ) of the same sample.
(c) Temperature dependence of J of the same sample at different frequencies. The purple line shows the temperature dependence of the
estimated size of phase coherent domains, L0. (d) Similar phase diagram of disordered NbN films as shown in figure 14—showing the
microwave pseudogap temperature T∗

m in addition to Tc and T ∗ (from STS). T∗
m is the limiting temperature at which J → 0 in the limit of

high frequency. Determination of T∗
m is given in the reference [16]. Reprinted by permission from Springer Nature Customer Service Centre

GmbH: [Springer Nature] [Scientific Reports] [16] (2013).

Figure 18. Schematic diagram of Josephson network formed in a
strongly disordered superconductor. In the presence of strong
disorder, superconducting state can be visualised as a
superconducting puddle forming a disordered network of Josephson
junctions. Below Tc, all the puddles get phase locked (panel (a)). As
the temperature is increased above Tc, the phase coherence between
puddles gets progressively broken by the thermal phase fluctuation
even though the pairing continuous to exist inside each puddle till
the pseudogap temperature, T ∗ (panel(b)).

J remains non-zero till T ∗, where the superconducting pud-
dles become normal. These measurements are probably the
strongest evidence in support of fluctuating phase description
of the pseudogap state.

Ideally, to get a complete picture one would like to obtain
spatially map of J similar to that obtained for the LDOS using
STS. However, technically measuring local electrodynamic

response from which J can be calculated is very much chal-
lenging. In recent times, studies in this direction have been
initiated using scanning SQUID microscopy. Kremen et al [13]
measured the local susceptibility response of strongly disor-
dered NbTiN thin films where they observed the existence of
puddles, few microns in lateral dimension, with large diamag-
netic response and regions with lower diamagnetic response.
They also observed that in their most strongly disordered sam-
ple these puddles are dynamic even at temperatures as low
as ∼0.6Tc. However, at present the spatial resolution of this
technique is limited to ∼1 μm, and thus it is difficult to com-
pare these results with the puddles observed in STS which are
tens of nanometers in size. It is expected that this technique
will evolve in the coming years so that it would be possible to
obtain high resolution images of the local magnetic response
in the superconducting state.

4.2.2. High frequency electrodynamic response. Within
BCS theory, the optical conductivity of a superconductor is
worked out in the MB theory [69]. The central prediction from
this theory for σ′ (ω) is the existence of a delta function at
ω = 0 followed by a gap up to a frequency, h̄ω = 2Δ, at T = 0.
At finite temperature a finite value of σ′ (ω) is observed at low
frequencies due to quasiparticle excitations, but a discernible
threshold is still observed at h̄ω = 2Δ. In conventional super-
conductors, MB theory works very well even in the dirty limit
as long as the conditions of applicability (i.e. Δ � J) of BCS
theory is satisfied.
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Figure 19. (a) Normalized tunnelling conductance of a strongly disordered NbN film, G/Gn (green triangles) together with a BCS fit (black
line) with a Dynes broadening parameter, Γ . (b) Real part of the optical conductivity (black circle), σ1 (=σ′) vs frequency at temperature
above and below Tc = 4.2 K. Green line is the simulated σ′ using MB theory using energy gap (Δ) obtained from tunnelling. The dashed
vertical line shows the 2Δ value obtained from tunnelling. (c)–(f) Real part of optical conductivity as a function of frequency for NbN films
with increasing disorder. Red and green vertical dashed lines are corresponding to the optical energy gap (directly extracted from optics) and
superconducting energy gap (obtained from tunnelling) respectively. Solid green lines are the solution of MB theory using superconducting
energy gap value extracted from tunnelling. Blue curves are the simulation results using the model of Larkin and Ovchinnikov. (a) and (b)
Reprinted by permission from Springer Nature Customer Service Centre GmbH: [Springer Nature] [Nature Physics] [143] (2015). (c)–(f)
Reprinted (figure) with permission from [17], Copyright (2016) by the American Physical Society.

It was realised since several decades that granular super-
conductors [135–138] exhibit anomalous absorption below
the gap edge. Similar behaviour has since been observed in
superconducting films with homogeneous but strong disor-
der [52, 134, 139]. Several theories based on different phys-
ical phenomena, such as amplitude fluctuations in 0D grains
[140] (for granular superconductors), generation of VAP by
the incident electromagnetic radiation [141] and percolation
models based on superconductor metal composites [142] have
been proposed. However, none of these theories could cap-
ture all aspects of the experimental data in the wide variety
of materials it has been observed.

More recently [143], Sherman et al investigated the
problem of sub-gap absorption in disordered NbN and InOx

using combination of terahertz spectroscopy and tunnelling
measurements. By comparing the threshold for the onset of
σ′ (ω), Eg, and the gap observed from the single particle DOS
in tunnelling (Δ) they observed that while in low disordered
samples Eg ≈ 2Δ, at strong disorder Eg falls systematically
below 2Δ (figure 19). They interpreted their data based on
the Higgs mode discussed in section 2.1, which corresponds to
amplitude fluctuation of the order parameter Ψ = |Ψ| exp [iθ].
Since the supercurrent, J ∝ 2e|Ψ|2∇θ, the conductivity σ (ω)
which depends on the current–current correlation function
〈[J (t) , J (0)]〉 (t is time) will depend both on amplitude and
phase fluctuations. Low-energy phase modes are however not

optically active from momentum conservation considerations.
On the other hand, for a clean BCS superconductor the excita-
tion energy of the Higgs mode is exactly equal to the depairing
energy 2Δ and consequently the Higgs mode is overdamped.
However, it has been argued that in disordered systems the
energy of Higgs mode can soften and become smaller than
the depairing energy [84, 144] so that the two energy scales
can become distinct. Consequently, it was suggested that Eg

corresponds to the disorder suppressed energy of the Higgs
mode, whereas 2Δ is the depairing energy gap. This interpre-
tation has however been questioned. It has been shown that
in the presence of disorder, low energy phase modes can get
optically active due to the loss of translational invariance, thus
introducing spectral weight at subgap energies [82]. Further-
more, it was also argued that phase and amplitude modes mix
in the presence of disorder and thereby making their identi-
fication indistinct [145]. It has also been suggested that in the
presence of strong disorder mesoscopic fluctuations can mimic
Abrikosov–Gorkov pair-breaking effects and introduce sub-
gap states in the single particle DOS. Cheng et al suggested
[17] that the same effect could result in the reduced optical gap
in moderately disordered NbN films, even though this model
could not account for the data at very strong disorder.

Notwithstanding its origin, sub-gap dissipative modes that
extend to frequencies much lower than Δ/h̄ in strongly disor-
dered superconductors have interesting implications on CPF
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and QPF. (The role of dissipation was initially studied in the
context of high-Tc cuprates [53] where the low energy dissipa-
tive modes arise from nodal quasiparticle excitation due to the
d-wave pairing symmetry). In the presence of dissipation (i)
QPF becomes less effective in suppressing ns, and ns varies as
T2 at low temperatures and (ii) the quantum to classical cross-
over temperature is reduced to a temperature lower than the
plasma frequency. The T2 dependence of ns at low tempera-
tures crossing over to a linear T-dependence at a temperature
much lower that h̄ωp/kB has been observed in both disordered
[8, 34] NbN and MoGe.

4.3. BKT transition in superconducting thin films

So far in this chapter, we have mostly dealt with long-
wavelength phase fluctuations. We will now discuss exper-
imental manifestation of vortical phase excitations which
follow directly from BKT theory [54] in 2D system. BKT
theory has been frequently invoked to understand the super-
conducting transition in terms of vortex–antivortex unbind-
ing in thin films [14, 146, 147] and interfacial superconduc-
tors [148–150]. Since J abruptly drops to zero at the BKT
transition, whereas the pairing could survive up to the mean
field transition temperature, it is somewhat tempting to asso-
ciate the pseudogap state observed in thin films as the state
between these two temperatures. However, BKT theory has
to be invoked with caution. First, one needs to strictly ensure
that a superconducting film is indeed in the 2D limit. Sec-
ondly, at reduced dimension the superconductoroften becomes
inhomogeneous, either from emergent imhomogeneity which
results in tend of nanometer sized puddles, or chemical inho-
mogeneity with larger length scale structures. The presence
of inhomogeneity can nontrivially modify the BKT transition
and even completely mask its manifestation. From an exper-
imental point of view the most direct manifestation of the
BKT transition is a jump in ns at the transition temperature.
However, the situation is further complicated by the fact that
a direct measurement of superfluid stiffness is not available
in many systems, and therefore several authors have tried to
identify BKT transition from transport measurements alone.
While such identification is possible in the case of clean sys-
tem, in the presence of inhomogeneity their applicability can
be questionable.

The BKT transition was studied in detail from penetration
depth measurements in NbN films of different thickness [70,
151, 152] down to few nm (figure 20). These films were not
intentionally disordered except for the effective disorder that
inevitably arises at very low thickness. When the film thickness
was smaller than ξ, it was observed that ns ∝ λ−2 shows a rapid
downturn close to Tc, reminiscent of the expected BKT transi-
tion. However, the downturn appeared to start from a value that
is larger than the universal ns value from which the BKT jump
is expected, and the transition was considerably rounded-off
compared to the sharp jump expected for an ideal BKT transi-
tion. It was shown that the first effect originates from the small
ratio of the vortex core energy to the superfluid stiffness [70,
151], μ

J , which in a conventional superconductor is smaller by
approximately a factor of 5 compared to X–Y model. The small

vortex core energy results in renormalisation of ns even below
TBTK resulting in the onset of the ns downturn. The rounding
off on the other hand can be accounted for by considering that
there is a spatial distribution in the local J due to inhomogene-
ity. Excellent quantitative fit was achieved with standard BKT
theory using the vortex core energy and the spatial root mean-
square variation of J (of the order few percent of 〈J〉) as fitting
parameters. Furthermore, it was shown [151] that one could fit
both ns below TBTK, and the temperature variation of resistance
above TBKT with the Halperin–Nelson formula using similar
values of μ

J . These studies showed that the mean field transi-
tion temperature does not exceed 10% of TBKT down to film
thickness [152] down to 1.6 nm. The narrowness of the BKT
fluctuation regime is consistent with earlier theoretical predic-
tions [153] as well as independent measurements in TiN thin
films [154], and is unlikely to explain the large temperature
range over which a pseudogap is observed in many disordered
superconductors.

We will now comment on the schemes [155] that are com-
monly used to identify BKT transition from transport mea-
surements. One scheme [149, 156–158] is to fit the resis-
tance versus temperature with equation (14) using A, b and
TBKT as fitting parameter. The second more elaborate scheme
[148, 150, 159–162] is to use power law fits to the I–V charac-
teristics and identify TBKT from the switch of the exponent α
in equation (13) from α = 3 to α = 1. However, problems in
identifying the BKT transition from transport measurements
alone was realised quite early on by Bancel and Gray [163].
Performing experiments on a thin Al film on mica they showed
that while the first scheme can fit the R–T data close to Tc

very well [164], the fit is not meaningful since the VAP life-
time extracted from the fit is larger than the expected theoret-
ical value by two orders of magnitudes. They concluded their
data is better explained by an independent coupling model of
Josephson junction. More recently, TBKT has been determined
in LaAlO3/SrTiO3 interfacial superconductor using the same
scheme [149] even though direct measurement of ns from pen-
etration depth in the same system shows that the BKT tran-
sition is either absent or too close to the mean field transi-
tion temperature to distinguish [165]. The difficulty in this
method is that when b is not constrained within realistic range a
number of additional quantum corrections to the conductivity
[154], as well as disorder broadening of the resistive transi-
tion are all attributed to BKT fluctuations, thus overestimating
the BKT fluctuation regime. The reliability of second scheme
in the presence of inhomogeneity has recently been critically
analysed by Venditti et al [61]. They showed that while the
scheme can correctly determine the BKT transition in the pres-
ence of small disorder, for strongly inhomogeneous systems
such as LaAlO3/SrTiO3 interfaces and other gated structures
the sharp jump is replaced by a smooth decrease from α = 3
reaching α = 1 well above the resistive transition [160, 161],
implying that the superfluid density remains finite well above
TBKT (figure 21). They suggested that transport properties of
these systems are better understood from large distribution of
local Tc in interface rather than BKT transition.
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Figure 20. (a) Temperature dependence of λ−2 and resistivity (ρ) for NbN films for thickness 3, 6, 12, 18 nm. Solid lines are the temperature
variation of λ−2 expected from dirty limit of BCS theory and dashed red lines correspond to BKT fit. (b) Expanded view of panel of (a) close
to TBKT; the intersection of the BCS curve with the dotted magenta line is where the BKT jump expected within XY model when vortex core
energy is large. (c) Plot of resistance (normalized to the normal state resistance) as a function of temperature. The dashed lines are the
theoretical fit described in reference [151]. Reprinted (figure) with permission from [151], Copyright (2011) by the American Physical
Society.

Finally, we will end this subsection by describing a recent
proposal on the identification of the BKT transition from low-
frequency transport noise measurements. It has been known
since the 1980s that in thin films resistance fluctuation shows
large increase in the vicinity of the resistive transition [166].
More recently, Koushik [167] et al have measured the resis-
tance fluctuations in NbN films of different thickness. They
observed that the total amplitude of the noise increases rapidly
close to the resistive transition in all their films. However,
by analysing the long-range temporal correlation of the noise
through the so called ‘second moment’, σ(2), they showed
that σ(2) increases rapidly only in thinner films in a temper-
ature window that coincides with the BKT fluctuation window
obtained from penetration depth and resistance measurements.
Similar behaviour was also observed at the resistive transition
in an interfacial superconductor [150]. While right now there is
no theoretical model to explain these phenomena, noise mea-
surement appears to be a promising tool to identify the BKT
transition temperature, without the need of complicated curve
fitting.

4.4. Possible role of phase fluctuations in other
two-dimensional superconductors

Even though detailed studies of phase fluctuations have so
far been performed only on few superconductors, all these
studies point towards a general mechanism that should be

applicable to a wide variety of other superconductors with
low superfluid density, particularly in the form of thin films
or materials with layered structures. In recent years the advent
of nanotechnology and development of thin film technol-
ogy has resulted in the synthesis of several superconductors
in the two-dimensional limit down to one monolayer thick-
ness [168–170]. Almost all these materials have been studied
using magnetotransport techniques, whereas few of them have
also been studied using tunnelling (or photoemission) spec-
troscopy. In these materials the superconducting energy gap
is seen to survive [171–174] above Tc. Several authors have
argued that these materials are in the Bose–Einstein conden-
sation limit of superconductivity where the preformed bosonic
pairs condense into a phase-coherent state below Tc, even
though a quantitative estimate of J is not available for any
of these superconductors. This is partly due to the fact that
this quantity often receives much less attention than Δ and
partly due to technical difficulties; very often limitations on
the shape and size of the sample pose a challenge in apply-
ing commonly available techniques for the measurement of the
absolute value of penetration depth or the complex conduc-
tivity. Recent development of newer techniques like scanning
SQUID microscopy [101–103], coplanar microwave spec-
troscopy [175, 176] holds promise that such data would be
available for many systems in near future, clarifying the role
of phase fluctuation in many of these materials.
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Figure 21. (a)–(c) I–V characteristics for a 3 nm thick NbN film and LTO/STO sample respectively. Solid magenta lines are fit with to to
V ∝ Iα. (b) Temperature dependence of superfluid stiffness (Js) of same sample, extracted from penetration depth (yellow circle) compared
and from α (green delta) using equation (13). Black dashed line corresponds to universal 2T /π BKT line. Blue squares show the temperature
variation of normalized resistance (right axis). (d) Temperature dependence of Js from α for the LTO/STO sample along with temperature
variation of normalized resistance; Js remains finite even after resistance appears showing that equation (13) is no longer applicable here. (e)
α(T ) of both samples as a function reduced temperature T /Tc. Reprinted (figure) with permission from [61], Copyright (2019) by the
American Physical Society.

Finally, 2D superconductors also exhibit interesting phase
related phenomena under the application of magnetic field.
One such phenomenon that has attracted widespread atten-
tion is the magnetic field driven superconductor–insulator
transition [104, 106, 109, 111, 177, 178], where the super-
conductor is driven into a strong insulating state above a
critical field. Invoking number-phase or equivalently charge-
vortex duality [179–181], it has been suggested that this
field-induced insulator is composed of Cooper pairs that are
in the eigenstate of number instead of phase and therefore
localized. Even more interestingly, in recent times there have
been reports of magnetic field induced ‘Bose metal’ state
[162, 182–186], where the Cooper pairs are believed to be
in a phase-incoherent dissipative state. However, there are
debates on whether this is an intrinsic state of the system or
one caused by the exposure of the fragile superconducting
state to external electromagnetic radiation [187–190]. While
detailed discussion of these rapidly evolving topics is beyond
the purview of this article, before ending we would like to
make one cautionary remark on the analysis of penetration
depth data in magnetic field. Some authors, when studying
the evolution of the superconducting state with magnetic field
continue to use zero field expressions connecting J or ns

to the screening response of the superconductor [146, 191].
In our opinion these expressions do not apply to Type II

superconductors in the presence of magnetic field. ns and
hence J are both related to the London penetration depth,λL. In
magnetic field, for a type II superconductor, the electromag-
netic response is dominated by the Campbell penetration depth
[192, 193] λC, which comes from the response vortices to an
a.c. excitation. The measured penetration depth contains con-
tribution both fromλL andλC, i.e. [194]λ2 = λ2

L + λ2
C. Except

for the case of very strongly pinned superconductors, in the
mixed state, λL � λC. Therefore, using zero field relations
severely underestimate the value of ns, and the value of J from
such as estimate does not carry the physical meaning of super-
fluid phase stiffness. Similar considerations also apply when J
is estimated from σ′′ measured in magnetic field [191].

5. Conclusion and outlook

We have reviewed recent investigations on phase fluctuations
in conventional superconductors focussing primarily on dis-
ordered superconductors and thin films. For many years, the
role of phase fluctuations in these systems did not receive
much attention. This was partly due to the spectacular success
of BCS theory within which superconductivity was explained
using just one single energy scale, Δ. Yet, several investiga-
tions in the past 3 decades demonstrated that there are situa-
tions when the pairing energy scale Δ alone cannot explain
the superconducting properties and phase fluctuations have
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to be taken into consideration. This happens when the super-
fluid density of the superconductor becomes low, either due to
disorder scattering or at reduced dimensions. In such situa-
tions, one has to consider a second energy scale, the superfluid
stiffness, J, that we have discussed in detail in this review.
When J becomes the dominant energy scale, and the super-
conducting transition is governed by a loss of phase coherence
rather than the vanishing of the pairing amplitude as predicted
from BCS theory. Additional factors such as the emergence
of an inhomogeneous superconducting state at strong disor-
der further reduce J making the superconductor even more
susceptible to phase fluctuations.

The recent progress in the understanding of phase fluctu-
ations in thin films have been driven largely by the progress
in low temperature experimental techniques, which allowed
obtaining microscopic and spectroscopic information which
were not available earlier. The observation of emergent inho-
mogeneity and pseudogap using low temperature STS trig-
gered interest in this area and was soon followed by other
techniques like low frequency electrodynamic response and
terahertz spectroscopy that allowed more direct access to phase
and amplitude fluctuations. Even though these techniques gen-
erated a large amount of information, there are promising
experimental directions for the future. One such direction is to
get a spatially resolved magnetic response which will allow the
determination of local superfluid density. The rapidly devel-
oping technique of scanning SQUID microscopy holds great
promise in this direction.

Finally, since 2001 superconducting nanowire based
bolometers have emerged as high efficiency detectors for pho-
ton detection in the far infrared regime [195–197]. To perform
as an efficient bolometer the superconductor should undergo
large change under weak illumination, ideally even for a single
incident photon. One way to achieve this is to use supercon-
ductors that are close to phase fluctuation instability. Conse-
quently, many of the materials that we discussed in this article
such as, NbN, NbTiN and amorphous superconductors where
the superfluid stiffness can be controlled by tuning the disorder
or the thickness have emerged as materials of choice for these
applications. This is currently an active area of research for
which we refer the reader to other recent reviews [198, 199].
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